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When is the space of semi-additive
functionals an absolute (neighbourhood)

retract?
Adilbek Zaitov, Khamidjon Kurbanov

Abstract. In the present paper proved that if for a given compact Hausdorff
space X the hyperspace expX is a contractible compact space then the
space OSf (X) is also a contractible compact space. As a consequence it is
established that the space OSf (X) of semi-additive functionals is absolute
(neighbourhood) retract if and only if the hyperspace expX is so.

Анотація. В роботі доведено, що якщо для даного компакту X гіпер-
простір expX є стягуваним компактом, то простір OSf (X) також є стя-
гуваним компактом. В якості наслідку отримано, що простір OSf (X)
напівадитивних функціоналів є абсолютним (околовим) ретрактом тоді
і лише тоді, коли таким є гіперпростір expX.

1. INTRODUCTiON
Let X be a compact Hausdorff space. By C(X) we denote the Banach

algebra of all continuous functions φ : X Ñ R with pointwise operations
and the sup-norm, i.e. the norm given by

}φ} = supt|φ(X)| : x P Xu,
e.g. [1]. For each c P R we denote by cX the constant function defined by
the formula cX(x) = c, x P X. Let φ,ψ P C(X). Then the inequality
φ ď ψ means that φ(x) ď ψ(x) for all x P X.

Definition 1.1. A functional µ : C(X) Ñ R is called:
1) weakly additive if µ(φ+ cX) = µ(φ) + c for all c P R and φ P C(X);
2) order­preserving if for functions φ, ψ P C(X) the inequality φ ď ψ implies

µ(φ) ď µ(ψ);
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3) normed if µ(1X) = 1;
4) positively homogeneous if µ(tφ) = tµ(φ) for all φ P C(X), t P R+, where

R+ = [0,+8);
5) semi­additive if µ(φ+ ψ) ď µ(φ) + µ(ψ) for all φ, ψ P C(X).

For a compact Hausdorff space X let OS(X) be the set of all functio-
nals ν : C(X) Ñ R satisfying the above five conditions. For brevity such
functionals will be called semi-additive.

The set OS(X) is equipped with the pointwise convergence topology.
The base of neighborhoods of a functional µ P OS(X) is formed by sets of
the form

xµ; φ1, . . . , φn; εy = tν P OS(X) : |µ(φi) ´ ν(φi)| ă ε, i = 1, . . . , nu,
where φi P C(X), i = 1, . . . , n, n P N, ε ą 0.

It is clear that if µ, ν P OS(X), then αµ + βν P OS(X), where α,
β ě 0, α + β = 1. Moreover, the following statement is true: for any
compact Hausdorff space X, the space OS(X) is a convex subspace of RC(X).
The case of Tychonoff spaces were considered in [10] for bigger space of
functionals. In [7] the first author investigated order-preserving functionals
with finite support.

Let X and Y be compact Hausdorff spaces and f : X Ñ Y be a continu-
ous map. For each φ P C(Y ) define the map OS(f) : OS(X) Ñ OS(Y ) by
the following formula:

OS(f)(µ)(φ) = µ(φ ˝ f), µ P OS(X),

The construction OS determines a functor acting in the category Comp of
compact Hausdorff spaces and their continuous maps.

Moreover, the functor OS : Comp Ñ Comp is normal [4]. The notion of
normality of functors one can find in [6].

Let X be a compact Hausdorff space, F a normal functor, and x P F (X).
The degree of a point x is the smallest natural number n such that x belongs
to the image F (f)F (K) for some map f : K Ñ X of an n-point space K,
[6, Definition 16]. If such a finite n does not exist, then the degree of x is
considered as infinite. The degree of the functor F is the maximum of the
degrees of all possible points x P F (X) for all possible compact sets X and
is denoted by degF .

The support of a point x P F (X) is a closed subset suppx Ă X such
that the relations suppx Ă A and x P F (A) are equivalent for any closed
A Ă X, [6, Definition 18]. For a normal functor F , the support exists for
any x P F (X) and is determined by the relation

suppx = XtA Ă X : cl(A) = A, x P F (A)u, (1.1)
where cl(A) is the closure of the set A.
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Obviously, for every compact Hausdorff space X, the space P (X) of
probability measures on X (i.e. the space of all linear, nonnegative, normed
functionals on C(X)) is a subspace of OS(X).

