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On conformally reducible
pseudo-Riemannian spaces
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Abstract. The present paper studies the main type of conformal reducible
conformally flat spaces. We prove that these spaces are subprojective spaces
of Kagan, while Riemann tensor is defined by a vector defining the confor-
mal mapping. This allows to carry out the complete classification of these
spaces. The obtained results can be effectively applied in further research in
mechanics, geometry, and general theory of relativity. Under certain condi-
tions the obtained equations describe the state of an ideal fluid and represent
quasi-Einstein spaces. Research is carried out locally in tensor shape.

Awnoranisa. B poborti po3risHyTo ocHOBHMIT THII KOH(MOPMHO-3BIHIX KOH-
dopmHO mackux npoctopis. JloBeneHo, 1m0 Taki mpocropu OyayTh CyOIpo-
ekTuBHUME TpocTopamu Karama, mpu domy TeH30p PiMana BH3HAYAETHCS
BEKTOPOM, IO 33/1a€ KOH(POPMHE BigobpazkeHus. Lle 10380110 HABECTH TTOB-
Hy KJjacudikariio Takux nmpocropis. PesysnbpraTn podoTn MOXKYTh €(eKTHBHO
3aCTOCOBYBATUCH JIJIsl MTOJAJIBINNAX JIOCTI/PKEHb B MEXaHiIll, reoMeTpii Ta 3a-
rajbHili Teopil BigpocHOCTi. OTpUMani PIBHAHHS DU IIEBHUX yMOBAX € PiB-
HAHHSIME CTaHY i7ea/IbHOI DiMHM Ta XapaKTepu3yloTh KBazi-EitHmreitnosi
mpocropu. JlocimKeHHsT BeIyThCsI JIOKATBHO, B TEH30PHIN hopmi.
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1. INTRODUCTION

Riemannian or pseudo-Riemannian spaces (shortly Riemannian spaces)
which are related by a conformal mappings have been studied by many
geometers, see e.g.[10-12].

For the sake of examining such pairs of spaces, H. Weyl [22] introduced a
special tensor being invariant under conformal mappings, which was called
the tensor of conformal curvature. Weyl and Schouten [19] studied problems
concerning conformal mappings of Riemannian spaces onto flat spaces, and
they obtained necessary and sufficient conditions of tensor character for a
Riemannian space to be conformally flat, see [7].

H. Brinkmann [1] and others, e.g. [19], investigated existence of confor-
mal mappings of Riemannian spaces onto Einstein spaces. Particularly,
H. Brinkmann [1] proved that any conformal mappings between Einstein
spaces is concircular, see[3,9].

As far as other special types of conformal mappings are concerned, let
us mention the following. V. F. Kagan [8] studied spaces admitting such
a mapping onto Euclidean space under which geodesics are mapped onto
curves that are involved in two-dimensional subspaces passing through a
general point. The case when this point is an ideal point (point "at infinity”),
i.e. the situation when all two-dimensional subspaces are parallel to some
direction, was studied by G. Vranceanu [21|. The spaces with this property
are called subprojective spaces of Kagan, and the mappings mentioned above
is a composition of a conformal and a geodesic mapping.

Under a geodesic circle we will mean a curve for which the first curva-
ture is constant and the second curvature is zero. A conformal mappings
preserving geodesic circles is called concircular. When K. Yano [23-26]
investigated such mappings he has introduced the concept of the tensor
of concircular curvature, invariant under concircular mappings. It turns
out that invariance of the tensor of concircular curvature under a confor-
mal mapping is a necessary and sufficient condition for the mapping to be
concircular, see [19].

In this respect, we can also mention the works of S. Fedishenko [5, 6]
who studied conformal mappings preserving the Ricci tensor and the scalar
curvature, respectively.

The foregoing discussion made it clear that every pair of pseudo-Rie-
mannian spaces can be connected by conformal mapping. The aim of our
article is a research on spaces permitting conformal mappings on almost
reducible spaces.
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2. CONFORMAL MAPPINGS OF RIEMANNIAN MANIFOLDS

Let Vi, (n > 2), be a pseudo-Riemannian space with metric tensor g;;()
and V,, be a pseudo-Riemannian space with metric tensor g;;(z). A confor-
mal mapping is a diffeomorphism of V,, onto V,, such that

gij () = €27 Wgyi(x), (2.1)
where o is a function on V,,. If o is constant then it is a homothetic
mapping.

From (2.1) we obtain

—ij —20 _ij
g7 =e"g",
where ¢g*/ and g;; are inverse matrices of the metric tensors on V,, and V,,
respectively.

We have the following formulas for Christoffel symbols:
Tl =Tk +6ko; + 0oy — ogyj, (2.2)
for Riemann tensor:
Rl = Rl + 0poi; — 0lou, + g™ (0angij—
— Oajgik) + A10(51gi5 — 0 gin),

for Ricci tensor

Rij = Rij + (TL — 2)0@' + (AQU + (n — Q)Ala)gij,
and for scalar curvature

R=¢2(R+2(n—1)Ay0 + (n —1)(n — 2)A10).

