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On homotopy nilpotency of some
suspended spaces

Marek Golasinski

Abstract. A homological criterium from [14] is applied to investigate
the homotopy nilpotency of some suspended spaces. We investigate the ho-
motopy nilpotency of the wedge sum and smash products of Moore spaces
M(A,n) with n > 1. The homotopy nilpotency of homological spheres are
studied as well.

Axoranis. B po6ori BUKOPHCTOBYETHCs TOMOJION uHMI Kpurepiii 3 [14] mis
JOCJTi IZK€HHST TOMOTOIIIHOT HIJIBITOTEHTHOCTI HAAO0YI0B AEsTKOTO KJIACy MPOC-
TopiB. ocmiKyeThcsd TOMOTOMIYHA HITBIIOTEHTHICTS OyKeTIB Ta CMeEI-/10-
6yTkiB npocropis Mypa M(A,n), n = 1. Takox BHBYAETHCA TOMOTOIIYHA
HIJIBIIOTEHTHICTH TOMOJIOTTYHUX cdep.

INTRODUCTION

In the group theory, if we consider only nilpotent groups, the nilpotency
class is the one which measures a distance from commutativity. Already
G. Whitehead [26] had the insight that the (J.H.C.) Whitehead products
satisfy identities which reflect commutator identities for groups. Berstein
and Ganea [3] adapted the nilpotency to H-spaces as follows. Let X be
an H-space, px 1 = idx, and ¢x 2 : X? - X the commutator map. Put
Oxn+1 = @x,10 (idx x ¢x,p) for (n 4 1)-fold commutator map of X with
n = 2. An H-space X is called homotopy nilpotent of class n if ¢ x 5,41 > *,
is nullhomotopic but ¢x ,, is not, [3]. In this case, we write nil X = n.
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Then, Berstein and Ganea [3] introduced a concept of the homotopy
nilpotency of a pointed space by means of its loop space. In particu-
lar, the m-iterated Samelson products vanish in the loop space Q(X), or
equivalently, the m-iterated Whitehead products vanish in X provided
m > nil Q(X). We refer to [27, Chapter X] for details on Samelson and
Whitehead products.

The homotopy nilpotency classes nil X of associative H-spaces X has
been extensively studied as well as their homotopy commutativity. Work
of Hopkins [17] drew renewed attention to such problems by relating this
classical nilpotency notion with the nilpotence theorem of Devinatz, Hop-
kins, and Smith [6]. Although many results on the homotopy nilpotency
have been obtained, the homotopy nilpotency classes have been determined
in very few cases.

It is well-known that for the loop space 2(S™) of the m-sphere S™ we
have nil Q(S™) =1 if and only if m =1, 3,7 and

2 for odd m and m # 1,3,7 or m = 2,
3 for even m > 4.

nil Q(S™) = {

Write KP™ for the projective m-space for K = R, C, the field of reals
or complex numbers and H for the skew R-algebra of quaternions. Then,
the homotopy nilpotency of Q(IKP™) has been first studied by Ganea [10],
Snaith [24] and then their p-localization Q((KP™),)) by Meier [19]. The
homotopy nilpotency of the loop spaces of Grassmann and Stiefel manifolds,
and their p-localization have been extensively studied in [13].

Let S?;)"”_l be the p-localization of the sphere S?™~! at a prime p. The

main result of the paper [12] is the explicit determination of the homotopy
nilpotence class of a wide range of homotopy associative multiplications on
localized spheres S?g;fl for p > 3. Furthermore, the paper [11] reviews
known and states some new results on the homotopy nilpotency and co-
nilpotency of spaces.

The article [14] grew out of our desire to develop techniques in the study
of the homotopy nilpotency classes of Moore spaces M (A,n) for n > 1.
In this partially survey paper [14, Proposition 3.2| is applied to investigate
the homotopy nilpotency of the wedge sum and smash products of Moore
spaces M(A,n) with n > 1 and the homotopy nilpotency of homological
spheres as well. To have kept all results together, we decided to include the
main part of [14] here.

In Section 1 we set stages for developments to come. This introductory
section is devoted to a general discussion and establishes notations on the
homotopy nilpotency of H-spaces used in the rest of the paper. Given a
space X, we consider the iterated Samelson product s; : X% — Q¥(X) to
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show in Proposition 1.11 (see [14, Proposition 3.2]) that the space Q3(X)
is not homotopy nilpotent provided the homology H,(X,F) has at least
two primitive generators, where F is a field.

Section 2 first takes up the systematic study of the homotopy nilpotency
of Moore spaces M(A,n) for n > 1 already presented in [14]. Then, we
generalize [14, Theorem 3.8| and state the main result

Theorem 2.5. Let m > 1, ny,...,ny, = 2 and M(Ag,ng) be Moore
spaces of type (Ag,ny) for k=1,...,m. Then:

(1) nilQ((M(A1,n1) x -+ x (M(Apm,nm)) < 0 if and only if Ay, are torsion-
free groups with rank r(Ag) =1 fork=1,...,m;

(2) nilQ((M(A1,n1) v -+ v M(Apm,nm)) < 0 if and only if m = 1 and
Ay is a torsion-free group with rank r(A;) = 1.

Unfortunately, Moore spaces of type (A, 1) are not determined uniquely
(up to homotopy) by an abelian group A. We present constructions and
analyse the homotopy nilpotency of some such spaces and their wedge sums.

Next, we study the homotopy nilpotency of the smash products of Moore
spaces and state

Proposition 2.8. If m,n > 1 then

nil Q(M(A,m) A M(B,n)) < o

if and only if the group A® B is torsion free with the rank r(A® B) < 1
and Tor(A, B) = 0.

