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Deformations of circle-valued functions
on 2-torus

Bohdan Feshchenko

Abstract. In this paper we give an algebraic description of fundamental
groups of orbits of circle-valued smooth functions from some subspace of
the space of smooth functions with isolated singularities on 2-torus 72 with
respect to the action of the group of diffeomorphisms of T°2.

Amnorania. Hexait M — rinajika komnakTHa noBepxHs. Yepes P Oymaemo 1o-
smadaTn a60 R a6o S*. I'pyna mudeomopdizmis D(M) nie ma mpocTopi riaj-
kux Bimobpaxens C® (M, P) 3a takum npasusom: v : C° (M, P) x D(M) —
C*(M,P), v(f,h) = f o h. Hexait O(f) = {f o h|h € D(M)} — opbita f
Biguocuo il v 1 O¢(f) — 38’a3na kommounenta O(f), mo micrurs f. YV crarri
JIOCTI K y€eThest ajrebpalana crpykrypa dysnamentansaol rpymm O (f) s
MIXUPOKOI0 KJIACY TVIAJIKUX (DYHKIN y KOJIO HAa 2-TOPi, 110 MAIOTh 130J1b0BaHI
KPUTHYHI TOYKU.

1. INTRODUCTION

Morse functions on manifolds are one of the main objects in mathematics
nowadays. It is well known that analytic properties of such functions carry
information about the geometry and topology of the manifold on which
they are defined [32].

Deformational properties of Morse functions were studied by many au-
thors. For example, homotopy properties of connected components of
spaces of Morse functions on smooth surfaces were studied by V. Sharko [40],
H. Zieschang, S. Matveev, E. Kudryavtseva [17]. Cobordism groups of
Morse functions on surfaces were calculated by K. Ikegami, O. Saeki [14]
and B. Kalmar [15].

The paper is devoted to the study of circle-valued smooth functions from
some subspace of smooth functions with isolated singularities on smooth
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compact oriented surfaces and homotopy properties of special subspaces
of such functions called orbits. The main example of such functions is
circle-valued Morse functions which are natural generalizations of (ordi-
nary) Morse functions. Circle-valued Morse functions can be viewed lo-
cally as functions but global properties of such functions are different from
real-valued case. A modern theory of circle-valued Morse functions origi-
nates in a series of papers [33,34] by S. Novikov in 80’s. It was motivated
by the study of multi-valued Lagrangians in some problems of theoreti-
cal physics and leaded him to develop a generalization of a Morse theory
for circle-valued Morse functions and more generally a theory (now called
Morse-Novikov theory) for differential 1-forms. This theory has many appli-
cations, e.g., in questions of fibrations of manifolds over S* [37], Lagrangian
intersections [8], knot theory [41], Seiberg-Witten theory [12,13], etc. The
reader can find more on this theory and its applications in the book by
A. Pajitnov [35].

Recall that there is a natural action of the group of diffeomorphisms
D(M) of a smooth compact surface M on the space of smooth P-valued
functions for P = R or S' given by the rule:

v:C®M,P)x D(M) — C®(M,P), ~(f,h)=foh.

We consider stabilizers S(f) and orbits O(f) of a smooth function f €
C®(M, P) with respect to the action v and their connected components
Sia(f) and Oy(f) of the identity map idys and a connected component
containing f respectively in the topologies induced from strong Whitney
topologies on D(M) and C* (M, P) (see definitions in subsection 2.1).

We restrict out attention to the class of smooth P-valued functions F
on a smooth compact surface which satisfies two conditions: functions take
constant values on each boundary component and near every critical point
can be represented as homogeneous polynomial R?> — R of degree > 2
without multiple factors (for definition of this class of functions F, see sub-
section 2.2). It is well-known that the class F consists of “generic” functions
with “topologically generic” singularities ([26, Section 3,4], subsection 2.2).
Thus our restriction is insignificant, since the class F is “wide” enough.

S. Maksymenko [20,22,23,25,27] showed that if f: M — P is a smooth
function from F and f has at least one saddle point, then 7,0¢(f) = m, M
for n > 3, mOy(f) = 0 and for 71 Of(f) there is a short exact! sequence of
groups

T D (M) 104 (f) T oS (f), (2.3)

'Throughout the text < and — mean mono- and epimorphism respectively.
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where S’(f) is the group of f-preserving diffeomorphisms of M which are
isotopic to the identity map, see Eq. (2.1). This exact sequence is a non-
trivial part of long exact sequence of homotopy groups of some fibration (y :
Diq(M) — Of(f) (Theorem 2.4.1). As the consequence if M is aspherical
surface then all homotopy information is contained in 71 Of(f), and the
orbit Oy (f) itself is an Eilenberg-MacLane space K (m1Of(f),1). So there
are two natural questions about homotopy properties of O (f): description
of an algebraic structure of groups mOy(f) and homotopy type of Of(f).

