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On symplectic invariants of planar
3-webs

Konovenko Nadiia

Abstract. The classical web geometry [1,3,4] studies invariants of foliation
families with respect to pseudogroup of diffeomorphisms. Thus for the case
of planar 3-webs the basic semi invariant is the Blaschke curvature, [2]. It
is also curvature of the Chern connection [4] that are naturally associated
with a planar 3-web. In the present paper we investigate invariants of pla-
nar 3-webs with respect to group of symplectic diffeomorphisms. We found
the basic symplectic invariants of planar 3-webs that allow us to solve the
symplectic equivalence problem for planar 3-webs in general position. The
Lie-Tresse theorem, [5], gives the complete description of the field of ratio-
nal symplectic differential invariants of planar 3-webs. We also give normal
forms for homogeneous 3-webs, i.e. 3-webs having constant basic invariants.

Amnoratiga. B po6ori BUBYAIOTHCsT KJIACH €KBIBAJIEHTHOCTI IJIOCKUX 3-TKAHUH
BIJIHOCHO J1il CUMILIEKTUIHOT TiceBorpyu audeomopdi3miB miomuuu. 3Ha~
WIIEHO 10JIe PAIliOHAIBHUX JAu(EPEeHIaJbHIX CUMIUICKTHIHUX 1HBapiaHTiB,
dKe JaJIi BUKOPUCTAHO IS BCTAHOBJICHHS KPUTEPIIB CUMILJIEKTUYIHOI €KBiBa-
JIEHTHOCT] 3-TKaHWH.

1. NORMALIZATION OF 3-WEBS

Let D c R? be a connected and simply connected domain in the plane
equipped with the symplectic structure given by the differential 2-form
Q2 = dzx A dy in the standard coordinates on the plane.

Recall that a 3-web in D is a family of three foliations being in gen-
eral position. We will assume that these foliations are integral curves of
differential 1-forms w;, ¢ = 1,2, 3, and write

W3 = (w1, w2, w3),
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where w; € Q1(D) are such differential 1-forms that w; A w; # 0 in D, if
1# 7.

Note that if f; € C*(D) are smooth functions which do not vanish at
all points of D, then the differential forms fiw;, ¢« = 1,2,3, define the
same 3-web. The following statement is well known and is easy, but for
completeness we will present a short proof.

Lemma 1.1. There exist unique everywhere non-zero functions f; € C*(D),
1=1,2,3, such that az > 0 and the forms

w;:fleJ i:172737
satisfy the following identities:
Wi + wh + wy =0, Wi A wh = Q. (1.1)

Proof. Since for every x € D the cotangent vectors wi(z) and wa(x) are
pairwise linearly independent in the contangent space 7D, one can find
unique everywhere non-zero functions ap, as, b € C*(D) such that

w3 = a1w1 + aswo,

w1 A wy = b(x,y)dx A dy = bS).

Smoothness of b is evident, and its non-vanishing follows from linear inde-
pendence of wi and wy. Also smoothness of a1 and as follows from Cramer’s
rule giving explicit formulae for the solution of a system of linear equations.
Finally, since for ¢ = 1,2 and = € D the pair of cotangent vectors ws(z) and
wi(z) is also linearly independent, the functions a; and ag are everywhere
non-zero.

Let € = sign(ajagb) € {—1, 1} be the sign of the product ajazb. Then the
functions

___u ___ 92 _
fi NET f2 /3

satisfy (1.1). In particular,
f’i:_a’if37 22172

If g; e C*(D), i = 1,2,3, is another triple of functions satisfying

g3 >0, giw1 + gawa + gsws = 0, g1w1 A Gawa = 1,
then w3 = —Z—;wl - Z—zwg and g1g2b = 1. Hence a; = —%, 1=1,2,b= ﬁ,

and therefore ajasb = g% > (. This implies that g3 = f3 and therefore

3
gi:_aig?):fi)i:]-)2' O
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Thus not changing the foliations one can assume that
w1 + wy + w3 =0, w1 A wg = . (1.2)

A triple of differential 1-forms w;, i = 1,2, 3, satisfying (1.2) will be called
normalized.

2. SYMPLECTIC INVARIANTS

Definition 2.1. We say that two planar 3-webs W3 and Wg given in do-
mains D and D respectwely are symplectively equivalent if there is a symplec-
tomorphism ¢ : D — D, such that op(W3) = Ws.

Proposition 2.2. Let W3 = {(wy,we,ws3) and Wg = (W1, W9,Ws) be two
planar 3-webs in domains D and D respectively given by normalized diffe-
rential forms, see (1.2). Then a diffeomorphism ¢ : D — D establishes a
symplectic equivalence of 3-webs if and only if

¢* (Wi) = ewo(s),
where (o,e) € Ag x Zo, and As < S3 is the subgroup of even permutations
and Zy = {1, —1}.

Proof. This follows from uniqueness of “normalizing” functions f; from
Lemma 1.1. The second condition in (1.2) requires that the numbering
i — w; is defined up to even permutations and the first condition in (1.2)
requires that rescaling w; — fw; is possible if f =1 or f = —1. O

Recall also that the first condition in (1.2) implies the existence of the

Chern connection given by the differential 1-form ~ such that
dwi =y A wi,

for all t =1,2,3.