At the end, the homotopy nilpotency of homology spheres and their
suspensions are taken into account as well.

1. PREREQUISITES

All spaces and maps in this note are assumed to be connected and based
with the homotopy type of C'W-complexes unless we assume otherwise.
We also do not distinguish notationally between a continuous map and its
homotopy class. We write Q(X) (resp. 3(X)) for the loop (resp. suspension)
space on a space X and [X,Y] for the set of homotopy classes of maps
X ->Y.

Given a space X, we use the customary notations X v X and X A X for
the wedge and the smash square of X, respectively. Recall that an H-space
is a pair (X, 1), where X is a space and p : X x X — X is a map such that
the diagram

X“—>X

| 4

X

X

X
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commutes up to homotopy, where V : X v X — X is the folding map. We
call u a multiplication or an H -structure for X. Two examples of H-spaces
come in mind: topological groups and the loop spaces Q(X). In the sequel,
we identify an H-space (X, ) with the space X.

An H-space X is called a group-like space if X satisfies all the axioms
of groups up to homotopy. Recall that a homotopy associative H-CW-
complex always has a homotopy inverse. More precisely, according to |28,
1.3.2. Corollary]| (see also [1, Proposition 8.4.4]), we have

Proposition 1.1. If X s a homotopy associative H-CW -complex then X
s a group-like space.

From now on, we assume that any H-space X is group-like.

Given spaces X1i,...,X,, we use the customary notations X; x --- x
X, for their Cartesian product and T,,(Xq,...,X,) for the subspace of
X1 x --- x X, consisting of those points with at least m coordinates at
base points with m = 0,1,...,n. Then, To(X1,...,X,) = X1 x -+ x X,
T1(X1,...,X,) is the so called the fat wedge of spaces Xi,...,X, and
Tn-1(X1,...,Xn) = X1 v -+ v X, the wedge sum of spaces Xi,..., X,.
We write

jm(Xl,...,Xn)ZTm(Xl,...,Xn)HXl Xoeen XXn
for the inclusion map with m =0,1,...,n and
X1 A "'/\Xn:Xl X XXn/T1<X1,...,Xn)

for the smash product of spaces X1,...,X,.
Let fo : (X, *m) — (Y, #m) be continuous maps of pointed topological
spaces for m = 1,...,n. The map

Ji X"'an5(X1 ><'”><Xn,(*1,...,*n))—>(}/1 X"'Xan(*la‘--a*n))
sends each point (z1,...,2,) € X1 X --- x X, to (fi(z1),..., fu(zy)) and
restricts to maps

Ton(f1yee oy fn) : Ti(Xy ..o, X)) » T(Ya, ..., Y0)
with m = 0,1,...,n. If X,,, = X and f,, = f for m = 1,...,n then we
write

X"=X1 x - x X, XM =Xy Ao A Xy,

"= Jfix X fa, frr=finc A fa

The identity map of a space X involved is consistently denoted by ¢x.
Given an H-group X, the functor [—, X| takes its values in the category
of groups. Omne may then ask when those functors take their values in
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various subcategories of groups. For example, X is homotopy commutative
if and only if [Y, X] is abelian for all Y.

Given an H-space X, we write ¢x 1 = tx, px2: X2 — X for the basic
commutator map and @x n+1 = px 20 (pxn X tx) for n > 2.

The nilpotency class. The nilpotency class nil (X, ) of an H-space (X, u)
is the least integer n > 0 for which the map ¢x 41 =~ # is nullhomotopic
and we call the homotopy associative H-space X homotopy nilpotent. If
no such integer exists, we put nil (X, ) = oo. In the sequel, we simply
write nil X for the nilpotency class of an H-space X. Thus, nil X = 0 if
and only if X is contractible and, as is easily seen, nil X < 1 if and only if
X is homotopy commutative.

It is obvious that for homotopy nilpotent group-like spaces X1, ..., X,
we have

nil (X7 x -+ x X;,) = max{nil Xy, ..., nil X,,}. (1.1)

The set mo(X) of all path-components of an H-space X is known to be
a group. The following result is easy to prove

Lemma 1.2. If X is an H-space and the path component of the base-point
* € X is contractible then nilmp(X) = nil X.

The definition of the nilpotency classes may be extended to maps. The
nilpotency class nil f of an H-map f : X1 — X5 is the least integer n > 0
for which the map f o ¢xni1 : X{LH — X, is nullhomotopic. If no such
integer exists, we put nil f = 0.

In the sequel we need the following

Lemma 1.3. If X is an H-space then the composite map

71(X,...,X)

T(X,...,X) X2 x

18 nullhomotopic.

Since the space X ™, the n-th smash power of X, is the homotopy cofiber
of the map

(X, LX) (X, X) > X",

the result above implies an existence of a map ¢x, : X" — X forn > 1
with @1, x = ¢x,1-

It is well known that the quotient map X" — X" has a right homotopy
inverse after suspending for n > 1, and the fact that X is an H-space means
that the suspension map [V, X| — [XY,XX] is a monomorphism for any
space Y. Thus, we may state
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Proposition 1.4. Let X be an H-space. Then ¢x, ~ * if and only if
@xn>* forn =1,

Hence [3, 2.7. Theorem| and Proposition 1.4 lead to
Theorem 1.5. If X is an H-space then
nil X = sup,, nil [ X", X] = sup,, nil [X """, X] = supy nil [V, X],

where m ranges over all integers and Y over all topological spaces.
Furthermore, in view of [28, Lemma 2.6.1], we may state

Corollary 1.6. A connected H-space X is homotopy nilpotent if and only

if the functor [—, X| on the category of all spaces is nilpotent group valued.