An algebraic structure of m; O ( f) “partially” depends on homotopy prop-
erties of Djq(M) which were studied in [3-5,10]. It is well-known that if
M is a closed compact and oriented surface of genus > 2, then Djq(M) is
contractible [3-5,10], and so an epimorphism ¢; from (2.3) is an isomor-
phism. Thus in this case the question on an algebraic structure of 71Oy (f)
reduces to the study of an algebraic structure of groups moS’(f), which are
easier to compute.

It is also known that the group D;q(7?) for 2-torus is not contractible, so
the image of m1Djq(T?) =~ Z? is non-trivial in mOf(f). The sequence (2.3)
for functions on 72 in general does not split [28]. So for this case we need
an additional study.

An algebraic structure of m; O¢( f) for real-valued functions from the class
F on 2-torus T2 was studied in the series of papers by S. Maksymenko and
the author [7,28-30]. Sufficient conditions for splitting the sequence (2.3)
were obtained in [28]. It was shown that the question on an algebraic
structure of 1 O (f) is reduced to studying algebraic structure of orbits and
stabilizers for restrictions of a given function to subsurfaces of 72 being 2-
disks and cylinders, for which this structure is known [27]. These cylinders
and 2-disks are in some sense “building blocks” which carry “combinatorial
symmetries” of the function.

The group mpS’(f) contains a lot of information about an algebraic struc-
ture of Oy (f) and the homotopy type of O(f). Note that each diffeo-
morphism from &'(f) induces an automorphism of Kronrod-Reeb graph
I'y of f. The group myS’(f) contains a free abelian subgroup generated
by Dehn twists which induce trivial action on I'y and the corresponding
quotient group G(f) contains “discrete combinatorial” symmetries of the
function f. So the group mS’(f) can be viewed as “homeotopy” group for
f-preserving and isotopic to the identity diffeomorphisms with G(f) as its
non-trivial counterpart.

It is known that the group G(f) “controls” the homotopy type of O¢(f).
In particular, if f is generic, then the group G(f) is trivial, and O¢(f) is
homotopy equivalent to an m-torus 7™ if M # S%, M # RP?, to S? if
M = S? and f has only two critical points, and to SO(3) x T™ otherwise,
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for some m > 0 depending on f. E. Kudryavtseva [18,19| calculated the
homotopy types of connected components of the space of Morse functions
on compact surfaces and generalized the result on homotopy types of orbits
Of(f) when the group G(f) is non-trivial.

It is also known that if f : M — P has exactly n critical points, then
O¢(f) is homotopy equivalent to some covering space of n™ configuration
space of M and mOy(f) is a subgroup of n't braid group B,(M) [21,
Theorem 2, Corollary 4]. A good overview the reader can find in [26,27]
where these results are presented in the form of so-called crystallographic
and Bieberbach sequences.

Our main goal is to generalize our results on algebraic structure of
m1O¢(f) to the case of circle-valued functions from the class F on T2

Notice that if f: T? — S! is a smooth function without critical points,
then f : T? — S' is a locally trivial fibration and the homotopy types of
orbits and stabilizers are known, see [20, Theorem 1.9], so we will always
assume that all functions have at least one critical point.

General overview of results. First we will show (see Theorem 3.1.1)
that if f : M — S! is a null-homotopic function from F then Of(f) is

homeomorphic to O ];( f ), where f: M — R is also a smooth function from

F which is a lift of f with respect to the universal cover p : R — S'. So for
null-homotopic functions the problem in hand is completely reduced to the
real-valued case, which is well studied.

Further we prove that for circle-valued functions with isolated singula-
rities on 2-torus their Kronrod-Reeb graphs are either trees or contain a
unique cycle, and if f is not null-homotopic, then those graphs are not trees
(Lemma 3.3.1).

In our main result (Theorem 4.1) we use an algebraic construction —
wreath product (subsection 3.4) — to describe an algebraic structure of
m1O¢(f) for functions from F on T? whose graphs contain a cycle via groups
of connected components of stabilizers of the restrictions of a function f
onto cylinders.

