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The properties of 2-CNF of the mutually
dual and self-dual 7j-topologies on the
finite set and the calculation of
Ty-topologies of a certain weight

Anna Skryabina, Polina Stegantseva, Nadia Bashova

Abstract. The problem of counting non-homeomorphic topologies as well
as all topologies on an n-element set is still open. The topologies with the
weight k& > 271, where k is the number of the elements of the topology on
an n-element set, which are called close to the discrete topology have been
studied completely. Moreover R. Stanley in 1971, M. Kolli in 2007 and in
2014 have been found the number of Tp-topologies on an n-element set with
weights k> 7-2""% k>3-2""3 and k > 5- 2" % respectively.

In the present paper we investigate Tp-topologies using the topology vec-
tor, being an ordered set of the nonnegative integers that define the min-
imal neighborhoods of the elements of the given finite set, and also using
the special form of 2-CNF of Boolean function. In 2021 the authors found
the form of the vector of Tp-topologies with k > 5 - 2""* and the values
ke [5-274, 2", for which there are no Tp-topologies with the weight k.
The method of describing of Tp-topologies using the special form of 2-CNF
of Boolean function is used for the identification of the mutually dual and
self-dual Tp-topologies, and the properties of such 2-CNF Boolean function
are used for counting To-topologies with the weight 25 - 2776,

Amnotanisa. Iluramaa npo 3arajbHy KiIbKICTh HETOMEOMOP(MHUX TOIOJIOTIH,
a TaKOXK PO KiJIbKICTb BCIX TOIOJIOTi# HA N-eJIEMEHTHIN MHOXKWHI 3aJIUIIA~
erbest Binkpurum. Tomosorii 3 Baroo k > 2" ! xe k — umcio BigkpurHx
MHOXKHH B TOIIOJIOTI] H& M-eJIeMEHTHIl MHOXKWHI, IKi HA3UBAIOTHCA OIU3bKU-
MU 70 AUCKPETHOI TOMOJIOril, 6y/in moBHIicTIO BuBdYeHi. Kpim Toro, y poborax
Stanley 1971 p. ta Kolli 2007 p. ta 2014 p. 3naiiaeno kinpkicts 1p-Tomosoriit
Ha n-eJleMeHTHi# MHoxuH] 3 Baramu k = 7-2""4 k> 3.2" 3 rak > 5.2"74
BiJIITOBiTHO.
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B maniit pobori Tp-Tomosioril J0CHiIzKyI0ThCS 38 JOTOMOTOI0 BEKTOPY TO-
MOJIOTT — BIIOPSITKOBAHOTO HAOOPY HEBi/I €eMHUX IIJINX UUCEJT, SKi BU3HAYAIOTH
MiHIMAJIbHI OKOJIN €JIEMEHTIB 33J/IaHOI CKIHYeHHOI MHOXKUHM, & TAKOXK 32 JI0-
nomoroio 2-KH® 6ynesoi dyukiiii. ¥ pobori 2021 poky Hamu 0yJi0 3HAKIEHO
Burss1 BekTopis Ty-Torogioriii 3 k = 5-2" " i snawenna k € [5-2"74, 2771,
s akux He icaye Tp-Tomosoriit 3 Baroio k. Meron onucannst Tp-Tomosoriit
3a jioromoroio 2-KH® 6ysieBol hyHKIIT BUKOPUCTOBYETHCS JJIsT JTOCIIZKEHHST
B3a€MHO JIBOICTUX Ta CAMOJBOICTUX T0-TOMOJIOTIH, a TAKOXK JJIsI T IPaxyHKy
klbkoeri To-Tonosoriii 3 Barowo 25 - 2776,

1. INTRODUCTION

Methods of the graph theory, partially ordered sets, Boolean functions,
the homotopy topology, and others are used in the modern studies of the
topologies on finite sets.

Distinguishing of topologies from all possible subsets of a given finite set
can be performed with the help of the computer although this method is not
effective for the sets with the sufficiently large number of the elements. In
the Online Encyclopedia of the Integer Sequences one can find the number
of all topologies on n-element sets for n = 0,18, as well as the number of
the topologies up to homeomorphisms for n = 0,16, [1]. These computer-
generated data are important for testing of the results obtained by the other
methods.