Let A be a non-empty subset of P (X) and φ P C(X). Then |µ(φ)| ă }φ}
for any µ P A, and therefore the number set tµ(φ) : µ P Au is bounded.
Therefore, for every φ P C(X), there exists the following upper bound

νA(φ) = suptµ(φ) : µ P Au. (1.2)
Let A be a non-empty subset of P (X). Then we have [4]:
a) the functional νA : C(X) Ñ R belongs to OS(X);
b) νA = νco(A) where co(A) is the convex hull of A;
c) νA = νcl(A) where cl(A) is the closure of A;
d) νA = νco(cl(A)).

The following statement shows that the formula (1.2) gives a general form
of functionals from OS(X): for every ν P OS(X) there exists a non-empty
convex compact set A in P (X) such that ν = νA, and for each φ P C(X)
there exists µ P A such that νA(φ) = µ(φ), [4].

For a compact Hausdorff space X, we denote by expX the hyperspace
of the space X, i.e. the space of all non-empty closed subsets of X provided
with the Vietoris topology. It is well known (see, for example [6]) that for
every compact Hausdorff space X its hyperspace expX is also a compact
Hausdorff space. By expωX we denote a set consisting of all non-empty
finite subsets of X. Note that expωX is everywhere dense in expX.

For each F P expX, we define the functional µF : C(X) Ñ R as follows
µF (φ) = max

xPF φ(x), φ P C(X). (1.3)

It is clear that µF is a weakly additive, order-preserving, normed, positively-
homogeneous and semi-additive functional. Moreover, the correspondence
F ÞÑ µF is one-to-one, [4]. Therefore, we can identify the set F with the
functional µF , and thus expX Ă OS(X).

Let K be a convex closed subset of a locally convex space E. By cc(K)
we denote the set consisting of all convex closed nonempty subsets of K and
on cc(K) consider the induced from expK topology. For a convex subset
A Ă K by extA we denote the set of all extremal points of A.

For a compact Hausdorff space X the spaces OS(X) and cc(P (X)) are
homeomorphic [4]. Namely, a homeomorphism τ : cc(P (X)) Ñ OS(X) may
be given by the rule

τ(A) = νA, A P cc(P (X)).

A functional ν P OS(X) is said to be concentrated on a closed subset of
Z Ă X if µ P OS(Z). The least (with respect to inclusion) closed set Z Ă X
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for which µ P OS(Z) is called the support of the functional µ P OS(X) and
is denoted by suppµ. Evidently, this notion is a partial case of the general
notion of support, see (1.1), and we have

suppµ = XtZ Ă X : cl(Z) = Z, µ P OS(Z)u.
For a compact Hausdorff space X denote by OSn(X) the set of all func-

tionals µ P OS(X) for which |suppµ| ď n where n is a positive integer.
Regard OSn(X) as a subspace of OS(X) and put

OSω(X) =
8Y
i=1

OSn(X).

A functional µ P OSω(X) is called a semi-additive functional with finite
support. Note that OSω(X) is everywhere dense in OS(X). For every
semi-additive functional µ with finite support there exist, see [4], a unique
convex closed set A P cc(P (X)), such that

µ = νA, (1.4)
In the present paper for a given compact Hausdorff space X a subspace

of OS(X) is highlighted, which is a contractible compact space if the hy-
perspace expX is so. Then it is obtained that this subspace is an absolute
(neighbourhood) retract if and only if the hyperspace expX is an absolute
(neighbourhood) retract.

2. CONSTRUCTiONS
Let µ be a semi-additive functional with finite support, and A P cc(P (X))

a set for which (1.4) holds. Then it is clear that each element ξ P A is a
probability measure with finite support and

suppµ = Y
ξPA supp ξ. (2.1)

Let |suppµ| ď k. Then |supp ξ| ď k for each ξ P A, and
supp ξ = txξ1, . . . , xξ nξ

u.
Therefore

ξ =

nξÿ

i=1

αξ iδxξ i
,

where
nξř
i=1

αξ i = 1, αξ i ě 0, i = 1, . . . , nξ. Hence, the formula (1.2) can be
rewritten as follows:

µ(φ) = sup
#
nξÿ

i=1

αξ iδxξ i
(φ) : ξ P A

+
. (1.2 1)
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The following set was proposed by E. V. Shchepin (for more detailed
information, see [5, 8]).