Proof. Certainly, the homotopy nilpotency of a connected associative H-
space X implies that the functor [—, X] on the category of all pointed spaces
is nilpotent group valued.

Now, suppose that the functor [—, X] is nilpotent groups valued and
nil [[]}° X, X] < n. Then, for the projection map [[{” X — X™ on the first
n factors, the composite map

0
HXHX"@X
1

is nullhomotopic. Since, the projection [ [{" X — X™ has a retraction, we
deduce that the map ¢x, : X" — X is also nullhomotopic and the proof
is complete. O

Further, notice that for a map f : X — Y of H-spaces, we have the
commutative (up to homotopy) diagram

n PX,n

X" —X
f/\nl if
Y/\n @YJL Y

with n > 1. This yields

Remark 1.7. If X’ is an H-subspace of an H-space X and r : X — X' its
a homotopy H-retract then one can easily derive from the above that

nil X’ < nil X.
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Homotopy nilpotency of spaces. With any based path-connected space
X, we associate the integer nil Q(X) called the nilpotency class of X. Evi-
dently, nil7(X) < nilQ(X). We give an extension of this result invol-
ving Whitehead products, generally denoted by [a1, aa] € Ty 4mg—1(X) if
a; € T, (X) for m; > 1 with ¢ = 1,2. Define (n + 1)-fold Whitehead pro-
ducts [a1,...,ant1] as [[a1,. .., an], ang1] if @i € T, (X) for m; > 1 with
i=1,...,n+ 1 agreeing that, for n =0, [a] = a.

Recall that W-length X, the Whitehead length of a space X is the least
integer n = 0 such that [, ..., an4+1] = 0 for all a; € T, (X), m; = 1; if
no such integer exists, we put W-length X = co.

Then, according to [3, 4.6. Theorem|, we have

Theorem 1.8. W-length X < nilQ(X).
Example 1.9. (1) It is well-known that

3, for n even with n # 2,
W-length S" = nil Q(S") = < 2, for n odd withn # 1,3,7 or n = 2,
1, forn=1,3,7.

(2) For the wedge S™ v S™ of two spheres with m,n > 2, there is an
iterated nontrivial Whitehead product of any length. Therefore, by Theo-
rem 1.8, we conclude that

nil Q(S™ v §") = w. (1.2)

The concept of a nilpotent space is due to Dror [8]. Recall that a
pointed path-connected space X is said to be nilpotent if its fundamen-
tal group m1(X) acts nilpotently on the higher homotopy groups m,(X)
for n > 1. But, the action of m(X) on 7,(X) for n > 1 may be written
in terms of Whitehead products. Therefore, the nilpotency of a space X
is a lower bound of its homotopy nilpotency nil 2(X). Hence, by Theo-
rem 1.8, the space X is nilpotent if Q(X) is homotopy nilpotent. But,
by Example 1.9(2), not every space Q(X) is homotopy nilpotent if X is
nilpotent or even simply connected.

Dror [8] has also published a far-reaching generalization of a classical
theorem of J. H. C. Whitehead useful in the next section.

Theorem 1.10. If f : X — Y is a map of connected, pointed, C'W -
complexes which induces an isomorphism on integral homology, and if X
and Y are nilpotent spaces, then f is a homotopy equivalence.

To formulate the next result needed in the next section, let us fix first
some notations and recall a definition. Given a pointed space X, write
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11,12 : X — X x X for the canonical embedding maps and A : X — X x X
for the diagonal map. If H,,(X, A) is the m-th homology group of X with
coefficient in an abelian group A then an element « € Hy, (X, A) is said to
be primitive if Ay(a) = i14(a) + 24 () for the induced homomorphisms

Now, we show that the space Q¥(X) is not homotopy nilpotent provided
the homology H.(X,F) has at least two primitive generators, where F is a
field.

Proposition 1.11. Ifjfl>X< (X, F) has at least two primitive generators, where
F is a field then QX (X) is not homotopy nilpotent.

Proof. To see this, take homology H,(X,F) with F-coefficients and recall
that the Bott-Samelson theorem, [4], states that

H.(QXX,F) ~ T(H,(X,F)),

the tensor algebra on H,(X,F). This may be rewritten as UL({H,(X,F)),
where L<I§',,<(X7 F)) is the free Lie algebra generated by H,(X,F) and

U L<I:I (X, IF)> is its universal enveloping algebra. Further, the suspension
E : X — Q¥XX induces the inclusion of the generating set in homology.
Now, consider the iterated Samelson product

sp s XM — Qx(X),
where s1 = F, g1 = <E, 3k>, the Samelson product of s, and E for n > 2.
For any © € H,(X) we have Ey(z) = z.
Recall that the effect of the Samelson product map on homology classes

0~f loop spaces is presented e.g., in [27, Chapter X, Section 6]. If z1,..., 2} €
H.(X,TF) are primitive then the class

21Q - @z € Ho(X,F)® ~ Hy (X" F)

is sent by (sk)« to the iterated bracket [z1,[z2,. .. [zr—1,2zk]]...]. In parti-
cular, if x,y € Hy(X,F) are distinct primitive generators then the class

[z, [z,...[z,y]...| e ULH,(X,F) ~ H,(Q%(X),F)

is in the image of (sy)«. Hence, s cannot be nullhomotopic.
Notice that for the map s : X"* — Q¥(X) defined above, there is the
factorization

Xk i Q% (X)

(QB(X))"E.
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Consequently, the map ¢oxx i is not nullhomotopic provided the map sy,
is so and the proof is complete. Il

Notice that, in view of (1.1) and
Ho(X1v v X, F) = Ho(X1,F) ® - ® Hy (X, F)
for a field IF, Proposition 1.11 yields to the following
Corollary 1.12. If Hy(Xy,F) has at least two primitive generators for
some k with k=1,...,m then
nil (Q3(X;) x -+ x QX(X,)) =
nil (Q(X(X1) v -+ v E(Xn))

)

Q0
Q0

2. MOORE SPACES

We take up the systematic study of the homotopy nilpotency of Moore
spaces M (A,n) for n > 1.