The Chern form + satisfies the following condition

d(fwi) = (v +dn|f]) A fwi,

and its exterior differential dy € Q?(D) is an invariant of planar 3-webs
with respect to the diffeomorphism group.

In our case the normalization (1.2) and the above proposition shows that
the Chern form 7 is itself a symplectic invariant of 3-webs.

Let us write down ~ in following form

Y = Tiwr + Taws + T3ws,

where the functions x; € C*(D) are barycentric coordinates of 7, i.e.

r1 +xo +a3=1.
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Then we have
dwi = (23 — x2) W1 A wWa,
dws = (21 — x3) W1 A Wa,
dws = (22 — x1) w1 A wa.

Using the second normalization (1.2) condition we can rewrite these rela-
tions in the following form

dw; = N, 1=1,2,3,
A1 = @3 — @2, Ay =1 — @3, A3 = xg — x1,
and
z1=31+X—A3), @2=32(1+X3—X\), x3=231+N—N).

Theorem 2.3. The functions

J =M+ 23+ 2,

Jo = A203 4+ A2A2 4+ A2)2,

Jw = (A3 = A (A3 = A (A} - A9),

Js = A2A3\2
are symplectic invariants of 3-webs.

Proof. The action of the cyclic group Az permute )\; while the action of
group Zo change sign of \;. Therefore, the invariants are the functions
of )\?, that are Ag invariants. Hence they are generated by symmetric
polynomials and the Vandermonde polynomial. Here Ji, Js, J3 correspond
to the first elementary symmetric functions, and J, is the Vandermonde
polynomial. O

Remark 2.4. Condition A\;+A2+A3 = 0 implies that the following syzygies
hold:

Jo =172, Ji=3LJ0Js —27J5. (2.1)

W=

Definition 2.5. We say that a planar 3-web W3 is in general position in the
domain D if invariants J1 and J3 are independent, i.e.

dJi AdJs #0

everywhere in D.
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3. COORDINATES

Assume that differential 1-forms w; have the following form in canonical
coordinates (z,y), i.e. & = dz A dy, and

w; = ai(x,y)dz + bj(z,y)dy, i=1,2,3.
Then
Ai = biz — Giy,
v = (a1 A2 — agA1)dz + (b1 A2 — baA1)dy
and the Blaschke curvature k, where
dy = kK,
equals
k= (b1Aa — baA1)z — (a1 A2 — agAi)y.
Invariants J; and J3 are differential invariants of the first order:

Ji= b1z —a1y)* + (b1 — a1y)(bas — agy) + (bax — azy)?,

J3 = (b1 — al,y)Q (bo,w — 027y)2 (b1 +boo — a1y — a2,y)2-

4. HOMOGENEOUS 3-WEBS

We say that a 3-web is homogenous if invariants Ji, J3 are constant. In
this case syzygy relation (2.1) shows that all A; are constant too.
We consider in series the following four cases:

C1={\ =X =0}, Cy = {\1 =0, 2 # 0},
Cs = {\1 # 0, 2 =0}, Cy = {1 # 0, # 0}.
Case C;. Here we have
dwy = 0, dwy = 0,
and therefore
w1 = df, we = dg,

for some smooth functions in the domain D.

Then the condition w; A wy = Q implies that the Poisson bracket [f,¢]
equals 1 everywhere: [f,g] = 1. Therefore, there is a symplectic transfor-
mation such that (f,g) — (z,y) and

wy = dr, wy = dy, wg =d(—x —y).
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Theorem 4.1. Any planar 3-web with trivial invariants
Ji=J=Jds=J,=0

can be transformed by a symplectomorphism to the 3-web formed by the
family of 3 parallel straight lines

T = consty, 9y = consta, T + y = consts.

Case C,. Here dw; = 0 and therefore we could find canonical coordinates
(z,y) such that wy = dz. Moreover, the condition w; A wy = € implies that
by = 1.
We have also that Ao = by ; — a2y = —a2 4, whence
az = =Xy + a(x),
we = (dy — Ny dz) + a(z)dz.

Notice that the following symplectic transformations (z,y) — (z,y+v¢(z))
transform the differential 1-form wy to the form

(dy — Ay dz) + a(z)dz + dip — Aaypd.

Therefore, the transformation associated with function 1 satisfying the
following differential equation

1// - )‘2’(/} + a(m) = 07
transforms the pair (wi,ws) to the pair (dz,dy — Aaydz).

Theorem 4.2. Any planar 3-web with invariants
Ji=Jy3=J,=0, Jo = 202
can be transformed by a symplectomorphism to the 3-web formed by the
family of curves
x = consty, y = consty exp(ax), y = constz exp(ax) + 1.

Case Cs. Here dwy = 0 and therefore we could take such canonical coor-
dinates (z,y) that wy = dy. Moreover, the condition w; A wy = Q gives us
a)l = 1.
We have also that A\; = b1, — a1y = b1 4, and therefore
bl = /\1.%' + b(y),
wi = (dx + M\ xdy) + b(y)dy.