Pf (X) =
!
µ P Pω(X) : if µ =

nÿ

i=1

αiδxi ,

then there exists i0 P t1, . . . , nu such that αi0 ě 1 ´ 1

n+ 1

)
.

(2.2)

Note that the case of idempotent probability measures was investigated
in [11]. In [12] the space of idempotent measures were studied as an object
of the category theory, and in [9] the following results were obtained in this
direction.

For a compact Hausdorff space X, define the following sets

OSfω(X) =
␣
νA P OSω(X) : extA Ă Pf (X)

(
, (2.3)

OSf (X) =
␣
νA P OS(X) : extA Ă Pf (X)

(
. (2.4)

It is easy to see that the following statement hold.

Lemma 2.1. For each compact Hausdorff space X one has that

OSfω(X) = OSf (X) XOSω(X).

Moreover, OSfω(X) is everywhere dense in OSf (X).

Lemma 2.2. For every compact Hausdorff spaceX and each closed F Ă X,
we have that µF P OSf (X). Hence one can assume that expX Ă OSf (X).
Consequently, expωX Ă OSfω(X).
Proof. Let F P expX. Consider the functional µF defined by the equal-
ity (1.3). Then

µF = νtδx:xPF u. (2.5)

Hence, extA ” tδx : x P F u Ă Pf (X) for A = cl(co(tδx : x P F u)), i.e.
µF P OSf (X). □

Equality (2.5) for a finite set, say tx1, . . . , xnu P expX, can be rewritten
as follows:

µtx1,...,xnu = νtδx1 , ..., δxnu.

Lemma 2.2 implies, in particular, thatOSf (X) ‰ ∅. Indeed, for example,
µX = maxtδx : x P Xu P OSf (X). Note that for an infinite compact Haus-
dorff space X we have µX R OSfω(X), although δx P OSfω(X) for all
x P X.
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Proposition 2.3. The topological space OSf (X) equipped with the point-
wise convergence topology is a compact Hausdorff space.
Proof. Note that Pf (X) is a compact Hausdorff space [8]. Hence Pf (X)
is a closed subset of Pω(X). Put

cc(Pω(X)) = tAX Pω(X) : A P cc(P (X))u.
Then by the definition of the Vietoris topology any set of the form

A(X) =tA P cc(Pω(X)) : extA Ć Pf (X)u =

=tA P cc(Pω(X)) : AX (Pω(X)zPf (X)) ‰ Hu
is open in cc(Pω(X)).

Consider now a net tµαu Ă OSf (X). By the construction there exists a
net tAαu Ă Pω(X) such that µα = νAα and extAα Ă Pf (X). Assume that
for its limit A0 (with respect to the Vietoris topology) one has that

extA0 Ć Pf (X).

Then A0 P A(X), and by force of openness of A(X) there exists an open
neighbourhood O(A0) such that O(A0) Ă A. Hence, A0 can not be a limit
of the net tAαu. The obtained contradiction implies that A0 Ă Pf (X), and
consequently, the limit µ0 = νA0 of the net tµαu is in OSf (X). □

It is well known (see, for example [6]) that for every compact Hausdorff
space X its hyperspace expX is also a compact Hausdorff space. Then
Lemma 2.2 and Proposition 2.3 yield the following statement:

Corollary 2.4. For every compact Hausdorff spaceX, its hyperspace expX
is homeomorphic to some closed subset of the compact Hausdorff space
OSf (X).

Now Lemma 2.1 implies the following

Corollary 2.5. One may assume that expωX Ă OSfω(X) for any compact
Hausdorff space X.

For given compact Hausdorff spaces X and Y and a continuous map
f : X Ñ Y . Then it is easy to see that OS(f)(OSf (X)) Ă OSf (Y ). So one
may define the following the restriction map:

OSf (f) = OS(f)|OSf (X).