Here and below I‘?j denote the Christoffel symbols of second type, R?jk

are components of the Riemannian tensor, I2;; are components of the Ricci
tensor defined by R;; = R, R = Raﬂgo‘ﬁ is the scalar curvature, 6;- is the

1jo
Kronecker symbol, o; = g; =0, ol = O'agah,

Oij =04 — 0,40, j, (2.3)

Ajo and Aso are the first and second Beltrami’s symbols which are deter-
mined by Ajo = gaﬁa?aawg, Ago = gaﬂayag, and comma is the sign of the
covariant derivative according to the Riemannian connection in V,.

Objects of conformally related spaces V;, and V;, will be distinguished by
bar.
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3. CONFORMALLY ALMOST REDUCIBLE SPACES

A space V,, is called a conformally reducible, whenever its metric in a
certain holonomic system of coordinates takes the following form, [2,4,18]:

T
ds®* = e Z ds?,
k=1

here dsi is defined as a quadratic form of a space

Vg, (m1+ma+...4+m, =n), r>1,
and o = o(z',22,...,2") is a certain invariant. In order to find a tensor
characteristic of conformally reducible spaces, let us turn our attention to
two possible cases.

The first case is when r = 2, i.e.
ds® = €727 (ds? + ds3),

where

ds? = Givjr (b, 22, ... 2P)dz™ da? (1,51 =1,2,...,p),

ds? = Gisjia (Pt 2P*2 L a™)dada?,  (ig,jo=p+1,p+2,...,n).
This case is called the main type.

In order to define a pseudo-Riemannian space as conformally reducible
of main type, it is necessary and sufficient, that it contains a symmetric

(non proportional to metric) tensor ¢;;, which jointly with some invariant
o complies with the following conditions:

CiaC] = Cij, Cijk = —(0icjk + 0jcit) + 0ol g + 5 gik), (3.1)

where o; = 0;0, c§ = gaicaj.
Integrability conditions of equations (3.1) taking into account Ricci’s
identity, take the following form:

Cia Ry + CjaRify = ojkcli — 0jiCki + OiClj — Tickj+
+ 0ai(9ikc§ + gjxcs) — oar(guci + gjc)+ (3.2)
+ Avo(gjicik — gjkci + Gucik — JikCj)-
Cycling (3.2) by indices (i k1) we get:
CialSky + cra RSy + cla RSy, =
= (0ai€i = 0aicl') gjk — (TakCi = Tialk) gjt = (CatCk — Okaly') Gij-

Multiplying the latter identity by ¢*/ and wrapping it by indices k, j we
will obtain that

Cia R — i Ry = (n — 2) (601§ — 00ic]’) , (3.3)
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where Rf = Royg™.
Thus, the following statement holds:

Lemma 3.1. In conformal reducible spaces the condition (3.3) holds for
tensors ci; and o;;.

If a pseudo-Riemannian space V,,, (n > 2), admits conformal mappings
to the flat space, then it is called conformally flat.
Such space is characterized by the following conditions:

Rpijk = Pui9ij — Prjigik + Pijgnk — Pirgnj, (3.4)
Pijk — Pigj =0, (3.5)

where
Py = 5 (R — spiry Rois ) - (3.6)

Conditions (3.4) and (3.5) are necessary and sufficient for a pseudo-
Riemannian space V,, to be conformally flat, [15,16].

Let us note that (3.4) is true for every three-dimensional pseudo-Riemannian
space.

Moreover, conformally flat spaces constitute in fact subclass of a class of
conformally reducible pseudo-Riemannian spaces.

Consider now a tensor characteristic for conformal reducibility of confor-
mally flat spaces. In order to get it let us substitute (3.4) into (3.2). Then
we get

Qigik— Qikgj+ legik— Klljkgiﬂr

1 1 (3.7)
Qicjr— Qikcji+ Qjci— Qjkci = 0,
2 2 2 2
where
Qij = cai P} — 0ajc + Arocyy, (3.8)
1
Qij = —Bij + 0ij. (3.9)

Using (3.6), we get from (3.3) that
Cial" — o B = o] — oaicf

Hence it follows from (3.8) that the tensor );; is symmetrical, namely
1
Qi5 =Qji-
1 1

This property is also true for the tensor €;;.
2
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Theorem 3.2. Conformally flat conformally reducible pseudo-Riemannian
spaces comply to the following condition:

2
Rhpijk = Onkgij — Onjgik + 0ijGnk — OikGhj — — 9 (9nk9i5 — 9njgir), (3.10)

where Q0 =g’
2 2

Proof. Alternating (3.7) by indices (j [) we get:

S}izgjk— flljkgz‘rl- Qizcj‘k— gzjkcz‘l_ Sllz'jgudr flllkgij— Qijclk“‘ gzlkcij =0.
Renaming in the previous identity the indices ¢ and [ we also obtain that
Sllzz‘gjk— flljkglﬁ sz‘Cjk— gljksz‘— SIlegikJr flzikglj_ Qljcik+ gzz’kclj =0.

