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When is the space of semi-additive
functionals an absolute (neighbourhood)
retract?

Adilbek Zaitov, Khamidjon Kurbanov

Abstract. In the present paper proved that if for a given compact Hausdorff
space X the hyperspace exp X is a contractible compact space then the
space OSy(X) is also a contractible compact space. As a consequence it is
established that the space OSf(X) of semi-additive functionals is absolute
(neighbourhood) retract if and only if the hyperspace exp X is so.

Amnorargisi. B pobori j10BeJIeHO, 0 AKINO [JIsi JAHOIO KOMIakTy X Timep-
npocrip exp X € cTsaryBaHuM KoMmnakToM, To npoctip OS5y (X) Takox € crs-
IyBAaHUM KOMIAKTOM. B gxocti macaiaky orpumano, mo npoctip OSr(X)
HANIBUTUBHUX (DYHKIIOHAJIB € abCOMIOTHIM (OKOJIOBUM) PETPAKTOM TOI
i e Toxi, KoJim TaKuM € Tineprpoctip exp X.

1. INTRODUCTION

Let X be a compact Hausdorff space. By C'(X) we denote the Banach
algebra of all continuous functions ¢: X — R with pointwise operations
and the sup-norm, i.e. the norm given by

[l = sup{lp(X)| : z € X},

e.g. [1]. For each ¢ € R we denote by cx the constant function defined by
the formula cx(z) = ¢, x € X. Let 9,9 € C(X). Then the inequality
¢ < 1) means that ¢(z) < ¢(z) for all x € X.

Definition 1.1. A functional p: C(X) — R is called:

1) weakly additive if (v + cx) = u(p) + ¢ for all ce R and ¢ € C(X);
2) order-preserving if for functions p, 1 € C(X) the inequality ¢ < 1 implies
n(p) < p(t);
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3) normed if u(lx) =1;

4) positively homogeneous if j(ty) = tu(p) for all p € C(X), t € Ry, where
Ry = [07 +OO);

5) semi-additive if j1(p + 1) < pu(p) + u() for all ¢, v € C(X).

For a compact Hausdorff space X let OS(X) be the set of all functio-
nals v: C(X) — R satisfying the above five conditions. For brevity such
functionals will be called semi-additive.

The set OS(X) is equipped with the pointwise convergence topology.
The base of neighborhoods of a functional € OS(X) is formed by sets of
the form

s @15 ooy ons €) ={r € OS(X) : |u(ps) —vipi)| <e, i=1,...,n},
where p; e C(X),i=1,...,n,neN, > 0.

It is clear that if u, v € OS(X), then au + fr € OS(X), where «,
B8 =0, a+ p = 1. Moreover, the following statement is true: for any
compact Hausdorff space X, the space OS(X) is a convex subspace of REKX),
The case of Tychonoff spaces were considered in [10]| for bigger space of
functionals. In [7] the first author investigated order-preserving functionals
with finite support.

Let X and Y be compact Hausdorff spaces and f: X — Y be a continu-
ous map. For each ¢ € C(Y) define the map OS(f): OS(X) — OS(Y) by
the following formula:

OS(f)(m)(p) = pulpo f),  peOS(X),

The construction OS determines a functor acting in the category Comp of
compact Hausdorff spaces and their continuous maps.

Moreover, the functor OS: €omp — Comp is normal [4]. The notion of
normality of functors one can find in [6].

Let X be a compact Hausdorff space, F' a normal functor, and x € F(X).
The degree of a point x is the smallest natural number n such that x belongs
to the image F'(f)F(K) for some map f: K — X of an n-point space K,
[6, Definition 16]. If such a finite n does not exist, then the degree of z is
considered as infinite. The degree of the functor F' is the maximum of the
degrees of all possible points x € F'(X) for all possible compact sets X and
is denoted by degF'.

The support of a point z € F(X) is a closed subset suppx < X such
that the relations suppx < A and z € F(A) are equivalent for any closed
A < X, [6, Definition 18]. For a normal functor F', the support exists for
any x € F(X) and is determined by the relation

suppr = n{Ac X : cl(A)=A, ve F(A)}, (1.1)
where cl(A) is the closure of the set A.
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Obviously, for every compact Hausdorff space X, the space P(X) of
probability measures on X (i.e. the space of all linear, nonnegative, normed
functionals on C'(X)) is a subspace of OS(X).