On the other hand OSf (f) is a continuous map as a restriction of the
continuous map OS(f). So, we get a continuous map

OSf (f) : OSf (X) Ñ OSf (Y ), φ P C(Y ).
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Thus, the construction OSf transforms compact Hausdorff spaces to
compact Hausdorff spaces, and continuous maps of compact Hausdorff
spaces to continuous maps of compact Hausdorff spaces.

Proposition 2.6. The construction OSf is a covariant functor in the ca-
tegory Comp of compact Hausdorff spaces and their continuous maps.

Moreover, repeating the procedure performed in [4] we will obtain the
following result.

Theorem 2.7. Functor OSf : Comp Ñ Comp is a normal functor.

3. CONTRACTiBiLiTY OF THE SPACE OF SEMi-ADDiTiVE FUNCTiONALS
In this section we establish that if for a given compact Hausdorff space

X its hyperspace exp X is a contractible compact space, then OSf (X) is
also a contractible compact space.

A subset Y of the topological space X is called a retract of the space X,
if there exists a map r : X Ñ Y (called a retraction of X onto Y ) whose
restriction r|Y : Y Ñ Y is the identity map idY : Y Ñ Y (i.e. r(y) = y
for all y P Y ), [3, p. 14]. If r : X Ñ Y is a retraction and there exists a
homotopy h : X ˆ [0; 1] Ñ Y such that h(x, 0) = x and h(x, 1) = r(x) for
all x P X, then r is called a deformation retraction and Y , a deformation
retract of the space X. A deformation retraction r : X Ñ F is a strong
deformation retraction if, given any homotopy h : X ˆ [0; 1] Ñ Y , we have
h(x, t) = x for all x P F , t P [0; 1]. A space Y is called an absolute retract
(notation: Y P AR) if, for each homeomorphism h taking Y to a closed
subset hY of an arbitrary space X, the set hY is a retract of X. A space Y
is called an absolute neighborhood retract (notation: Y P ANR) if, for any
homeomorphism h mapping Y to a closed subset hY of an arbitrary space
X, hY has a neighborhood U (in X) such that hY is a retract of U .

Let X and Y be two compact subspaces of spacesM and N , respectively,
such that M,N P AR. Following [3, p. 17] we say that a sequence of maps
fk : M Ñ N , k = 1, 2, . . . , is a fundamental sequence from X to Y if, for
each neighborhood V of Y (in N) the compact space X has a neighborhood
U (in M), such that

fk|U » fk+1|U in V for almost all k = 1, 2, . . . .

Here “for almost all” means “for all but finitely many”. The relation
fk|U » fk+1|U means that there exists a homotopy φk : U ˆ [0; 1] Ñ V
such that φk(x, 0) = fk(x), φk(x, 1) = fk+1(x) for all x P U . We denote
this fundamental sequence by tfk; X, Y uM,N or, briefly, by f, and write
f : X Ñ Y in M and N . A fundamental sequence f = tfk; X, Y uM,N is
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said to be generated by a map f : X Ñ Y , if fk(x) = f(x) for all x P X,
k = 1, 2, . . .

Let f = tfk; X, Y uM,N and g = tgk; X, Y uM,N be two fundamental
sequences. They say [3, p. 27] that f and g are homotopic (symbolically
f » g) if for every closed subset A in X there exists a closed subset B in Y
that for each neighbourhood V of B in N there exists a neighbourhood U
of A in M such that

fk|U » gk|U in V for almost all k = 1, 2, . . . .

Let X and Y be closed subsets containing in AR-spacesM and N , respecti-
vely. They say [3, p. 29] that spaces X and Y are fundamentally equivalent
(with respect to M , N) if there exist two fundamental sequences f : X Ñ Y
and g : Y Ñ X for which gf » idX,M and fg » idY,N . Here

gf = tgk ˝ fk; X, XuM,M , idX,M = tidX ; X, XuM,M ,

fg = tfk ˝ gk; Y, Y uN,N , idY,N = tidY ; Y, Y uN,N .
The relation of fundamental equivalence is an equivalence relation. There-
fore, the class of all spaces splits into pairwise disjoint classes of spaces,
which are called shapes, [3, p. 31]. Two spaces belong to the same shape
if and only if they are fundamentally equivalent. The shape containing
a space X is called the shape of the space X and denoted by Sh(X).
The notion of shape is topological, i.e. two homeomorphic spaces have
the same shape. It is known that for two neighborhood retracts A and B,
Sh(A) = Sh(B) if and only if A and B are homotopy equivalent.