Adding this identity to (3.7) gives
Sllilgjk— Sijgil‘i‘ glilcjk— gjkcil = 0. (3.11)
Now let us wrap (3.11):
Q Q
1 2 c
Qi = —ga + —ci — — Q,
1 n n n

2
where

Q = Qapg®™, ¢ =capg™.
1 1

Then (3.11) transforms into

Q Q c c
2 2
Cit | ~ 9k~ gljk L e glil - S;ilgjk + - S;jkgiz = 0. (3.12)

Hence
Q Q
2 2
Cit |~ 9k~ lejk T Cik | g gh’z -
c Q c Q
— Qzlg]k + o Jitdik = gzl.g]k+
c c Q c Q
+— ijgzl — o, Jidsk + gk = 0.

Grouping summands properly we get

Q Q
& 2 & 2
<Cil — *gil) —gik— Qjk | — (Cjk — *9jk> —gi— Qa | =0.
n n 2 n n 2
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As far as ¢;; # %92‘17 we can substitute ¥ so, that

c
(Ca/o’ - Egozﬁ) ¢ =1
Multiplying (3.12) by %, and wrapping by i and [, we see that
Q
2
91’]’ = i
Taking into account (3.9) we obtain that

¢
Fij = 0ij — —9ij (3.13)

Theorem is proved. ([l

Substituting (3.10) into (3.2) we get
Ao — TQ (cikgjt — gjkcit + gucjk — gircit) = 0,

whence

20
2 = Ayo.
n

Therefore (3.13) can be written as follows:
1
Pij = O'i,j - O‘l'O'j — §O'aO'agij, (3.14)
whence its covariant derivative is
(07
Pijk = 0ijk — 0i,k0j — 0i0j )k — Oa k0" Gij-

Alternating by indices (j k), and taking into account (3.5) and Ricci’s
identity, we obtain

0ol — 0j0ik — OkOij — 00 k0 gij + 0a,j0" gir = 0,
0a0) gij — 0a0y Gik + Ok0ij — 050+
+ 0k0ij — 0j0ik — Oa k0" Gij + 0a,j0%git, = 0.
Substituting (2.3) and grouping summands we get:
0k (2055 — 000%gij) — 0 (20, % — 0a0%gir) = 0.
Since oy, # 0, there exists a vector £¥ such that 6,6* = 1. Then
20i; — 0,0%gij = 0;Ti, (3.15)

where
o (07
Ti = 20;08" — 0407

Alternating we get that 7, = po;, where p = 7,£“.
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Then equation (3.15) will be transformed into the following oneL
0ij = 3p0i0;j + D10gij.
Hence one can write down (3.10) and (3.14) as follows:
P = (3p—1) 0ioj + 310945,
Rhijr = (%P - 1) (OhoKGij — OnOGik + 030Gk — Oi0kGhj) +
+ A10(9nkgis — Gnjgin)-
It is easy to see that (3p— 1) = fi(0) and Ayo = fo(0).

An interesting group of conformally flat conformally reducible spaces
are subprojective spaces. Subprojective spaces are also known as Kagan’s
spaces. Subprojective Kagan’s spaces are characterized by the following
identities, [13,14]:

Rijkl = Q(U)(gikv,jv,z + g51V,iV k — itV VK — gjkv,z‘v,l)—
—25(v)(g9ugjx — girgj),
Pji = S(v)gjr + Qv)v jv .

Metric of subprojective space V,, can be reduced in a preselected coordi-

nate system:

ds® = 6_20(’”1)(61d$12 +egda® +.. 4 endx”2), (3.16)
ds® = e_2"(°’0)(eldar:12 + egdm22 + ...+ endac"2),
(3.17)
T = \/61x12 + e + .. F e,
ds® = e_z"(xl)(2dmldac2 +esde® + ..+ endx”2). (3.18)

From the structure of our metric it is easy to see that subprojective
spaces are conformally reducible pseudo-Riemannian spaces. Moreover, a
multiplier of conformality depends on the non-isotropic and therefore on
isotropic coordinate ! of a flat space whose metric is presented in brackets.
In the second case this multiplier depends solely on the distance to the
coordinates axes.

Thus, we proved the theorem

Theorem 3.3. Every conformal reducible space of the main type can be
conformally flat space if and only if it is a subprojective space of Kagan.

Expressions (3.16), (3.17), (3.18) give a complete classification of con-
formally flat conformal reducible pseudo-Riemannian spaces of the main

type.
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4. CONCLUSIONS

The presented paper studies conformal reducible spaces under assump-
tion that they admit conformal mappings on flat spaces. It is proved that
in this case they are subprojective spaces of Kagan. This allows to carry
out an exhaustive classification of these spaces. It is demonstrated that
conformally flat conformal reducible pseudo-Riemannian spaces are quasi-
Einstein spaces. Results of the paper can be effectively applied for further
research in mechanics, geometry, general relativity theory [17,27] and to-
pology [20]. In particular, under certain conditions, the obtained equations
describe the state of an ideal fluid.
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