In Eckmann-Hilton duality, Moore C'W-complexes play the role of dual
objects of Eilenberg-MacLane CW-complexes. Let A be an abelian group
and n any integer > 1. A space X (if one such exists) satisfying 7;(X) =0
for j < n, m(X) ~ A and H;(X) = 0 for i > n is known as a Moore
space of type (A,n), or simply an M (A, n) space. By [21], it is known
that a C'W-complex Moore space M(A,n) with n > 2 exists and, in view
of |15, Example 4.34], the homotopy type of a Moore space M (A,n) is
uniquely determined by A and n > 2. This implies that every Moore
space M (A,n) with n > 3, is the suspension XM (A,n — 1). Furthermore,
in [2, Section 2|, it was shown that also M (A, 2) is a suspension XL (A) for
some C'W-complex L(A).

By means of [25, Proposition 1.1|, there exists an M (A, 1) space if and
only if the homology Hs(A,Z) = 0 for the ring Z of integers. Recall that,
by [20, Thorem 3|, Ha(A,Z) = 0 if and only if A ® A coincides with its
subgroup generated by the diagonal, {a ® a; a € A}.

It is well-known that any abelian group homomorphism yields a map

Q(ND . M(Al,n) - M(AQ,TL)

with Hy, (@) = ¢ provided n > 2. We shown such a result for n =1 as well.

Proposition 2.1. Let X1, Xy be Moore spaces of types (A1, 1), (Az,1) con-
structed in [25] and ¢ : Ay — Ay an abelian group homomorphism. Then,
there is a map ¢ : X1 — Xo with Hi(p) = . If the spaces X1, Xy are
nilpotent then ¢ : X1 — X is a homotopy equivalence.

In particular, if X1, Xo are Moore spaces of type (A, 1) constructed in [25]
then there is a map ;(1\2 : X1 — Xy with Hl(@) =1idyu.
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Proof. For any space X, let S(X) denote the subgroup of Hy(X,Z) con-
sisting of the spherical homology classes. Next, given an abelian group
A with Hs(A,Z), consider the Eilenberg-MacLane C'W-complex K(A,1).
Then, by [25],

Hy(K(4,1)),7) = S(K(4,1)®)
for the 2-skeleton K (A,1)® of K(A,1). Since Hy(K(A,1)?) 7Z) is a free
abelian group with a basis {a,}er, there exist a map f, : S* — K(A4,1)®
such that f,«(v) = a, for

(f,u)* : H2(S27 Z) - HQ(K(A> 1)(2)7 Z)
and a generator v € Hy(S?,Z). The CW-complex M (A, 1) is obtained by
attaching 3-cells to K (A, 1)) by means of the maps f, : S — K(A4,1)
for u € I. Consequently, we have the pushout diagram
\/#EI S? ——= K(A, 1)(2)

Y
Vier D2 == == X

with X a Moore space of type (A4,1).

Now, given a group homomorphism ¢ : A; — As, the induced cellular
map @ : K(A1,1) > K(Ag, 1) restricts to

¢ K(A1,1)? - K(A5, 1)@,
We show an existence of the induced map ¢ : X7 — Xs of corresponding
Moore spaces X1, Xo of types (A1,1),(As2,1), respectively. Let {a,}uer,
be a basis of Ho(K(A1,1)?),Z). Then the map f, : S — K(A;,1)?
determined by a, implies @(Q)fu : S — K(As, 1)(2) for u € I;. Next,
(@D f.)s : Ho(S%,Z) — Ha(K(A2,1)?,7)

yields an element

b= (@ fu)x(7) € Ha(K (A2, 1)®), Z).
1)@

Since Hy(K(A2,1)\%7Z) is a free abelian group with a basis {by}xer,, we

get an isomorphism
( (A27 7 \/ SQ
AeJ
If g, : S? -V Al S? is a map corresponding to

b= (2 f)(7) e ma(\/ )

)\EIQ



174 M. Golasinski

then we get a map
Vg V8 — /8
nely pel Aels
and the associated map of cones
\/ 0 \/ B \/ B
ueh ;1,6[1 Aelz

Consequently, those maps lead the required map ¢ : X; — Xy with
Hy(p) = . If the spaces X, X9 are nilpotent then Theorem 1.10 implies
that ¢ : X7 — X5 is a homotopy equivalence.

If X1, Xo are Moore spaces of type (A, 1) constructed in [25] then, by
the above, the identity idg : A — A yields a map iﬁ; : X7 — Xy with
Hl(m) =id 4 and the proof is complete. O

However, the homotopy type of a CW-complex Moore space M (A, 1) is
not uniquely determined by A. Hatcher [15, Example 4.35] constructed the
space X = (S' v §") U e"! such that the inclusion S! < X induces an
isomorphism on all homology groups and on 7 for £ < n, but not on m,.
More precisely, from [15, Example 4.27| we have

(St v S*) ~ Z[t, t7Y (2t — 1).

Then, X is obtained from S' v S™ by attaching a cell e"*! via a map
S™ — S! v S” corresponding to 2t — 1 € Z[t, ¢t 1].
Moore spaces of type (A,n) with n > 2. To examine the homotopy
nilpotency of M (A, n) with > 2, we notice that Proposition 1.11 yields
Corollary 2.2. Ifn > 2, then

nil Q(M (Zym,n)) = ©
form=1,2,...00 and n = 2.