At present, there is no explicit formula for the determination of the
total number of non-homeomorphic topologies as well as the number of all
topologies on an m-element set, so this question is open. The following
formula relates the number 7'(n) of all topologies on an n-element set with
the number T'(m) of all Ty-topologies on m-element sets:

n
T(n)= > S(n,m)-T(m), (1.1)
m=1
where S(n,m) are the Stirling numbers of the second kind, which are well
known objects in the discrete mathematics and are given by:
S(n,m) = - fm" = Ch(m —1)" + Ch(m — 2" + .+ (-)" o,
where S(n,m) =0, if m > n or m =0, and S(0,0) =0, S(n,n) = 1.

For the first time the formula (1.1) was published in J. W. Evans,
F. Harary, M. S. Lynn [3].

The weight of the topology can take integer values from 2 to 2. The
topologies with the weight k > 2"~ are called close to the discrete topology
and they are completely described in [6,7,9].
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In 1971, R. Stanley published the result concerning the number of Ty-
topologies of weight k > 7 -2"* on an n-element set. The number of
all topologies with the weight & > 3 -2"~3 has been found in the article
M. Kolli [5] in 2007, and later in 2014 he also found the number of all
To-topologies with the weight k > 5-27~4, [6].

In [8], To-topologies have been studied using the topology vector, being
an ordered set of the nonnegative integers that define the minimal neigh-
borhoods of the elements of the given finite set. Also in that paper the
topologies on an n-element set, which are compatible with topologies close
to discrete ones on an (n—1)-element set, have been considered. The form of
the vector of Tp-topologies with k > 5-2"~% and the values k € [5-27~4, 2"71]
for which there are no Ty-topologies with the weight k have been found.

There is a number of subproblems in the complex unsolved problem of
counting all topologies on an n-element set, the solution of which requires
one of the mentioned methods. One of them is an identification of the
mutually dual and self-dual Tp-topologies. The method of the describing
of Ty-topologies using certain special form of 2-CNF' of Boolean function is
convenient for the solution of this problem.

Structure of the paper. Section 2 contains the definition of Ty-topologies
on a finite set using 2-CNF of Boolean function. In Section 3 we investigate
properties of 2-CNF of Boolean functions, which specify mutually dual and
self-dual Tp-topologies, and in Section 4 we apply the obtained results to
counting the number of Ty-topologies of the weight 25 - 2776, The main
result of the article is proved in Section 4.

2. DEFINITION OF Tp-TOPOLOGIES ON A FINITE SET WITH THE HELP OF
2-CNF orF BOOLEAN FUNCTIONS

Consider all possible combinations of the subsets of a set X. For each
combination there is a single Boolean function, which has this combination
as its truth set, and vice versa. There is a question which Boolean function
corresponds to the combination, that forms the topology on the set X.
We will find the form of CNF of such function. The concepts of weakly
negative, weakly positive, bijunctive Boolean functions have been defined
in [4], and the classes of such functions have been denoted by WN, WP
and Bi accordingly.

Definition 2.1. A Boolean function f(x1,x2,...,xy) is called

— weakly negative function, if there is a conjunctive normal form for it in which
each disjunction contains no more than one variable without negation,
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namely has the form

(37?1vi:i2v...viik)(xflvij2v...v£jk)...(:rg1vftQ\/...vitk),

where a, B, ...,v are Boolean constants.
— weakly positive function, if there is a conjunctive normal form for it in which

each disjunction contains no more than one variable with the negation,
namely has the form

(33?1v:r:iQ\/...vacik)(:Eiv:L‘jQ\/...v:L‘jk)...(lev:z:t2\/...v:ntk),

where a, B, ..., are Boolean constants.

— bijunctive function, if there is a conjunctive normal form for it in which each
disjunction contains exactly two variables, namely has the form

(@ v a2y (@ v ) @]t v ),

where oy, By, ..., are Boolean constants. This conjunctive normal form
is called 2-CNF' of Boolean function.

The following theorem has been proved in [2].

Theorem 2.2 ([2]). A subset 7 = 2% of an n-element ordered set
X =(x1,29,...,2p)

form the topology on X if and only if the Boolean function f(x1,z2,...,Ty),
corresponding to this set, belongs to the intersection Bi n WP n WN.

Notice that the topology with 2-CNF is not uniquely defined. In fact a
Boolean function from the intersection Bi n WP n W N may have several
different 2-CNF. Nevertheless, there is a single (up to the designation of
the variables) maximal 2-CNF for each Boolean function.

Definition 2.3. A 2-CNF of a Boolean function which defines a topology

is called maximal whenever it has the following property:

—if a pair of disjunctions x; v T; and x; v I}, belongs to 2-CNF, then the
disjunction z; v T}, also belongs to 2-CNF, where i,j,k = 1,n.