Let A be a non-empty subset of P(X) and ¢ € C(X). Then |u(p)| < |¢|
for any p € A, and therefore the number set {u(y) : p € A} is bounded.
Therefore, for every ¢ € C(X), there exists the following upper bound

va(p) = sup{u(yp) : pe A} (1.2)
Let A be a non-empty subset of P(X). Then we have [4]:

a) the functional v4: C'(X) — R belongs to OS(X);
b) va = veo(a) where co(A) is the convex hull of A;
c) va = Vg(a) Where cl(A) is the closure of A;

d) VA = Veo(cl(A))-

The following statement shows that the formula (1.2) gives a general form
of functionals from OS(X): for every v e OS(X) there exists a non-empty
convezr compact set A in P(X) such that v = vy, and for each p € C(X)
there exists € A such that va(e) = u(e), [4].

For a compact Hausdorff space X, we denote by exp X the hyperspace
of the space X, i.e. the space of all non-empty closed subsets of X provided
with the Vietoris topology. It is well known (see, for example [6]) that for
every compact Hausdorff space X its hyperspace exp X is also a compact
Hausdorft space. By exp, X we denote a set consisting of all non-empty
finite subsets of X. Note that exp, X is everywhere dense in exp X.

For each F' € exp X, we define the functional ur: C(X) — R as follows

pr(p) = maxe(z), peC(X). (1.3)

It is clear that ur is a weakly additive, order-preserving, normed, positively-
homogeneous and semi-additive functional. Moreover, the correspondence
F — up is one-to-one, [4]. Therefore, we can identify the set F' with the
functional pp, and thus exp X < OS(X).

Let K be a convex closed subset of a locally convex space E. By cc(K)
we denote the set consisting of all convex closed nonempty subsets of K and
on cc(K) consider the induced from exp K topology. For a convex subset
A c K by extA we denote the set of all extremal points of A.

For a compact Hausdorff space X the spaces OS(X) and cc(P(X)) are
homeomorphic [4]. Namely, a homeomorphism 7: cc(P(X)) — OS(X) may
be given by the rule

T(A) =v4, Aece(P(X)).

A functional v € OS(X) is said to be concentrated on a closed subset of
Z c X if pe OS(Z). The least (with respect to inclusion) closed set Z < X
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for which p € OS(Z) is called the support of the functional € OS(X) and
is denoted by supp p. Evidently, this notion is a partial case of the general
notion of support, see (1.1), and we have

suppp=n{Zc X: cd(Z)=2Z, ne0OS(Z)}.

For a compact Hausdorff space X denote by OS,,(X) the set of all func-
tionals p € OS(X) for which |supp u| < n where n is a positive integer.
Regard 0S,,(X) as a subspace of OS(X) and put

08,(X) = ,O_Slosn(X).

A functional p € OS,(X) is called a semi-additive functional with finite
support. Note that OS,(X) is everywhere dense in OS(X). For every
semi-additive functional p with finite support there exist, see [4], a unique
convex closed set A € cc(P(X)), such that

1= va, (1.4)

In the present paper for a given compact Hausdorff space X a subspace
of OS(X) is highlighted, which is a contractible compact space if the hy-
perspace exp X is so. Then it is obtained that this subspace is an absolute
(neighbourhood) retract if and only if the hyperspace exp X is an absolute
(neighbourhood) retract.

2. CONSTRUCTIONS

Let p be a semi-additive functional with finite support, and A € cc(P(X))
a set for which (1.4) holds. Then it is clear that each element £ € A is a
probability measure with finite support and

supppu = U suppé. (2.1)
EeA
Let |supp p| < k. Then |supp§| < k for each £ € A, and
Suppf = {xfla MR $5n5}
Therefore
ng
E = Z afiéa?gia
i=1
ne
where > ag; =1, 0a¢,>0,i=1, ..., ng. Hence, the formula (1.2) can be
i=1

rewritten as follows:

,u(go)—sup{z e 0z () : §€A}. (1.2")
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The following set was proposed by E. V. Shchepin (for more detailed
information, see [5,8]).

Pr(X) = {ne Pu(X): if p= Zal s
(2.2)

1
then there exists ig € {1,..., n} such that a;, > 1 — 1 }
n

Note that the case of idempotent probability measures was investigated
in [11]. In [12] the space of idempotent measures were studied as an object
of the category theory, and in 9] the following results were obtained in this
direction.