Proof. Let X,,(A) = M(A,n) with n > 2 or X;(A) = L(A). Then, by the
Universal Coefficient Theorem, we have

Ligm @) ~ TFp, for k = n,
Hy (X (Zym),Fp) ~ 3 Tor(Zym,F,) ~ Fpy, for k=n+1,
0, for k #n,n+1,

for m,n = 1.
Since the Moore space M(Zym,n) ~ XX, _1(Zym) for n > 2, we can
consider the iterated Samelson product

5t (Xt (Zyn))F = QM (Zyn 1) ~ QE(X o1 (Zy))-
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Thus, Proposition 1.11 implies that
nil Q(M (Zym ,n)) = © (2.1)

form>1andn > 2.
Since Zy» ® F,, = 0, we have

~ Tor(Zyx,Fy) ~F,, fork=n+1
Hy (X, (Zo), F,) & P Ep) ¥ T ’
b Xn(Zyp=), Fp) {Q for k #n+ 1,

for n = 1. Thus, the argument above collapses.
Therefore, we process as follows. Given n > 2 and a prime p, consider
the mapping telescope T determined by the sequence of maps
st hsrBgn B

Recall that T is the union of the mapping cylinders M} with the copies of
S™ in My, and Mj_q identified for all k. Thus, T is the quotient space of
the disjoint union

a0
| | s™ [k, k+1]
k=1

in which each point
(g, k+1)eS" x [k, k+ 1]
is identified with
(p(zg), k+1)e St x [k + 1,k +2].

In the mapping telescope T, let T}, be the union of the first m mapping
cylinders. This deformation retracts onto S™ by deformation retracting each
mapping cylinder onto its right end in turn. Since the maps p : S* — §"
are cellular, each mapping cylinder is a C'W-complex and the telescope T’
is the increasing union of the subcomplexes T;, ~ S™.

If we attach a cell et to the first S in T via the identity map of
S™ we obtain a space X which is the increasing union of its subspaces
X =Tm v e being M(Zym,n)’s. Since,

H,(X,Z) ~ colimy,, H,(X,,, Z) = colimy,Zyn = ZLyeo
and Hi(X,Z) = 0 for k # n, we derive that X is the Moore space of type
(Zpo,m).
Furthermore, Q(X) = colim,,$2(X,,) implies a homotopy equivalence
Q(M (Zp»,n)) ~ colimy, UM (Zym,n)).

Thus, the non-trivial maps

@Q(M(me,n)),k QUM (Zpm, ”))Ak — QM (Zpm, n))
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for k,m > 1 determined by (2.1) yield the non-trivial the maps

QM (Zy0 ).k * QM (Zyo,n)) " — Q(M(Zyo,n))

for £ = 1 and n > 2. Consequently,
nil Q(M (Zyo,n)) = 0 (2.2)
for n > 2 and this concludes the proof. O

Now, recall that due to [9, Corollary 27.4|, an abelian group A with
elements of finite order contains a direct summand Z,» for some prime p
and m =1,2,... or c0. Then, such an abelian group A ~ Z,~ @ B for some
abelian group B and m = 1,...,00. Hence,

M(A,n) = M(Zyn,n) v M(B,n),
and therefore (2.1), (2.2), and Remark 1.7 imply that
nil Q(M(A,n)) = w©

for n = 2.

Given an abelian group A, we have AQQ = (—DE(A) QT for the rank r(A)
of A and the additive group Q of the field Q of rationals. Therefore,
@'Y Q, fork=n,

0, otherwise,

Hi(Xn(A®Q),Q) ~ {

forn > 1.
Next, given a nilpotent space X and a set of primes I, write X for the
I-localization of X. Then, by [19, Proposition 3.5|, we have

Proposition 2.3. Let X be a nilpotent space. If nilQ(X) < n then
nil (X)) < n for every set of primes I.

Since the Moore space M (A,n) ~ ¥X,,_1(A) for n = 2, we can consider
the iterated Samelson product

Sn o (X 1(AN — QM (A, n) ~ Q2(X,_1(A)).
Furthermore, if 7(A) > 2 then Proposition 1.11 yields
nlQM(A®Q,n)) = ow.

Since M(A® Q,n) = M(A,n)(y, the rationalization of M(A,n), Propo-
sition 2.3 leads to nil (M (A,n)) = co. Thus, in view of (1.1), Proposi-
tion 1.11 and Corollary 2.2, we may state

Corollary 2.4. Let Aq,..., A, be abelian groups and nq,...,n, = 2.
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(1) If Ay has an element of finite order or r(Ay) = 2 for somek =1,...,m
then

nil Q((M (Ap,n1) % -+ x (M (Ap, i) = 0

for m = 1.
(2) If A are non-trivial for k= 1,...,m then

nﬂQ((M(Al,TLl) A\VARRRI] M(Amanm)) = @0
form = 2.

If r(A) = 1 and A is a torsion-free abelian group then by [9, Chapter IV,
Section 24|, we know that A is a subgroup of Q. Notice that

M(@’ n) = S?O) = K(@a TL),

the Eilenberg-MacLane of type (Q, n) provided n is odd. Therefore, M (Q, n)
is a homotopy commutative and associative H-space and

nil M(Q,n) =nilQ(M(Q,n)) = 1.