Let 7 be a topology on a finite set X = {z1,...,2,}. Then the collection
B = {&,M,...,M,}, in which M; is the minimal neighborhood of the
point x;, constitute a base of some the topology 7, which will be called the
menimal base.

Theorem 2.4. Let 7 be the topology on an n-element set X with the
minimal base B = {&, My,..., My,}. If My = {zk, xiy,...,xi,}, then there
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is a 2-CNF of Boolean function that specifies the topology T that contains
the conjunction of the form g = (T v Ti,) A ... A (T v ;).

In particular, if My, = {xy}, then g = 1. Conversely, if some 2-CNF of
Boolean function defining the topology T has the form

o=@ A (T Vi) Ao A (T Vv Tyy),
where 2-CNF ¢ does not contain Ty, then {Tg, xi, ..., x;,} S M.

Proof. Renumber the elements of the set X so that there is a minimal
neighborhood My = {xg,x1,...,2s}. Then the corresponding Boolean
function equals 1 on the vectors

(L, 1, o a1y ey 01y Ly Qg 1y - oy Q).
In [4] such vectors are called ezecutive. On all these vectors
ka:(fkvml)/\.../\(fkvxs)zl,

that is ¢ belongs to some 2-CNF.
Conversely, suppose ¢, = (€ v 1) A ... A (Tk Vv ) belongs to some 2-
CNF of the Boolean function and it is not presented in other disjunctions .

Obviously ¢ =1 on the sets (1,1,..., 1, Qsi1y -y Qp1, Qpy i1y - - -5 Oy )
among which only the sets (1,1,...,1, ag41,--.,Qk_1,1,Qr1,...,Q,) cor-
respond to the subsets that contain xx. Hence {zy,z1,...,25} S M. O

Theorem 2.5. Let B = {, My, ..., My,} be the minimal base of the topo-
logy T and g, be the conjunction corresponding to the minimal neighborhood
My, k=1,n. Then the conjunctive normal form ¢ = A}_, ¢y is the mawi-

mal 2-CNF.

Proof. We will show that if a 2-CNF ¢ is written on the minimal base
B ={J,M,...,My,}, then ¢ is maximal. Suppose that both disjunctions
x; v £; and x; v T are included in ¢. Then due to Theorem 2.4 this
means that z; € M; and z; € M. From the definition of the minimal
neighborhood we have the inclusions M; < M; and M; < M}, whence
M; € Mg, and in particular, x; € M. Therefore by Theorem 2.4 2-CNF
@ contains the disjunction z; v £. Then by Definition 2.3, 2-CNF ¢ is
maximal. U

Corollary 2.6. A mazimal 2-CNF of Boolean function defining a topology
on a finite set, uniquely determines the minimal neighborhoods of all of its
points.

Proof. Let ¢ = A7_; o be a maximal 2-CNF'. Let also K be set containing
x and all the variables which are in disjunction with ;. Then by The-
orem 2.4 we have the inclusion K © M. The inverse inclusion M € K
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follows from the maximality of ¢. Since x; € My, the disjunction x; v Ty
belongs to ¢ which means that x; € K. Therefore K = Mj. If ¢ does not
contain the disjunctions with @y, then My = {x}. O

Example 2.7. For the maximal 2-CNF
= (1’1 \% fg)(xg \% :f4)(l’1 \% 355)(:[:2 \% f5)(ﬂ73 \% f5)
of the topology on a five-element set the minimal base of the topology has

the form B = {F, {z1}, {z2}, {x1, x3}, {z2, x4}, {21, 22, 23, 25} }.

Corollary 2.8. Each Boolean function @(x1,...,x,) that specifies the to-
pology on the set X = {x1,...,xy} has a unique mazimal 2-CNF.

3. 2-CNF OF THE MUTUALLY DUAL AND SELF-DUAL TOPOLOGIES

Definition 3.1. Let C1 be the set of the complements of the elements of
a topology 7. Then the topologies T and CT, as well as the corresponding
2-CNF f; and fcor, are called mutually dual.

Theorem 3.2. Suppose that a 2-CNF f. specifies a topology T on a set
X ={x1,...,z,}. Then the 2-CNF, obtained from f by the substitutions

T; <> Xy, zzl,n,

specifies the topology C'T.