For a compact Hausdorff space X, define the following sets

OS5,(X) = {va € 0S,(X) : extA c Pp(X)}, (2.3)
0S55(X) ={rae OS(X): extA c Pr(X)}. (2.4)

It is easy to see that the following statement hold.

Lemma 2.1. For each compact Hausdorff space X one has that
OSf,(X) = 08f(X) n OS,(X).
Moreover, OS¢, (X) is everywhere dense in OSy(X).

Lemma 2.2. For every compact Hausdorff space X and each closed F — X,
we have that pp € OS¢(X). Hence one can assume that exp X < OS¢(X).
Consequently, exp, X < OSy,(X).

Proof. Let F' € exp X. Consider the functional pr defined by the equal-
ity (1.3). Then

IF = V(5,: zeF}- (2.5)
Hence, extA = {6, : © € F} < P¢(X) for A = cl(co({6, : = € F})), i.e
HEF € OSf(X) |

Equality (2.5) for a finite set, say {z1,...,2,} € exp X, can be rewritten
as follows:

/"L{«lemvxn} = V{5z17--~76zn}'

Lemma 2.2 implies, in particular, that OS¢ (X) # @. Indeed, for example,
px = max{d, : x € X} € OS¢(X). Note that for an infinite compact Haus-
dorff space X we have pux ¢ OSy,(X), although §, € OSy,(X) for all
re X.
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Proposition 2.3. The topological space OS§(X) equipped with the point-
wise convergence topology is a compact Hausdorff space.

Proof. Note that P¢(X) is a compact Hausdorff space [8]. Hence Pf(X)
is a closed subset of P, (X). Put

cc(Py(X))={An P,(X): Aecc(P(X))}.
Then by the definition of the Vietoris topology any set of the form
AX) ={A € cc(Py(X)) : extAd Pr(X)} =
—{A e ce(P(X)) 1 A (PU(X)\PH(X)) # 2T}
is open in cc(P,(X)).

Consider now a net {j,} < OSf(X). By the construction there exists a
net {An} < P,(X) such that o = v, and extA, < P¢(X). Assume that
for its limit Ag (with respect to the Vietoris topology) one has that

extAg ¢ Pf(X)

Then Aj € A(X), and by force of openness of 2(X) there exists an open
neighbourhood O(Ap) such that O(Ag) < 2. Hence, Ap can not be a limit
of the net {A,}. The obtained contradiction implies that Ag < P;(X), and
consequently, the limit po = v4, of the net {uq} is in OSF(X). O

It is well known (see, for example [6]) that for every compact Hausdorff
space X its hyperspace exp X is also a compact Hausdorff space. Then
Lemma 2.2 and Proposition 2.3 yield the following statement:

Corollary 2.4. For every compact Hausdorff space X , its hyperspace exp X
is homeomorphic to some closed subset of the compact Hausdorff space

0S;(X).

Now Lemma 2.1 implies the following

Corollary 2.5. One may assume that exp, X < OSy,(X) for any compact
Hausdorff space X .

For given compact Hausdorff spaces X and Y and a continuous map
f: X — Y. Then it is easy to see that OS(f)(OS(X)) < OS;(Y). So one
may define the following the restriction map:

0S¢ (f) = OS(f)los,x)-

On the other hand OSy(f) is a continuous map as a restriction of the
continuous map OS(f). So, we get a continuous map

0S;(f): 0Sp(X) = 08;(Y), ¢eC(Y).
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Thus, the construction OS; transforms compact Hausdorff spaces to
compact Hausdorff spaces, and continuous maps of compact Hausdorff
spaces to continuous maps of compact Hausdorff spaces.

Proposition 2.6. The construction OSy is a covariant functor in the ca-
tegory Comp of compact Hausdorff spaces and their continuous maps.

Moreover, repeating the procedure performed in [4] we will obtain the
following result.

Theorem 2.7. Functor OSy: Comp — Comp is a normal functor.

3. CONTRACTIBILITY OF THE SPACE OF SEMI-ADDITIVE FUNCTIONALS

In this section we establish that if for a given compact Hausdorff space
X its hyperspace exp X is a contractible compact space, then OS;(X) is
also a contractible compact space.