Given any subgroup A < Q, we have a sequence Z 83 Z 3 Z 53 ... and
A = colimy,, Z. Next, for n > 2, the mapping telescope 1" of the associated
sequence of maps

SRR R

is the union of the mapping cylinders M,,, with the copies of S" in M,
and M, , identified for all k. In the mapping telescope 7', let T},, be the
union of the first m mapping cylinders. This deformation retracts onto S”
by deformation retracting each mapping cylinder onto its right end in turn.
Since the maps ng : S® — S™ are cellular, each mapping cylinder is a CW-
complex and the telescope T is the increasing union of the subcomplexes
Ty =~ S" = M(Z,n). Next, by H,(T,Z) ~ A = colim,,Z and Hy(T,Z) = 0
for k # n, we derive that T = M (A, n) = colim,,T},. Then,

Q(M(A,n)) = colim,, Q(Ty,), nil Q(7,,) = nilQ(S") <3
imply that nil Q(M (A, n)) < 3 provided n > 2 and we get the main result

Theorem 2.5. Letm > 1, ny,...,ny, =2 and M (Ag,ng) be Moore spaces

of type (Ag,ng) for k=1,...,m. Then

(1) nilQ((M(A1,n1) x -+ X (M(Apm,nm)) < 0 if and only if Ay, are torsion-
free groups with rank r(Ag) =1 fork=1,...,m;

(2) nilQ((M(A1,n1) v -+ v M(Ap,nm)) < o0 if and only if m = 1 and
Ay is a torsion-free group with rank r(A;) = 1.
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Moore spaces of type (A,1). We present constructions and analyse ho-
motopy nilpotency of some Moore spaces of type (A, 1).

(1) The space X = (S' v S™)ue™*! constructed by Hatcher [15, Example
4.35] is a Moore space of type (Z, 1) for the infinite cyclic group Z<t>. Since

T (X) ~ Z(t), (St v S*) ~ Z[t, t 7Y/ (2t — 1),

we get that (2t — 1)a = 0 implies 2ta = « for a € Z[t,t71]/(2t — 1). Hence,
the action of m1(X) on 7,(X) is non-trivial.

Note that the map Z[t,t~!] — Q given by t — 1/2 yields a ring isomor-
phism

Z[t, t74 /2t — 1) = Z[1/2]

for the subring Z[1/2] < Q consisting of rationals with denominator a
power of 2. Then, m1(X) ~ Z(t) acts on m,(X) ~ Z[1/2] by ta = (1/2)ax
for v € Z[1/2]. Consequently, the Whitehead product [t,a] = (—1/2)a and
the (n + 1)-fold Whitehead product [, t,t...,t] = (—1/2)"« is non-trivial
provided « # 0. Therefore in view of Theorem 1.8,

nil Q(X) = oo.

(2) The space RP% = S! u,, €2 is a Moore space of type (Zm,1) for
the cyclic group Z,, of order m. Then, m (RP2) = Zm<t>, where ¢ is
represented by the canonical map i : S' — RP2. Next, by [23], the group
m2(RP2) can be identified with the ideal of the group ring Z[Z,,] generated
by a = 1 —t, so that as an abelian group m2(RP2) is free of rank m — 1
and, as m;-module, 72 (RP2) has a single generator «, subject solely to the
relation (1 +¢+ ---+t™ 1)a = 0. Then, the Whitehead product

[, t] =ta —a =2a —tPa— - —t" a.

Thus, we derive that the (n + 1)-fold Whitehead product [a,t,t...,¢] is
non-trivial for n > 1. Consequently, in view of Theorem 1.8, we derive that
nil Q(RP2) = o

for m = 2.

(3) If r(A) = 1 and A is a torsion-free abelian group then A < Q, we
have a sequence Z 83 Z" 375 ... and A = colimy, Z. Next, the mapping
telescope T of the associated sequence of maps

SLm sl Tl
is the union of the mapping cylinders M,, with the copies of St in My,
and M, identified for all k. In the mapping telescope T, let T}, be the

ng—1
union of the first m mapping cylinders. This deformation retracts onto S!
by deformation retracting each mapping cylinder onto its right end in turn.
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Since the maps ny, : S — S™ are cellular, each mapping cylinder is a CW-
complex and the telescope T is the increasing union of the subcomplexes
Ty =~ S

Next, from

Hy(T,Z) ~ colim, Hy(T,,) = colimy,Z = A, Hy(T,Z) =0, k # 1,

we derive that T' = colim,, T}, is a Moore space of type (A, 1). Furthermore,
7, (T) = colimy,mi(T),) implies that m1(T") = colim,,Z = A and 7,(T) =0
for k # 1. Consequently, T' = colim,,T},, as the Eilenberg-MacLane space
K(A,1), is a homotopy commutative and an associative H-space. Finally,
we get that

nilT = 1.

(4) At the end of this subsection, given a prime p, consider the telescope
T determined by the sequence of maps

sthst st B

If we attach a cell €? to the first S! in T via the identity map of S!, we
obtain a space X which is a Moore space of type (Zp», 1) since X is the
increasing union of its subspaces X,, = T}, U €?, which are RPgm’s. Then,
(2) leads to

nil Q(X) = oo.

To conclude, notice that by Seifert-Van Kampen Theorem
mi(M(A1,1) v M(Ag,1)) = Ay % Ay,

the free product of A; and As. Furthermore, if n > 2 then

m1(M(A1,1) v M(Aa,n)) = Ay,

Tn(M(A1,1) v M(Ag,n)) ~ Z[A1] ® A
for the group ring Z[A;]. Therefore, the spaces M (A;1,1) v M(Az,n) for
n = 1 are non-nilpotent. Then, Remark 1.7 and Proposition 1.11 yield
Corollary 2.6. If m = 2, ny,...,ny = 1 and Ay are non-trivial Ablian
group for k=1,...,m then nilQ((M(A1,n1) v -+ v M(Ap,np)) = 0.