Take any functional νA P OSf (X). Note that each probability measure ξ
with finite support, say tx1, . . . , xnu, is represented as an affine combination
ξ =

nř
i=1

αiδxi of the Dirac measures δxi , i = 1, . . . , n, uniquely (see, for
example, [5]).

Let extA = tξs : s P Su. By definition extA Ă Pf (X). It is clear
that the support of each ξs P extA is finite, suppose |supp ξs| = ns. Let
ξs =

nsř
i=1

αs,iδxs,i , s P S. Here for every s P S we have

αs,i ě 0, i P t1, . . . , nsu,
nsÿ

i=1

αs,i = 1. (3.1)

Remark 3.1. By the construction, see (2.2), for each ξs there exists i(s) P
t1, . . . , nsu such that αs,i(s) ě 1 ´ 1

ns+1 . This inequality and the relations
in (3.1) provide the uniqueness such i(s).
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To the functional νA we associate the set FA := txs,i(s) : s P Su. The
resulting correspondence OSf (X) Ñ expX is denoted by

rOe := r
OSf (X)
expX . (3.2)

The map rOe : OSf (X) Ñ expX is well defined, see Remark 3.1.
In particular, we have that for each F P expX

rOe (νtδx:xPF u) = F. (3.3)

Lemma 3.2. For any compact Hausdorff space X the map rOe is a retrac-
tion.
Proof. Equality (3.3) immediately implies that under the map rOe the
points of the space expX remain fixed.

To show that the map rOe is continuous, take a functional νA0 P OSf (X)
and a net tνAαu Ă OSf (X) converging to νA0 . Then the net tFAαu Ă expX
and the set FA0 P expX appear as the values of the map rOe at tνAαu and
νA0 respectively. Using (2.5) and Remark 3.1 one has that µFAα

= νAα .
Suppose the net tFAαu does not converge to FA0 . Then the net tµFAα

u also
does not converge to µFA0

. The obtained contradiction ends the proof. □

So, rOe is a retraction, and the set expX is a retract of the set OSf (X).
Let us establish a stronger statement. While the proof of the following
result we identify a set F P expX with the functional µF P OSf (X).

Theorem 3.3. For an arbitrary compact Hausdorff space X its hyperspace
expX is a strong deformation retract of OSf (X).
Proof. Consider the map h : OSf (X) ˆ [0; 1] Ñ OSf (X), defined by the
formula

h(µ, t) = ht(µ) = (1 ´ t) ¨ µ+ t ¨ rOe (µ),
for (µ, t) P OSf (X) ˆ [0; 1]. It is easy to check that the map h is well
defined. Moreover, h0 = idOSf (X) and h1 = rOe , that is, h is a homotopy
connecting the maps idOSf (X) and rOe . Further, we have

h(µF , t) = (1 ´ t) ¨ µF + t ¨ rOe (µF ) = µF ,

i.e. ht(µF ) = µF for all F P expX and t P [0; 1]. Thus, expX is a strong
deformation retract of the compact set OSf (X). □

From the theorem and statement [3, (5.4), p. 32] we obtain

Corollary 3.4. For an arbitrary compact Hausdorff space X,
Sh(expX) = Sh(OSf (X)).



96 A. Zaitov, Kh. Kurbanov

Recall, [2, p. 29], that a set A Ă X is said to be contractible on X to a set
B Ă X if the embedding iA : A Ñ X is homotopic to a map f : A Ñ X such
that f(A) Ă B. If, moreover, B consists of one point, then A is contractible
on X.

A space X is said to be locally contractible at a point x0 P X if any
neighborhood U of the point x0 contains a neighborhood U0 contractible
on U to a point, [2, p. 31]. A space X is said to be locally contractible if it
is locally contractible at each point.