It is well-known that 71 D;q(T?) is free abelian group of rank 2 ([4,10]); we
define these two generators L and M adapted to some coordinate system
on T? (see Eq. (5.1)). The image of L in mOy(f) plays an important
role in the proof of Theorem 4.1, but the image of M is “invisible” in our
description of mO(f). Proposition 7.1 contains the information about
image of M in m Oy (f).

The obtained results will be used to further study the orbits of smooth
functions as well as their relationships with braid groups on surfaces men-
tioned above or more generally with Artin groups.
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Structure of the paper. In Section 2 we give definitions of stabilizers and
orbits of smooth functions with values in P on surfaces (subsection 2.1) and
discuss their homotopy properties (Theorem 2.4.1) for functions from the
class F.

Section 3 contains auxiliary constructions such as null-homotopic func-
tions to S* and their orbits (subsection 3.1), topological properties of graphs
of circle-valued functions with isolated singularities on 72 (subsection 3.2)
and wreath product of special type (subsection 3.4). They will be needed
to state our main result — Theorem 4.1 in Section 4.

Section 5 contains some additional constructions and result needed to
the proof of Theorem 4.1 in Section 6.

Finally, we study the “place” of the generator M of 71 Diq(T?) in m1O¢(f)
(Section 7).

2. DEFINITIONS AND USEFUL FACTS

2.1. Orbits and stabilizers of smooth functions. Let M be a smooth
compact surface, X be a closed (possible empty) subset of M, and P denotes
either R or S'. The group D(M, X) of diffeomorphisms of M fixed on X
acts from the right on the space of smooth maps C* (M, P) by the rule

v:C®(M,P) x D(M,X) - C*(M, P), v(f,h) = foh.

With respect to v we denote by

S(f,X) ={he DM, X)|foh= [},

O(f,X) = {foh|h e DM, X)}
the stabilizer and the orbit of f € C*(M, P). Endow strong Whitney C*-
topologies on C*(M, P) and D(M, X); then for a map f € C*(M,P)
these topologies induce some topologies on S(f, X) and O(f,X). Denote
by Di(M, X), Sia(f,X) the connected components of the identity map
D(M, X) and S(f, X) respectively, and by O(f, X) the connected compo-
nent of O(f, X) containing f. If X = & we omit the symbol “@” from our

notation, i.e. write D(M) and S(f) instead of D(M, @) and S(f, @) and so
on. We also set

S/(f,X):S(f,X)ﬁDId(M,X) (21)

The group S’(f, X) consists of isotopic to the identity f-preserving diffeo-
morphisms fixed on X.

2.2. The space F(M, P). Let F(M, P) be a subset of C* (M, P) satisfying
the following conditions:

(1) the map f takes constant values at each boundary component of M,
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(2) for every critical point z of f there are local coordinates in which f
is a homogeneous polynomial R? — R of degree > 2 without multiple
factors.

Notice that the class F is “natural” and “generic” class of smooth functions.
It follows from 2 that every f € F(M, P) has only isolated critical points,
and thus the set of critical points of f is finite. For instance the space of
P-valued Morse functions, i.e. smooth maps f : M — P having only non-
degenerate critical points, satisfying condition 1 is a subspace of F(M, P).
On the other hand, if a smooth function f : M — P has only isolated critical
points, then by theorem proved by P. T. Church and J. G. Timourian [1] and
independently by O. Prishlyak [36], the local topological structure of level
sets near any critical point can be realized by level sets of homogeneous
polynomial without multiple factors. So the space F(M, P) consists of
“generic” maps with “topologically generic” critical points, see [26, Section

3.4].

2.3. f-adapted manifolds. To state the results about homotopy proper-
ties of orbits and stabilizers for functions from the class M on surfaces we
need the notion of f-adapted manifolds.

Let f: M — P be a smooth function from F on a compact surface M.
A connected component of a level set f~1(c), ¢ € P, is also called a leaf
of f. A leaf is called regular if it contains no critical points and critical
otherwise.

Let K be a (regular or critical) leaf of f. For ¢ > 0 let N, be a connected
component of f~1[c—e¢, c+¢] containing K. Then N. is called an f-regular
neighborhood of K if € is so small that N. — K contains no critical points
and no boundary components.