Proof. Consider any disjunction x; v £; which is a part of f,. This dis-
junction equals 1 on
(al,...,ai,l,l,aiJrl,...,ozj,...,ozn)
and
(Oél, cee ,ai,l,O,aiH, sy O, 0, Qjilye.. ,an).
After the above replacements, they will change to

(&1,...,&i_1,0,&i+1,...761]-,...,04”)
and
(dl, ey Q—1, L iy, - - y OG—1, 1, Qjtlye - ,dn),
respectively, while z; v #; will change to Z; v x;. Then the disjunction
Z; v xj will be equal to 1 on those new sets. Notice that
(al,...,az‘_l,l,Oéi_{-l,...,aj,...,Oén)
defines the subset A € 7, then
(a17"‘7ai—1707@i+17"‘7dj7'"7an)

defines its complement C'A € C't. Similarly,

(o, ooy 0i—1,0, 041, ., 01,0, 0541, ..., o)
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defines the subset V' € 7, while

(0_51, e O—1, L Qe - O_éjfl, 1, O_4j+1, ... ,O_Zn)
defines the subset C'V € C't. Thus, f; transforms into 2-CNF which speci-
fies the dual topology C'r. U

Definition 3.3. Two 2-CNF f; and fa of the topology on the set X are
called equivalent if there exists a bijection ¢ : X — X such that fo = o(f1).
If a 2-CNF f. is equivalent to for, then f; and for, as well as corresponding
homeomorphic topologies T and Ct, will be called self-dual.

Example 3.4. Let f; = (z1 v Z2)(x1 v Z5)(z2 v T5). We construct 2-CNF
of the dual topology fcr = (Z1 v 22)(Z1 v x5)(Z2 v x5). The bijection

Ty <> Ts, T2 <> T2, €T3 <> I3, Ty <> X4,
is a self-equivalence of 7, i.e. 7 is a self-dual topology.

We will also describe Tp-topologies using the topology vector. Let 7 be
a topology on a finite set X and a € X.

Definition 3.5. The number ind,(a) of the elements distinct from a in its
minimum neighborhood M, s called the index of the point (element) a € X in
the topology T, [9].

Definition 3.6. The non-descending sequence of the indices of all elements
will be called the topology vector. The vector of the topology T will be denoted
by v(t) = (a1, aa,...,ap). Theindex of the topology T is the sum of the indices
of all elements of the set X in the vector of this topology, [9].

Theorem 3.7 ([9]). The sequence (a1, az,...,a,) of nonnegative integers
is the vector of some Ty-topology on an n-element set if and only if it
satisfies the following conditions:

a) O < Ot 1, 1= 1,TL— 1}

b) a; <i—1,i=1,n.

4. THE ENUMERATION AND THE CALCULATION OF ALL LABELED
T)-TOPOLOGIES WITH THE WEIGHT 25 - 276

The purpose of this section is to show the use of the vector and 2-CNF
of Tp-topologies for their enumeration and calculation on the example of
Ty-topologies with the weight 25 - 2776,

In [6, Table 6] it is shown that in the class 25 - 2"~6 there are 7 non-
labeled Tp-topologies, and in [5] it is shown that the number of all labeled

. . . 14 1
To-topologies of this class at n > 6 is equal to 2% (n)s + 57(n)7.
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Theorem 4.1. A Ty-topology has the weight 25 - 2"~ if and only if its
vector has one of the following forms:
1) (0,...,0,1,5), whenever either a) M,—1 < M, orb) M,_1 n M, is
a one-element set;

2) (0,...,0,2,2), if My_1 A M, = &;
3) (0,...,0,1,1,1,1,2) if n514Mm = {y} is a one-element set and
m=n—
either a) M,—1 < M, orb) A M, = {y}.
m=n—4
4) (0,...,0,1,1,2), if the intersection My_9 N My_1 is a one-element
set and ™ 2]\4m = ;

me—n—
5) (0,...,0,1,1,1,1), if My_3 " My—o ={y} and M, —1 n M, = {z} are
one-element sets with y # z.
Thus pairs Ty-topologies with the vectors
e (0,...,0,1,5) and (0,...,0,1,1,1,1,2);
¢ (0,...,0,2,2) and 0,...,0,1,1,1,1);
are mutually dual, and Ty-topology with the vector (0,...,0,1,1,2) is self-
dual.

Proof. We will show that the weight of Tp-topologies for each of these
vectors is equal to 25 - 2776,

In [8, Theorem 2| it was proven that the topologies with the vectors
(0,...,0,1,5) for the cases a) and b), as well as with the vector (0,...,0,2,2),
under the condition M, _1 N M,, = &, have weight 25275, These topolo-
gies induce close to discrete topologies on a set X = (z1,22,...,Tn—1).