Theorem 3.5. If for a compact Hausdorff space X the set expX is con-
tractible, then the space OSf (X) is also contractible.
Proof. We will show more: each homotopy h : expX ˆ [0; 1] Ñ expY
connecting maps h0, h1 : expX Ñ expY has an extension

rrh : OSf (X) ˆ [0; 1] Ñ OSf (Y )

which is a homotopy connecting maps rrh0, rrh1 : OSf (X) Ñ OSf (Y ), here rrh0
and rrh1 are extensions of h0 and h1 respectively.

Let g : expωX Ñ expω Y be a map. Note that by (1.3) it has a repre-
sentation

g1(µF )(φ) = µg(F )(φ) = maxtδy(φ) : y P g(txu), x P F u, φ P C(Y ).

Further, for brevity, put g(x) = g(txu).
Now by force of (1.2 1) an extension rg : OSfω(X) Ñ OSfω(Y ) of g may

be defined by naturally way using the following equality

rg
(
sup

#
nsÿ

i=1

αsiδxsi : s P S
+)

= sup

$
&
%

nsÿ

i=1

ÿ

yPg(xsi)

αsi
|g(xsi)|δy : s P S

,
.
- .

Consider a homotopy h : expωXˆ [0; 1] Ñ expω Y connecting homotopic
maps h0, h1 : expωX Ñ expω Y , i.e. h(F, 0) = h0(F ), h(F, 1) = h1(F ),
F P expωX.

We define the map rh : OSfω(X) ˆ [0; 1] Ñ OSfω(Y ) by the equality

rh
(
sup

#
nsÿ

i=1

αsiδxsi : s P S
+
, t

)
=

= sup

$
&
%

nsÿ

i=1

ÿ

yPh(xsi,t)

αsi
|h(xsi, t)|δy : s P S

,
.
- .
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Then we have

rh
(
sup

#
nsÿ

i=1

αsiδxsi : s P S
+
, 0

)
=

= sup

$
&
%

nsÿ

i=1

ÿ

yPh(xsi,0)

αsi
|h(xsi, 0)|δy : s P S

,
.
- =

= sup

$
&
%

nsÿ

i=1

ÿ

yPh0(xsi)

αsi
|h0(xsi)|δy : s P S

,
.
- =

= rh0
(
sup

#
nsÿ

i=1

αsiδxsi : s P S
+)

,

rh
(
sup

#
nsÿ

i=1

αsiδxsi : s P S
+
, 1

)
=

= sup

$
&
%

nsÿ

i=1

ÿ

yPh(xsi, 1)

αsi
|h(xsi, 1)|δy : s P S

,
.
- =

= sup

$
&
%

nsÿ

i=1

ÿ

yPh1(xsi)

αsi
|h1(xsi)|δy : s P S

,
.
- =

= rh1
(
sup

#
nsÿ

i=1

αsiδxsi : s P S
+)

,

i.e. rh(µ, 0) = rh0(µ) and rh(µ, 1) = rh1(µ) for every µ P OSfω(X). Lemma
2.1 implies the uniqueness of extensions rrh : OSf (X)ˆ [0, 1] Ñ OSf (X) and
rrh0, rrh1 : OSf (X) Ñ OSf (X) such that

rrh|OSfω(X)ˆ[0, 1] = rh, rrh0|OSfω(X) = rh0, rrh1|OSfω(X) = rh1.

In other words, rrh is a homotopy connecting the maps rrh0 and rrh1. □

Theorem 3.6. OSf (X) P A(N)R ô expX P A(N)R.
Proof. Theorem 3.3 implies the implication

OSf (X) P A(N)R ñ expX P A(N)R.
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Let us establish the converse implication. Let expX be a neighbourhood
retract of some compact Hausdorff space, say, Y . Then one may identify

expX ” ttF u : F P expXu Ă expY. (3.4)
If U be an open subset of Y such that U Ą h(expX), where h : expX Ñ U
is an embedding, then xUy = tG P expY : G Ă Uu is open in expY , and
according to (3.4) we have expX Ă xUy.