A subset Y of the topological space X is called a retract of the space X,
if there exists a map r: X — Y (called a retraction of X onto Y) whose
restriction r|y: Y — Y is the identity map idy: Y — Y (ie r(y) =y
forall y € Y), [3, p. 14]. If r: X — Y is a retraction and there exists a
homotopy h: X x [0;1] — Y such that h(z,0) = z and h(z,1) = r(z) for
all x € X, then r is called a deformation retraction and Y, a deformation
retract of the space X. A deformation retraction r: X — F is a strong
deformation retraction if, given any homotopy h: X x [0;1] — Y, we have
h(z,t) =z for all x € F, t € [0;1]. A space Y is called an absolute retract
(notation: Y € AR) if, for each homeomorphism A taking Y to a closed
subset hY of an arbitrary space X, the set hY is a retract of X. A space Y
is called an absolute neighborhood retract (notation: Y € ANR) if, for any
homeomorphism h mapping Y to a closed subset hY of an arbitrary space
X, hY has a neighborhood U (in X) such that hY is a retract of U.

Let X and Y be two compact subspaces of spaces M and N, respectively,
such that M, N € AR. Following [3, p. 17| we say that a sequence of maps
fi: M - N, k=1,2,...,1s a fundamental sequence from X to Y if, for
each neighborhood V of Y (in N) the compact space X has a neighborhood
U (in M), such that

frlv = fry1|ly in V for almost all k =1,2,....

Here “for almost all” means “for all but finitely many”. The relation
frlu =~ fry1|ly means that there exists a homotopy ¢r: U x [0;1] — V
such that ¢i(x, 0) = fr(z), pr(z, 1) = fryi(x) for all x € U. We denote
this fundamental sequence by {fi; X, Y}, n or, briefly, by f, and write
f: X - Y in M and N. A fundamental sequence f = {fi; X, Y} n is



94 A. Zaitov, Kh. Kurbanov

said to be generated by a map f: X — Y, if fy(z) = f(z) for all x € X,
k=1,2,...

Let f = {fi; X, Y}m, ~v and g = {g; X, Y}a, ~ be two fundamental
sequences. They say [3, p. 27] that f and g are homotopic (symbolically
f ~ g) if for every closed subset A in X there exists a closed subset B in Y’
that for each neighbourhood V' of B in N there exists a neighbourhood U
of A in M such that

frlv ~ gkl in V for almost all k =1,2,....

Let X and Y be closed subsets containing in AR-spaces M and N, respecti-
vely. They say [3, p. 29| that spaces X and Y are fundamentally equivalent
(with respect to M, N) if there exist two fundamental sequences f: X — Y
and g: Y — X for which gf ~ idx »s and fg ~ idy, y. Here

gf = {gro fr; X, X}, m, idy, v = {idx; X, X}, v,
fg={frog Y, Yin N, idy, vy = {idy; Y, Y}n N.

The relation of fundamental equivalence is an equivalence relation. There-
fore, the class of all spaces splits into pairwise disjoint classes of spaces,
which are called shapes, [3, p. 31]. Two spaces belong to the same shape
if and only if they are fundamentally equivalent. The shape containing
a space X is called the shape of the space X and denoted by Sh(X).
The notion of shape is topological, i.e. two homeomorphic spaces have
the same shape. It is known that for two neighborhood retracts A and B,
Sh(A) = Sh(B) if and only if A and B are homotopy equivalent.

Take any functional v4 € OS;(X). Note that each probability measure &

with finite support, say {x1, ..., x,}, is represented as an affine combination
n

€ = Y, a0y, of the Dirac measures d,,, i = 1,...,n, uniquely (see, for
i=1

example, [5]).
Let extA = {& : s € S}. By definition extA < Pp(X). It is clear
that the support of each & € extA is finite, suppose |supp&s| = ns. Let

Ns
§s = D, Qsi0z, ,, s € S. Here for every s € S we have

i=1
Ns
s =0, 0€{l,...,n}, Zasﬂ-:l. (3.1)
i=1
Remark 3.1. By the construction, see (2.2), for each & there exists i(s) €
{1,...,ns} such that ag ;) =1 — ﬁ This inequality and the relations

in (3.1) provide the uniqueness such i(s).
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To the functional v4 we associate the set Fa := {z,;) : s € S}. The
resulting correspondence OS¢(X) — exp X is denoted by

057(X)
r9 .= X - (3.2)
The map r¢: OS;(X) — exp X is well defined, see Remark 3.1.
In particular, we have that for each F' € exp X
rd(Vis,:very) = F. (33)

Lemma 3.2. For any compact Hausdorff space X the map 7’? s a retrac-
tion.