A submanifold X < M is called f-adapted if X = u{_;A;, where each
A; is either a critical point of f, or a regular leaf of f, or an f-regular
neighborhood of some (regular or critical) leaf of f. Note that if X is an
f-adapted subsurface, then f|x : X — P belongs to F(X, P), see [26].

For a set X we denote by | X| the number of point in X; if X is an infinite
set we put |X| = co.

2.4. Homotopy properties of orbits and stabilizers. The following
theorem describes the general homotopy properties of orbits.

Theorem 2.4.1 (|20, 24,25,39]). Let f € F(M,P) be a function on a
smooth compact surface M and X be an f-adapted submanifold. Then the
following statements hold.

(1) The map
(: DM, X) = O(f,X),  ((h)=foh, (2.2)
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is a locally trivial principal fibration with the fiber S(f,X). The re-
striction Crlp,(v,x) * Dia(M,X) — Op(f,X) is also a locally trivial
principal fibration with the fiber S'(f,X). The orbit Of(f,X) is a
Frechet manifold, so it has a homotopy type of a CW complex.

(2) O¢(f,X) =0¢(f, X UOM), and so
mOf(f, X) = m,0¢(f, X v OM)

fork>=1

(3) Suppose that either f has a saddle point or M is non-orientable surface.
Then Siq(f) is contractible, 1O (f) = mpM, k = 3, m0¢(f) =0, and
for mO¢(f) the following short sequence of groups

1 Dia (M) 1105(f) ~2 708/ (f) (2.3)

is exact, where (1 is a homomorphism induced by Cy and 0y is a boundary
map for long exact sequence of the fibration (r. Moreover, p(m1Diq(M))
contains in the center of m O (f).

(4) If x(M) < | X]|, then mDiq(M, X) is contractible (in particular, when
X is finite or when x(M) < 0), m,Of(f,X) = 0 for k = 2 and the
boundary map

T105(f, X) —2 m0S'(f, X)

s an isomorphism.

Notice that the sequence (2.3) is nonzero part of a long exact sequence
of homotopy groups of the fibration (;. We briefly recall the definition of

d1. Let f be a loop in Of(f) based in f : M — P, i.e. fo01] — O¢(f)
with fo = fi = f. Then by Theorem 2.4. 1(1) there exists a lifting of f,
that is a path h : [0; 1] — Djq(M) such that

fi = foh, ho = idyy, hi=heS'(f).

Denote by [f [~] and [h] the corresponding homotopy classes f and h in
mOy(f) and moS’(f) respectively. Then the boundary homomorphism is

defined by &1[f] = [h].

Moreover there is an isomorphism

2 :m(Dia(M),S'(f)) — mOs(f), s [{hu}]— [{foh}], (24)

where hy : M — M, t € [0;1] is an isotopy of M with hy = idjs and
hy € S'(f).
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3. AUXILIARY CONSTRUCTIONS

3.1. Null-homotopic functions from F(M,S') and their orbits. A
function f : M — S homotopic to a constant map will be called null-
homotopic.

It is easy to see that homotopy properties of null-homotopic functions
from F(M,S') are the same as the ones of its “universal” lift, an ordinary
function from F(M,R) arising from a universal cover of S1. To be more
precise, consider a universal covering map p : R — S! given by p(t) = 2™,
Then by the lifting property for maps [11, Proposition 1.33], there exist a
unique smooth function f : M — R (up to a choice of appropriate triple
of points) such that p o f = f. Note that the function f is also a function
from F(M,R). This function f will be called a universal lift of f. The fact

that homotopy properties of Of(f) are the same as for O f( f) follows from
the proposition.

Proposition 3.1.1. Let f € F(M,SY) be a null-homotopic function and
f oM — R be its universal lift. Then O(f) and O(f) are homeomorphic,
and hence Of(f) = O4(f).

Proof. Recall that ¢y : D(M) — O(f) and (;: D(M) — O(f) are locally

trivial principal fibrations with fibers S(f) and S(f) respectively. Then (
decomposes as the composition

where a¢(h) = h is an open quotient map, and B¢(h) = (¢(h) is an induced
by ¢; homeomorphism, where h is a coset of h € D(M) modulo S(f). The

same decomposition holds for (;. So O(f) and O(f) are homeomorphic
to quotient groups D(M)/S(f) and D(M)/S(f) respectively. S. Maksy-
menko [27, Lemma 5.3] showed that if f is null-homotopic then the sta-
bilizers of f and f coincide: S(f) = S(f). Therefore the quotient spaces
D(M)/S(f) and D(M)/S(f) are the same as well, which implies that O(f)

is homeomorphic to O(f), and so Of(f) = OF(f). O

By Proposition 3.1.1 homotopy properties of O¢( f) for a null-homotopic
function f € F(M,S') are the “same” as for Oj(f) where f is a universal
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liftt of f. Therefore this case is completely reduced to the real-valued case,
and so we will focus on the case when f is not null-homotopic.