Now take any retraction r : xUy Ñ expX and consider a set
xU ; 1

2y = tµ P P (Y ) : there is F P xUy such that µ(F ) ą 1
2u

which is open in P (Y ) by definition of the pointwise convergence topology.
We will show that

Pf (X) Ă xU ; 1
2y. (3.5)

Let µ P Pf (X). Then suppµ P expX and r(suppµ) = suppµ P xUy (since
r is a retraction). We have µ(suppµ) = 1 ą 1

2 . Hence µ P xU ; 1
2y.

Now we put
xU ; 1

2yf = xU ; 1
2y X Pf (Y ). (3.6)

Since xU ; 1
2yf is open in Pf (Y ), the set

UOSf := tνA P OS(Y ) : extA Ă xU ; 1
2yfu

is open in OSf (Y ) Ă OS(Y ) – cc(P (Y )) with respect to the Vietoris
topology. Note that (2.4), (3.5), and (3.6) provide OSf (X) Ă UOSf . In
other words UOSf is an open neighbourhood of OSf (X) in OSf (Y ).

It remains to construct a retraction rOS : UOSf Ñ OSf (X).
Let νA P UOSf Ă OSf (Y ). Since OSfω(Y ) is everywhere dense in

OSf (Y ) (see Lemma 2.1), for any sequence tνAk
u Ă OSfω(Y ) converging

to νA we may assume that tνAk
u Ă UOSfω = UOSf XOSfω(Y ). Suppose

νAk
= sup

#
nkξÿ

i=1

αkξ iδxkξ i
: ξ P Ak

+
,

where for all ξ P Ak, k = 1, 2, . . . by construction we have

‚
nkξř
i=1

αkξ i = 1, αkξ i ě 0, i = 1, . . . , nkξ;

‚ there exists a unique αkξ ikξ such that αkξ ikξ ě nkξ

nkξ+1 ;
‚ supp ξ = txkξ 1, xkξ 2, . . . , xkξ nkξ

u P xUyω = xUy X expω Y .
Then we put

Fkξ = r(txkξ ikξu) Ă expX.
Take an arbitrary yξ P Fkξ and consider a map
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Sω(νAk
) = sup

ξPAk

"(
αkξ ikξ +

ÿ

txkξ iuPxUyωz expω X
αkξ i

)
δyξ+

+
ÿ

txkξ iuPexpω X
αkξ iδxkξ i

*
. (3.7)

It is clear that suppSω(ξ) = mkξ ď nkξ = supp ξ. Therefore

αkξ ikξ +
ÿ

txkξ iuPxUyωz expω X
αkξ i ě αkξ ikξ ě nkξ

nkξ + 1
ě mkξ

mkξ + 1
,

for all ξ P Ak, k = 1, 2, . . . Consequently, Sω(νAk
) P OSfω(X), and Sω maps

UOSfω into OSfω(X). We have
tSω(νAk

)u Ă OSfω(X) Ă OSf (X).

According to Proposition 2.3, OSf (X) is compact. Then tSω(νAk
)u has a

limit in OSf (X). This limit we denote by rOS(νA), where νA is the limit
of tνAk

u. Obviously, if νA P UOSfω then rOS(νA) = Sω(νA). Therefore, we
got a map rOS : UOSf Ñ OSf (X) which is the unique extension of the map
Sω : UOSfω Ñ OSfω(X). Note that at the same time we have proved that
rOS : UOSf Ñ OSf (X) is continuous.

To establish that rOS is retract, take a νA P OSf (X), any sequence
tνAk

u Ă OSfω(X) converging to νA. Then
supp ξ = txkξ1, xkξ2, . . . , xkξnkξ

u P expωX, ξ P νAk
.

In other words, (supp ξ) X (xUyωz expωX
)
= ∅. Since r is a retraction, we

have r(txkξ nkξ
u) = txkξ nkξ

u. So, in this case formula (3.7) has the following
form

Sω(νAk
) = sup

ξPAk

! ÿ

txkξ iuPexpω X
αkξ iδxkξ i

)
= νAk

.

Hence, rOS(νA) = νA. Thus, rOS : UOSf Ñ OSf (X) is a continuous retrac-
tion. □
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