Proof. Equality (3.3) immediately implies that under the map r¢ the
points of the space exp X remain fixed.

To show that the map r is continuous, take a functional v4, € OS(X)
and anet {va,} < OS¢(X) converging to v4,. Then the net {Fy4,} < exp X
and the set F4, € exp X appear as the values of the map 7“? at {va,} and
va, respectively. Using (2.5) and Remark 3.1 one has that up, = va,.
Suppose the net {F'4, } does not converge to Fl4,. Then the net {up, } also
does not converge to pup Ay The obtained contradiction ends the proof. [

So, rQ is a retraction, and the set exp X is a retract of the set OS;(X).

Let us establish a stronger statement. While the proof of the following
result we identify a set I € exp X with the functional pp € OS¢ (X).

Theorem 3.3. For an arbitrary compact Hausdorff space X its hyperspace
exp X is a strong deformation retract of OS¢(X).

Proof. Consider the map h: OS(X) x [0;1] — OS(X), defined by the

formula

h(ps t) = ho(p) = (1= t) - - 70 (),
for (u, t) € OSF(X) x [0;1]. It is easy to check that the map h is well
defined. Moreover, hg = idpg +(X) and h; = reo, that is, h is a homotopy
connecting the maps idpg,(x) and reo. Further, we have

h(pp, t) = (1 =1t) - pp + 110 (ur) = pr,

i.e. hy(up) = pp for all F € exp X and ¢ € [0;1]. Thus, exp X is a strong
deformation retract of the compact set OS¢ (X). O

From the theorem and statement [3, (5.4), p. 32] we obtain

Corollary 3.4. For an arbitrary compact Hausdorff space X,
Sh(exp X) = Sh(OSf(X)).
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Recall, 2, p. 29|, that a set A c X is said to be contractible on X to a set
B c X if the embedding i4: A — X is homotopic to amap f: A — X such
that f(A) c B. If, moreover, B consists of one point, then A is contractible
on X.

A space X is said to be locally contractible at a point xg € X if any
neighborhood U of the point zy contains a neighborhood Uy contractible
on U to a point, [2, p. 31]. A space X is said to be locally contractible if it
is locally contractible at each point.

Theorem 3.5. If for a compact Hausdorff space X the set exp X 1is con-
tractible, then the space OS¢(X) is also contractible.

Proof. We will show more: each homotopy h: expX x [0;1] — expY
connecting maps hg, h1: exp X — exp Y has an extension

B OSF(X) x [0:1] — OS;(Y)

which is a homotopy connecting maps hq, h1 : OSf(X) — OSf(Y), here ho

and 7L1 are extensions of hg and hi respectively.
Let g: exp, X — exp, Y be a map. Note that by (1.3) it has a repre-
sentation

9 (1r)(@) = pgr) (@) = max{d,(¢) : ye g({z}), xe F},  peC(Y).

Further, for brevity, put g(x) = g({z}).
Now by force of (1.2") an extension §: OSf,(X) — OSf,(Y) of g may
be defined by naturally way using the following equality

§<sup{§a5i5a;si:se$'}>—sup Z Z yZSES

=1 i=lyeg(wsi)

Consider a homotopy h: exp,, X x[0;1] — exp,, Y connecting homotopic
maps ho,hi: exp, X — exp,Y, i.e. h(F,0) = ho(F), h(F, 1) = hi(F),
Feexp, X.

We define the map h: OSf,(X) x [0;1] = OSy,(Y) by the equality

h (Sup {Z Qilz,, * SE S} ,t) =
i=1

= sup Z Z |(;;75:t)|5y1365

i=1 yeh(zai t)
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Then we have

h (sup {Z Q5i0z,, * SE S} , O> =
=1

= sup Z Z “L(;iii(m%:ses =

i=1 yeh(xs;,0)

= sup Z Z m;zéiim%:se,s =

=1 thO xsz

= 7L0 (sup{z Oi0z,,  SE 5’}) ,
i=1
h (sup {2 Qsilg,, @ SE S}, 1) =
i=1

= sup Z Z “L@Ziimdy:seby =

1=1yeh(zsi, 1)

= sup Z Z aisi'éy:ses =

i=1 yeh (z21) |h1(x32)|

= (sup {Z O5il0p,, @ S E S}) ,
i=1

i.e. h(p, 0) = ho(p) and h(u, 1) = hy(p) for every u e OSf,(X). Lemma
2.1 implies the uniqueness of extensions h: OS¢ (X) x[0, 1] = OS¢(X) and
ho, h1: OS(X) — OS;(X) such that

>0

|Owa(X)x[0,1] = E, ;Lo\osfw(x) = ’fVLO, hl‘Owa(X) = %1-

In other words, hisa homotopy connecting the maps ?LO and Fbl. U

Theorem 3.6. OS;(X)e A(N)R < exp X € A(N)R.