3.2. Graphs of P-valued Morse functions. Kronrod-Reed graphs are
important tools for study of smooth functions since they carry a lot of
informations about its combinatorial structure. We recall this definition.
Let f € F(M,P) be a function on a smooth compact oriented surface M
and c € P. Let = be a partition of M into connected components of level sets
(leaves, see subsection 2.3) of f. It is well-known that the quotient space
M /= denoted by I' ¢ has a structure of an 1-dimensional CW complex called
a Kronrod-Reeb graph of f, or simply a graph of f [38].

Let gy : M — I'; be a quotient map. Then the map f: M — P can be
presented as the composition of the projection gy onto I'y and the map fr
induced by f:

f=froq: M-, o p (3.1)

3.3. Graphs of S!'-valued function on 72. Graphs of ordinary Morse
functions on T? were studied in [16]. For functions with isolated singulari-
ties on 2-torus the following lemma holds true.

Lemma 3.3.1 (cf. Lemma 3.1 [6]). Let f : T? — S! be a function with
isolated singularities.

(1) The map q}" mT? - m 'y induced by qr is an epimorphism with a
non-zero kernel. So bi(I'y) < 1, i.e. I'y can be either a tree or contains a

unique cycle.
2) If f is not null-homotopic, then It is not a tree.
( f

It is well-known that the inequality by(I'y) < 1 holds for generic circle-
valued Morse functions on 2-torus |2, Theorem 3.7] and for arbitrary circle-
valued Morse functions on 2-torus this inequality follows from Morse form
foliation theory, see [9, Theorem 2.1, Theorem 3.1, Example 3.2|.

Proof of Lemma 3.3.1. (1) This statement for ordinary Morse functions
is proved in [6, Lemma 3.1] and holds true for functions with isolated sin-
gularities. The reader can verify it step-by-step as in |6, Lemma 3.1].

(2) Assume the converse holds and consider the sequence of fundamental
groups induced by (3.1):

aj fit
m T2 ml'y w151

q

¥
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The homomorphism ff* is a zero-map, so the homomorphism f* = f{ o q}“
induced by f is also a zero map. This leads to the contradiction that f is
not null-homotopic, so I'y contains a cycle. O

The case of functions f : T2 — P from the class F whose graphs are trees
is a special case: it is only possible when f is null-homotopic. So in what
follows we will study only the case of functions whose graphs contain a cycle.
Examples of such functions are given in Figure 3.1. Note that functions in

O

FIGURE 3.1. Null-homotopic (left) and not null-homotopic
(right) functions 72 — S*

Figure 3.1 have certain “combinatorial symmetries” preserving the given
functions which play an essential role in the description of m1Of(f).

3.4. Wreath products. To state our main result we need a notion of
wreath product of groups of a special kind. Let G be a group and n > 1 be
an integer. A semi-direct product G™ x Z with respect to a non-effective
Z-action a on G™ by cyclic shifts

a(b()v b].a ce. 7bn*1; k;) = (bk‘a b1+k7 sy bn-i—k:—l)a

where all indexes are taken modulo n, will be denoted by G ¢, Z and called
a wreath product of G with Z under n. Notice that this definition differs
from the standard one: it corresponds to a non-effective action of Z on
the set Zy by cyclic shifts, while wreath products are usually studied for
effective actions, [31].

4. MAIN RESULT

The following theorem describes an algebraic structure of m1Of(f) for
functions f : T? — P from the class F whose graphs contain a cycle. It
will be proved in Section 6.



Deformations of circle-valued functions on 2-torus 127

Theorem 4.1. Let f be a function from F(T?, P) with at least one critical
point and whose graph T'y contains a cycle. Then there exist a cylinder
Q < T? and n € N such that f|g € F(Q, P) and there is an isomorphism

mO(f) = mS'(flo, N(0Q)) W Z,
where N(0Q) is some f-reqular neighborhood of Q).