Let us show that the topologies with the vector (0,...,0,1,5) in the
case of M,,_1 < M, are mutually dual to the topologies with the vector
(0,...,0,1,1,1,1,2) whenever the intersection "= 4Mm is a one-element

m=n—
set and M,,_1 < M,,. In order to do that, denote one of the homeomorphic
topologies with the vector (0, ...,0,1,5) by the symbol 7 and suppose that
its minimal base have the form
Bl = {@7 {$1}7 R {xn—2}7 {xla xn—l}, {xla X2, XL3,T4, Tn—1, $n}}

Then the corresponding maximum 2-CNF' has the form
fi= (1'1 \% icn_l)(:cl \% {Z'n)(xg \% .’Z‘n)(l'g \% fn)(m \% fn)(xn_l \% (i‘n)

After replacement x; — Z; and Z; — xj, we obtain the topology C't and
the corresponding 2-CNF

fl = (zp—1 v Z1)(xn v Z1)(n v T2) (T v T3)(Tn vV Ta)(Tn V Tp-1).
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Evidently, the bijection

T1 © Tpy, Tpo] < Tp—l, T2 < Tp—d, T3 < Tp-3, T4 < Tpo
reduces it to the equivalent 2-CNF
fo=(x1 Vv Zp_a)(®1 Vv Tp-3)(x1 V Tp—2)(1 V Tn_1)(T1 V Tp)(Tn_1 V Tp).

Thus, the minimum base of the topology C7 has the form

By ={@.{a1}, .. {onsh,
{xlv :L‘n74}7 {xlv Ilfn,g}, {xla l'an}’ {:I"lv :L‘nfl}v {xla Tn—1, xn}}v

its vector is (0,...,0,1,1,1,1,2), and the conditions " 4Mm = {z1} and

m=n—
M,,—1 © M, hold. Thus, the topologies are mutually dual.
Similarly, we can show that
— the topology having vector (0,...,0,1,5) and such that the intersection
M,,_1 n M, consists of one point, and
— the topology having vector (0,...,0,1,1,1,1,2) and such that the inter-

section N M, consists of one point,
m=n—4

are mutually dual, and also that the topologies with vectors (0,...,0,2,2)
and (0,...,0,1,1,1,1) are also mutually dual. This leads to the conclusion
that the topologies with vectors (0,...,0,1,1,1,1,2) and (0,...,0,1,1,1,1),
under these conditions, also have weight 25 - 2776,

It remains to consider the topologies 7 with the vector (0,...,0,1,1,2)
under the conditions M,,_2 N M,,_1 is one-element set while the intersection

m—{i—2 M,, = &. It follows from the idea described in [8], that all such
topologies have the same weight
7| = 2n 2 4 on% 4 on=5 4 on=6(92 _ 1)
=261 122 4 24 3) =25.2"76

Let us show that such a topology is self-dual. The minimal base of one of
the homeomorphic topologies has the form

B ={J,{z1},..., {zn-s},{x1, xn-2}, {1, 20n-1}, {x2, 23, 20} },
and the corresponding to it 2-CNF is
fr=(z1 Vv Tp_o)(x1 VvV Tpn_1)(z2 Vv Tp)(x3 Vv Tp).
Therefore the 2-CNF of the dual Typ-topology is

for = (&1 v xp_2)(ZT1 v Xp_1)(T2 Vv zp) (T3 Vv Tp).
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On easily seen that the bijection
Tl <> T, T <> Tp—2, I3 <> Tp-1

is a self-homeomorphism of 7, so 7 is self-dual.

In order to prove the inverse statement, count the number of all la-
beled Ty-topologies with the specified vectors. In [8], it was shown that
the number of the labeled topologies with the vectors (0,...,0,1,5) and
(0,...,0,2,2) equals to

13- (n)s + 15 - ()7,
where
M) =nn—1)---(n—m+1)
is the symbol of Pochhammer. Then the number of dual to them will be

the same.
Similarly, the number of labeled Ty-topologies with vector

0,...,0,1,1,2)
is
Cp=?-C5-(n=3)-Ci_y =1 (n)e.
Hence the total number of topologies with weight 25 - 2776 is thus

5 (>6+12 ()7 + 5 (n)s =
(n)6+24 (n )7+24 (n )7+i'(n)6:
- (n)s+57-(n)s- (n—6)+ 57 (n)r =
:%'(n)ﬁ"i_ﬂ'(n)?'

Since this number coincides with that obtained in Kolli’s work, it means
that there are no other topologies with such weight. ]
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