Smash product of Moore spaces. Recall that the smash product of
pointed spaces X,Y is the quotient space

XAY =(XxY)/(XVvY)

of the product space X x Y by the wedge sum X v Y. It is well-known
that the connectivity

conn (X AY) = conn (X) 4 conn (V) + 1.
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Since conn(M(A,n)) =n —1 for n > 1, we deduce that
conn (M(A,m) A M(B,n))=2m+n—1>1

for m,n = 1. Furthermore, by the Kiinneth Theorem, we have

AR B, for k =m + n,
f{k(M(A,m) AM(B,n),Z) = <{ Tor(A,B), fork=m+n+1,
0, otherwise.
Notice that the rationalization
r(A)r(B)
(M(A,m) A M(B,n))(g) = M(A® B®Q,m+n) = ( @ @,m+n)

Consequently, Propositions 1.11 and 2.3 yield that
nil Q(M(A,m) A M(B,n)) = o

provided max{r(A),r(B)} > 2.
To analyse the case max{r(A),r(B)} < 1 and max{m,n} > 2, we need

Lemma 2.7. For any abelian groups A and B, the group Tor(A, B) is
torsion.

Proof. Certainly, we can assume that A and B are torsion groups. We
then form an exact sequence

0 — ker — 6—) Z|b|—>B—>O.
0#beB
where |b| is the order of b € B and the map to B is given by sending a
generator of the factor corresponding to b to the element b. If we write C
for the group in the middle, we obtain from the exact sequence for Tor the
short exact sequence

0 — coker(Tor(A, ker) — Tor(A4,C)) —
— Tor(A, B) - ker(A®ker - A® C) — 0.

We have that

Tor(4,C) = @ Tor(A,Zp) = @ ker(A Y 4)
0#£beB 0#£beB

and A®Kker are torsion groups because A is a torsion group. Hence the first
and third term of the sequence above are torsion. The result now follows
from the general result that if in an exact sequence 1 - G' - G - G" — 1
the groups G’ and G” are torsion, then so is G and the proof is complete. [
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Since max{m,n} = 2, the smash product M(A,m) A M(B,n) is a sus-
pension. For r(A) = 0 or r(B) = 0, the groups A ® B and Tor(A, B)
(Lemma 2.7) are torsion. If A® B # 0 or Tor(A, B) # 0 then Proposi-
tion 1.11 implies that

nil Q(M(A,m) A M(B,n)) = o0.

If AQ B =0 and Tor(A4,B) = 0 then M(A,m) n M(B,n) is an acyclic
space. Since the space M (A, m)A M (B, n) has the homotopy type of a CTV-
complex with the trivial fundamental group, the Whitehead and Hurewicz
Theorems yield the its contractibility and so

nil Q(M(A,m) A M(B,n)) = 0.

Next, r(A) =r(B) =1 implies rf(A® B) = 1. If A® B is a mixed group or
Tor(A, B) # 0 then Proposition 1.11 yields

nil Q(M(A,m) A M(B,n)) = o0.
If A® B is torsion-free and Tor(A, B) = 0 then
nil Q(M(A,m) A M(B,n)) < o0.

Now, let m = n = 1 and write
T(A) = @D Tp(A), T(B)= @ T,(B)
pely pelp

for primary decompositions of the subgroups of T,,(A) < A and T),(B) < B,
respectively. But, if 2¢ 14 n Ip then

m3(M(Tor(A, B),2)) = (Tor(A, B)) ® Zs = 0.

Consequently, by the Universal Coefficient Theorem for Homotopy Groups
([1, Theorem 2.5.9] and [16, Chpter 5]) there is a short exact sequence:

0 — Ext(A® B, n3(M(Tor(A, B),2))) —
— [M(A® B,2), M(Tor(A, B),2)] —
— Hom(A ® B, Tor(A, B)) — 0,

It follows that
M(A® B,2) — M(Tor(A, B),2)

is the only homology trivial map. Thus, from the homology decomposition
(see [16, Chapter 8| for details) of M(A,1) A M(B,1), we get that

M(A,1) A M(B,1) = M(A® B,2) v M(Tor(A, B),3)
is a suspension and so Proposition 1.11 yields

nil Q(M(A, 1) A M(B, 1)) < o
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if and only if the group A ® B is torsion free with r(A ® B) < 1 and
Tor(A, B) = 0.

To examine the case 2 € I4 n I, we begin from the following situations.
(I) If k£ = 2 then in view of [22, Proposition 6.2.2], we have
M (Zow, 1) A M (Zor, 1) = M(Zor,2) v M(Zor, 3).
Hence, Proposition 1.11 leads to
nil Q(M (Zor, 1) A M (Zor, 1)) = c0.

(IT) If £ = 1 then, by the short exact sequence |1, Theorem 2.5.9], there
is the short exact sequence

0 — BExt(Zs, m3(M(Z2,2))) — [M(Z2,2), M(Z2,2)] — Hom(Zs, Z3) — 0
with
Ext(Zg, m3(M(Z3,2))) ~ Zs,
[M(Zy,2), M(Zs,2)] = [ERP?, SRP?] ~ Z4.

But, M(Zs,1) = RP? and [RP?,RP?| ~ Z. Then, the suspension map
Ya: M(Zg,2) — M(Zs,2) is homology trivial for the only non-trivial map
a: RP? - RP?2. Thus,

RP? A RP? ~ ¥(CRP? U, RP?)
and Proposition 1.11 yields that
nil Q(RP? A RP?) = 0.