Remark 4.2. Theorem 4.1 generalizes the main result of the paper [29].
To prove |29, Theorem 1.6] we mainly use “local” technique, i.e. properties
of diffeomorphisms of subsurfaces of T2 and “glue” them together to obtain
global ones. So Theorem 4.1 can be proved step-by-step by the same argu-
ments and strategy. In the present paper we give a more straightforward
proof of this result separating algebraic aguments from topological ones.
Proofs of some known facts will be given only for the sake of completeness.

5. ADDITIONAL CONSTRUCTIONS AND DEFINITIONS

5.1. Curves on T2. Let f be a function from F (72, P) whose graph Iy
contains a unique cycle denoted by A, let also ¢; : T? - T ¢ be a projection
induced by f. Let z be a point in A, ¢ = f(qjil(z)) be a point in S!, and
C be a regular leaf (connected component) of f~1(c). Note that f~!(c)
consists of finitely many connected components and it is invariant under
the action of S’(f). Put C := {h(C) | h € S§'(f)}. Then C consists of
finitely many mutually disjoint and non-separating simple closed curves on
T?. Hence we can cyclically enumerate those curves

C={Cy=0C,C1,Cy,...,Ch1}

for some n € N; so that each consecutive pair C; and C;41 bounds a cylinder
Qi < T? and those cylinders mutually disjoint, where all indexes are taken
modulo n.

5.2. f-regular neighborhoods of curves. Regard S' and 72 as quotient
spaces R/Z and R?/Z? respectively. By a proper choose of coordinates on
T? one can assume that the following conditions hold:

e C;, = {%} x Sl IRQ/Z2 = T2, so we can regard each curve C; as a
meridian of 72, and the curve C’ = {0} x S! as a longitude of T2

e there exists € > 0 such that for all £ € (% — £ % + s) the curve {t} x St
is a regular leaf of some level set of f.

This assumption makes possible to define f-regular neighborhoods of curves
from C, see Subsection 2.3. So an f-regular neighborhood V of a curve C
is saturated neighborhood which has a cylindrical structure.

In this place we fix two families of f-regular neighborhoods V; and W;
of C,1=0,...,n — 1, needed for further exposition, so that V; n V; = &,
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V; < Int(W;) for i = j, and for each i, j there exists h € S§’(f) such that
h(V;) = V;. In particular, the unions V = U?:_ol V; and W = U?:_(]l W; are
S'(f)-invariant.

5.3. Generators of mDi(T?). Let L,M : T? x [0;1] — T? be two iso-
topies defined by

L(e,y,0) = (e + tmodL,y),  M(z,y,t) = (e,y + tmod1)  (5.1)

forzeC’, yeCy, k=0,1,...,n — 1. Geometrically L is a rotation of T?
along its longitude, and M is a rotation along meridians. The isotopies L
and M can be regarded as loops in D;q(7?). Evidently, L and M commute
and it is well known that 7 Diq(T?) = (L) x (M), see [4,10].

5.4. Dehn twists and slides along curves from C. Let Q = S! x[~1;1]
be a cylinder and C be the curve S! x {0}, and a, 3 : [~1;1] — [0;1] be
two smooth functions such that

)0, we[-1;-1/2], )0, ze[-1;-2/3]u[2/3;1],
ale) = {1, zel1/2:1], bla) = {1, wel[-1/3;1/3].

Define two diffeomorphisms of ) by formulas:
r(ot) = (2°0,8) Oz 1) = (27,0, (20) € Qs

the diffeomorphisms 7 and 6 are called a Dehn twist and a slide along
C = S' x {0}. Note that 7 is fixed on some neighborhood of dQ, and @
is fixed on some neighborhood of C' U 0@Q). A diffeomorphism of a smooth
surface M supported in some cylindrical neighborhood of a simple closed
and two-sided curve C' < M isotopic to a Dehn twist with respect to the
boundary of this neighborhood will be called a Dehn twist along C on M.
Similarly the notion of slide along C' can be extended to the case of surfaces.

Recall that a vector field F' on a smooth oriented surface M is called
Hamiltonian-like for a function f from the class F if the following conditions
satisfied.

e The set of zeros of F' coincides with the set of critical points of f.
e f is constant along F.

e Let z be a critical point of f. Then there exists a local coordinate
system (z,y) such that f(z) =0, f(z,y) = £2% £ 4? near z, and in this
coordinates F' has the form F(x,y) = —f,0/0x + f,0/0y.