As above, the symplectic transformations (x,y) — (x+¢(y), y) transform
the differential 1-form w; to the form

(dz + A\ xdy) + b(y)dy + do + M\ ody.
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Therefore this transformation, with function ¢ satisfying the following dif-
ferential equation

¢+ Mo+ b(y) =0,
transforms the pair (wy,ws) to (dz+ A1 x dy, dy), and the symplectic trans-
formation (z,y) — (y, —x) send it back to case Cs.

Case Cy4. Here dwi; = A€, dws = Aof). Therefore,
d()\gwl - )\1(,«)2) == 0, )\le - )\1002 =dx

in some canonical coordinates (x,y).
Thus we have the following equations for coefficients (a1, az,b1,b2) of
differential forms w1, wo:

biz — a1y = A1, bax — a2y = Az,
Aoai — Arag =1, Aob1 — A1be =0,
airbs —asb; = 1.
The last three equations imply
bi = A1, by = Ao, az = 32ar — 3.
Therefore, we get from the first two equations that
a1 = —\y + a(x), ag = —A2y + B(x),
where
B = a5
Therefore, the pair (w1, w2) reduces to the form
w1 =M (dy — ydz) + adz,
wo = Ao(dy — ydz) + pfdx.

As above, by using the symplectic transformation (z,y) — (x,y + ¢(x)),
where function ¢ satisfies the equation A\ (¢’ — ¢) + @ = 0, we transform
these forms to the following

w = A1 (dy — y dz),
wo = \o(dy — ydzx) — )\l—ldfc.
Theorem 4.3. Any planar 3-web with constant invariants Jy, Ja, J3, Jy

could be transformed by a symplectomorphism to the 3-web formed by the
family of curves

y=-const; exp(x),
y=consty exp(x) + ﬁ,

yzconstg exp(m) —+ m,
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if M1+ A2 #0, and
y = consty exp(x),
y = constg exp(x) + T{\Q,
x = consts,

if M+ Ao = 0.

5. GENERAL CASE

In addition to the above classification of homogeneous webs we consider
also the singular case, when J3 = 0.

Assume that \; = 0. Then dw; = 0 so we can choose coordinates (z,y)
so that w; = dz. Hence, the normalization conditions imply that

ajl :1, b1 :0, b2:1, 1)3:—1,
as +asz+1=0, agyy:O,
and
wy = dx, wy = a(z)dz + dy, wy = —(a(z) + 1)dz — dy.

Hence, applying, as above, the symplectic transformation
€T
(xay) - (CU, Yy — ga(s)ds),

we get the following forms

w1 =dx, wo = dy, w3y = —dzx — dy.

Theorem 5.1. A planar 3-web could be transformed by a symplectomor-
phism to the 3-web formed by the family of 3 parallel straight lines

x = consty, 1y = consty, T + y = constg
if and only if the value of invariant J3 on this web equals zero.

This theorem shows that for 3-webs in general position, i.e. such that
dJi A dJs # 0, we have \; # 0, for all 7. Assume now that in domain
D we have J3 # 0. Then we eliminate the action of group Zs on triples
(w1, wo,ws):

(wla w2, (Ug) - (iwla twy, iW3)a
by requirement
)\1)\2)\3 > 0.

The normalized triples (w1, w2, ws) that satisfy this requirement we will
call strictly normalized.

Then strictly normalized triples (wi,ws,ws) and (@1, W2,ws3) define the
same 3-web if and only if &; = wgy(;), for some even permutation o € Aj3.
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Let’s consider the following invariants of the A3 action:
J2 = AMA2 + A1As + A2As,
Jw = (A2 — A1)(A3 — A2) (A3 — A1),
J3 = A1A2As.
Then, as above, we get the following syzygy:
Ju = 3335 — 27J3,
and the following proposition.

Proposition 5.2. Two strictly normalized triples

(Wl,WQ,W3), (&}1,(:)2,(53)

define the same 3-web if and only if their invariants ja, jw, j3 coincide.

Definition 5.3. We say that 3-web W3 = (w1, we, ws), defined by the strict
normalized triple (w1,wa,ws), is in general position whenever

dj2 A djg # 0.

Let now 3-web W5 = (w1, ws,ws) defined by the strict normalized triple
(w1,w2,ws) in the domain D be in general position and let

®,:D - D, c R}(X,Y),
Py, 1 (z,y) = (X =j2(w), Y = j3(w))
be the diffeomorphism of domain D on a domain D, defined by values
J2(w), js(w) of invariants ja, j3 on the 3-web (w1, ws, ws).
Let W = ®,,(W3) be the image of the 3-web W3 under this diffeomor-

phism. We call it invariantization of 3-web Wis.
Summarize we get the following.

Theorem 5.4. Suppose 3-webs
W3 = (w1, w2, w3), W3 = (@1, W2, W3)

are given in stmply connected domains D and f), where they are in general
position and J3(w) > 0,J3(@) > 0. Then these webs are equivalent with
respect to group of symplectomorphisms if and only if ju,(w)jw (@) = 0, and
their invariantizations coincide.
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