Proof. Theorem 3.3 implies the implication

0S;(X)e A(N)R = expX € A(N)R.
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Let us establish the converse implication. Let exp X be a neighbourhood
retract of some compact Hausdorff space, say, Y. Then one may identify
expX ={{F}: FeexpX} cexpY. (3.4)
If U be an open subset of Y such that U > h(exp X), where h: exp X — U
is an embedding, then (U) = {G e expY : G < U} is open in expY, and
according to (3.4) we have exp X < (U).
Now take any retraction r: (i) — exp X and consider a set
U; 3y ={peP(Y): thereis F e {U) such that p(F) > i}
which is open in P(Y') by definition of the pointwise convergence topology.
We will show that
Pp(X) = U §). (3.5)

Let € P¢(X). Then supp p € exp X and r(supp p) = supp p € (U) (since
r is a retraction). We have p(supp p) =1 > 1. Hence p e (U; 3).
Now we put

Us 3yp = U; 3) 0 Pr(Y). (3.6)
Since (U; 3y is open in Py(Y), the set
Uosy = {rac OS(Y): extAc U; L)}

is open in OS¢(Y) < OS(Y) = cc(P(Y)) with respect to the Vietoris
topology. Note that (2.4), (3.5), and (3.6) provide OS;(X) < Upsy. In
other words Upgy is an open neighbourhood of OS¢ (X) in OSf(Y).

It remains to construct a retraction ros: Uoss — OSf(X).

Let vy € Upsy < OSf(Y). Since OSy,(Y) is everywhere dense in
OSf(Y) (see Lemma 2.1), for any sequence {v4,} < OS,(Y) converging
to v4 we may assume that {va, } < Uostw = Uosy N OSf,(Y). Suppose

Nke
va, = Sup{zakﬁiél‘k{i : ge Ak}a

i=1
where for all £ € Ag, k =1,2,... by construction we have
Nke
° Z Qpeq = 1, Qe =>0,1= 1,...,nk5;
i=1
o there exists a unique e, such that ageg,, > %;

o suppé = {Tpe1, Theo, - - 7$k§nk§} eU), =U)nexp,Y.
Then we put
Fk§ = T({$k§ik§}) - eXpX.

Take an arbitrary y: € Fie and consider a map
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Sw(VAk) = sup { (akgikg + Z Ozkgi)(syé—‘r
§edy (e 1 }Udu\ expy, X

+ ), ak&éxw}. (3.7)
{xk§ i}eexpw X
It is clear that supp S, (§) = mye < nge = supp&. Therefore
ke > Mg 7
nge + 1 mee + 1

Okt ipe T+ Z ki = Qi =
{zre i JeU)w\ exp, X
for all { € Ay, k= 1,2,... Consequently, S, (v4,) € OSf,(X), and S, maps
Uos e into OSy,(X). We have

{Sw(va,)} € OS5, (X) c OSf(X).

According to Proposition 2.3, OS¢(X) is compact. Then {S,(v4,)} has a
limit in OS¢(X). This limit we denote by ros(v4), where v4 is the limit
of {va,}. Obviously, if v4 € Upsy. then rog(va) = Sw(va). Therefore, we
got a map rog: Upss — OSy(X) which is the unique extension of the map
Su: Uosfw — OS5,(X). Note that at the same time we have proved that
ros: Uosy — OS(X) is continuous.

To establish that rpg is retract, take a v4 € OSy(X), any sequence
{va,} © OS§,(X) converging to v4. Then

supp § = {Tre1, Theas - - - Thenge } € €XPyy X, §EVA,.

In other words, (supp&) N (U)w\ exp,, X) = @. Since r is a retraction, we
have 7({Zke nye }) = {Thenye J- S0, in this case formula (3.7) has the following
form

Sw(yAk): Sup{ Z ak{zémkgl} :VAk'
ey, {zre iYeexp, X

Hence, rog(va) = va. Thus, ros: Upss — OS§(X) is a continuous retrac-
tion. [l
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