From now on, we restrict to Moore spaces of type (A, 1) constructed
in [25]. If 2 € T4 N Ip then, in view of [9, Corollary 27.4], A = Zox @ A’ and
B =Z4 ® B’ with some k,l =1,...,00. Hence, by Proposition 2.1, we get
a homotopy retract

M(Zok, 1) A M(Zg1,1) — M(A, 1) A M(B,1) > M(Zor,1) A M (Zoi, 1).
Next, notice that the canonical inclusions
Ligminik1y > Lok, Ligmingk,1y — Ligt
yield a homology isomorphism
M (Zowingrty, 1) A M (Zoningray, 1) —> M(Zor, 1) A M(Zy, 1)

of 1-connected spaces. Thus, Whitehead Theorem leads to a homotopy
equivalence

M(ZQ’C7 1) A M(Z2l, ]-) ~ M(Z2111i[1{k,l}, 1) A M(ZQmin{k,l}, ]-)

Now, we analyse the following cases.
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(1) If k =0 or I = o then
M(Zok, 1) A M(Zg1, 1) = M (Zax, 3).
Since, nil (M (Zgx,3)) = o0, Remark 1.7 implies
nilQ(M(A,1) A M(B,1)) = .
(2) If 2 < min{k,l} < oo then
M (Zoy, 1) A M(Zgt, 1) ~ M (Zgmingeay, 1) A M (Zigmingray, 1),
Remark 1.7 and (I) yield
nil Q(M(A,1) A M(B,1)) = .
(3) If min{k, 1} = 1 then a homotopy equivalence
M(Zok, 1) A M(Zgi, 1) ~ M (Zo, 1) A M(Zo, 1),
Remark 1.7 and (II) lead to
nil Q(M(A,1) A M(B,1)) = .
Summarizing the discussion above, we get

Proposition 2.8. If m,n > 1 then
nil Q(M(A,m) A M(B,n)) < o

if and only if the group A® B s torsion free with the rank r(A® B) < 1
and Tor(A, B) = 0.

Homology spheres. Recall that a map f: X — Y is called a homology
isomorphism if it induces isomorphisms on all integral homology groups.
Then, according to [7] a space S™ is called a homology n-sphere if there
is an isomorphism of homologies Hy(S™) ~ Hp(S") for all £ > 0. Given
a homology n-sphere 8™ with n > 1, the fundamental group 71(S™) is
perfect for n > 2 and the abelianization 71(S')* ~ Z, the infinite cyclic
group. Thus, the result of Bousfield-Kan [5, Chapter VII, Proposition 3.2,
p. 206] implies that there is a homology isomorphism b, : " — S" for
n = 2. It is not difficult to show that there is also a homology isomorphism
hi: St — St

Remark 2.9. Let 8" be a homology n-sphere withn > 1 and b,,: S — S™
a homology isomorphism.

(1) Since the fundamental group 7;(S™) is perfect for n > 2, we get that
nil 71 (8™) = o provided 71 (S™) & E. Thus, nilm(S™) < nil Q(S") implies
that nil 2(S™) = o provided m1(S™) + E.
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(2) Since a homology n-sphere 8™ is path-connected, the homology iso-
morphism b, : 8™ — S” leads to a weak homotopy equivalence

Y(hy): B(S") - B(S") =S"T n>1.

In particular, ¥(S™) has the homotopy type of the sphere S™*! provided
S" is a CW-complex. This implies that

nil Q(X(S™) = nil QS"™) <3, n>1.

(3) If X, Y are CW-complexes then the connectivity of the smash product
satisfies the following inequality:

conn (X AY) = conn(X) + conn(Y) + 1

(if both X and Y are connected).
Thus, by, : 8™ — S™ and b, : S™ — S"™ induce a homotopy equivalence

Bn A B S™A ST > S A ST =S

provided that S™ and S™ are connected CW-complexes.

(4) Since the fundamental group of a co- H-space is free, a co- H-structure
on 8" implies that S" is 1-connected for n > 2 and 71(S?) ~ Z. Conse-
quently, b, : & — S" is a weak homotopy equivalence for n > 1, provided
S™ has a co-H-structure.

Let M™ be a smooth homology n-sphere, i.e., a smooth n-dimensional
manifold such that H,(M"™) ~ H,(S™). Then, by Kervire [18|, the funda-
mental group m = w1 (M™) of M™ satisfies the following three conditions:

(1) 7 as a finite presentation,

(2) Hi(m) =0,

(3) Hy(m) =0,
where Hy(m) denotes the k-th homology group of m with coefficients in the
trivial Z[r]-module Z. Concretely, this means that the abelianization of 7 is
trivial (it has no non-trivial abelian quotients) and that its Schur multiplier
is trivial (it has no non-trivial perfect central extensions).

Furthermore, by [18, Theorem 2|, we have

Theorem 2.10. Let M3 be a 3-dimensional manifold such that w1 (M?3) is
finite and Hyo(M?3) ~ H4(S?). Then, either m1(M?3) = E or else, 7 (M?3)
s 1somorphic to the binary icosahedral group with presentation

(z,y: a2 =P = (xy)5>.

The Poincaré homology sphere (also known as Poincaré dodecahedral
space) is a particular example of a smooth homology sphere, first con-
structed by Henri Poincaré. Being a spherical 3-manifold, it is the only
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homology 3-sphere (besides the 3-sphere itself) with a finite fundamental
group.

Alternatively, the Poincaré homology sphere can be constructed as the
quotient space SO(3)/I, where SO(3) is the special orthogonal group in
dimension 3 and [ is the icosahedral group (i.e., the rotational symme-
try group of the regular icosahedron and dodecahedron, isomorphic to the
alternating group As).

One can also pass instead to the universal cover of SO(3) which can
be realized as the group of unit quaternions and is homeomorphic to the
3-sphere S?. In this case, the Poincaré homology sphere is isomorphic to
S3/ I, where I is the binary icosahedral group, the perfect double cover of
I embedded in S3. . .

Consequently, nilQ(S3/I) = oo, whereas nil Q(3(S3/1)) = nil Q(S*) =
3.
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