Fix a Hamiltonian-like vector field F of the given function f : T? — S,
and let Fy : T? — T2, t € R be its flow. The set W does not contain zeros
of F and it is F-invariant and consists of periodic orbits. Therefore one can
additionally assume that the periods of all trajectories of F on W equal 1.
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Denote by 6; : T? — T? the slide along the curve C; supported in W;\V;,
i =0,1,....n—1,and let 8 = fyofh;0...00,_1. We proved that there
exists a smooth function ¢ : 7% — R which satisfies

e o is constant along trajectories of F,
eoc=1onV,o=0o0nT*\W, and
o 0= F07

and therefore 0¥ = Fy,, see [29, Lemma 5.2]. A free abelian group gener-
ated by 6 will be denoted by (6).

5.5. Characterization of direct and wreath products. In this para-
graph we recall conditions when the group G splits into a direct product
of its subgroups and discuss when G splits into a wreath product as in
subsection 3.4. Let G be a group and Gy, ..., G, be their subgroups. Then
G is said to split into a direct product G1 x Go X ... x G, whenever the
following three conditions satisfied:

(D1) G; nGj = {e}, for i # j =1,2,...,n, where e is the unit of G,
(D2) G;,G; = GG; foralli,j=1,2,...,n,
(D3) groups G1, G2 and G,, generate G.

The following lemma gives conditions when the group G splits into a
wreath product Lg ¢, Z for some subgroup Ly < G.

Lemma 5.5.1 (Lemma 2.3 [27]). Let ¢ : G — Z be an epimorphism and
Ly be a subgroup of ker ¢ Let also g € G be such that ¢(g) = 1. Assume
also that for some n € Z the following conditions hold:

(1) g™ commutes with ker ¢,
(2) ker ¢ splits into a direct product of

Lo, L= gilLogl, ey, Ly = gi(nfl)Lognfl.
Then the map &€ : Loty Z — G given by the formula
E(bo, b1, -+ b1, k) = bo(g 019" ) (9 02g%) - (97" bp1g" ) g" 52)
= bog_lbl e g_lbn_lb_1+n+k ‘

is an isomorphism.

6. PROOF OF THEOREM 4.1

6.1. Structure of the proof. Our main proof-tool is Lemma 5.5.1. So
we need to define a data of a “natural” epimorphism ¢ : mOf(f) — Z, an
element g from ker ¢, and groups L;, 7 = 0,1,...,n—1, such in Lemma 5.5.1.



130 B. Feshchenko

6.2. Epimorphism ¢ and its kernel. Let V; and W; be fixed f-regular
neighborhoods of C; € C, © =0,1,...,n — 1, such in Subsection 5.2.

Proposition 6.2.1 (Theorem 6.1 [29]). There exists an epimorphism
¢ :mOf(f) > Z

whose kernel is isomorphic to mS'(f, W), i.e. the following sequence of
groups
¢

TS’ (f, W)= mOp(f) —=Z
s ezxact.
Proof. This result is proved in [29], but for completeness of our exposition
we will recall the construction of an epimorphism ¢. Let
g:Rx St — St x gt =172
be a covering map given by ¢(z,y) = (Zmod1,y). Then
Q({Z} X Sl) = Cimodna i€ Z, q_l(C) =7 x Sl.

Let w : [0;1] — Of(f) be aloop and h : T? x [0; 1] — T be an isotopy such
that w; = f o hy and hg = idpe, hy € §'(f). There exist an isotopy

h:(RxSY)x[0;1]=RxS!
such that ho = idgyg1 and g o hy = hy o ¢ for all ¢ € [0;1]. Since hy(C) =C,
it follows from the definition of q that hi(Z x S') = Z x S'. Then there
exists an integer ¢y such that

hi({i} x SY) = {i + ¢n} x SL. (6.1)
The number ¢, depends only on the homotopy class of h, so on the isotopy
class of the loop w, and the correspondence

[w] én

defined by (6.1) is an epimorphism ¢ : 711 O¢(f) — Z.
Evidently, the kernel of ¢ consists of homotopy classes of isotopies
h:T? x[0;1] — T?

such that h; leaves invariant each curve C; from C, i.e. hi(C;) = C;. It
was shown [20, Lemma 4.14] that each such h; can be isotoped in S'(f)
to the diffeomorphism A} which is fixed on an f-cylindrical neighborhood
W of C, so b} € 8'(f,W). By (4) of Theorem 2.4.1 and equation (2.4) the

composition

1 (Dia(T2% W), 8'(f, W) —Z= 1105 (f, W) —2> mS'(f, W)
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is an isomorphism. So the kernel of ¢ is isomorphic to S’ (f, W). O

6.3. Special isotopy and subgroups of ker ¢. The following proposition
holds true.

Proposition 6.3.1 (Theorem 6.1 (c), [29]). There ezist an isotopy
g:T?x[0;1] — T?
satisfying the following conditions
(1) g1eS'(f,W),
(2) gt =idpe,
3) 1(Qi) =Qiy1,i=0,1,...,n—1,
(4) ¢([fog]) =1
Proof. By definition of the set C, there exists g1 € S'(f) such that

9(Qi) = Qiy1,

which proves (3). To show (1) and (2) we need to change g with 0 = L, on
W in §’(f), where L is defined in (5.1); this was done in (c) of [29, Theorem
6.1]. The resulting diffeomorphism will be denoted by g;.

(4) Let g : T? x [0;1] — T? be an isotopy between g; and idg2. So
#(lg]) = an + 1 for some n € Z. If a # 0 then we replace [g¢] by [g+ o L; ]
in order to have ¢([f o g¢]) = 1. O

Denote by X,;” and Xj the following intersections Q; N W;, Q; N W1,
and set X; = X; U X", U; = Q;\X; for i = 0,1,...,n — 1. The set X is
an f-adapted neighborhood of the boundary 0Q; of the cylinder Q; < T2,
see Figure 6.1.

W; Wi
|
X; U, X
l {
‘»
Cz Ci+1
FIGURE 6.1.

Define the following subgroup L} of the kernel of ¢:
L =mS'(f,T? = Uy), i=0,1,....,n—1. (6.2)
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By definition, the elements of L] are isotopy classes of diffeomorphisms sup-
ported on U;. Let g : T? x [0;1] — T2 be an isotopy from Proposition 6.3.1.
Since g; satisfies (1)-(4) of Proposition 6.3.1, it follows that

L=[g7"1L6[gt], i=0,1,...,n—1.

Each diffeomorphism h € S'(f, T?\U;) is fixed on T?\Uj;, so the restriction
h — h|g, induces an isomorphism

Bi : WOS/(fv T2\Uz) - 7TO‘S‘/(.ﬂQw Xz) (63)
given by the formula S;([h]) = [h|g,]. Let h; be a diffeomorphism from
S'(flo,» Xi), and R/ be its extension to T2 by the identity map. Then the
inverse of §3; is given by the rule: 8;*([hi]) = [h!]. So we will not distinguish
groups TS’ (f, T*\U;) and moS'(flg,, Xi), and we set L; = oS’ (f|q,, Xi)-

6.4. The end of the proof. The following lemma completes the proof.

Lemma 6.4.1. The data of an epimorphism ¢ and the element g from
Proposition 6.5.1, and groups L; = moS'(f|o,, Xi) from (6.2) satisfy con-
ditions of Lemma 5.5.1. So mO¢(f) is isomorphic to moS’(f|gy, Xo) tn Z
and this isomorphism is given by the formula (5.2).

Proof. Let g : T? x [0;1] — T? is an isotopy defined in Proposition 6.3.1.
By (1) of Proposition 6.3.1 the diffeomorphism ¢} = ids2, and so it com-
mutes with ker ¢. Thus (1) of Lemma 5.5.1 holds true.

To verify (1) of Lemma 5.5.1 we need to check that the three condi-
tions (D1)-(D3) from subsection 5.5 satisfied:

(D1) Li n Lj = [idge], i # j;
(D2) LlLJ = LjLi;
(D3) groups Lg, L1, ..., L,_1 generate ker ¢;

for all 4,5 =0,1,...,n — 1. Conditions (D1) and (D2) follow from the fact
that

supp(h;) N supp(h;) = &
for {hl] ELZ', [h]] eLj,i;éj:O,l,...,n—l.
Suppose [h] belongs to ker¢. Then h|g, € S'(f|g,, Xi) and there is a
unique decomposition
[h] = [hlQo] [PlQi] - [hlQu.]-
On the other hand let h; be a diffeomorphism belonging to S'(flq,, Xi),
i=0,1,...,n—1. Then

B ([ho)) o B ([ha]) o .. 0 By ([hn-1])
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represents an element of ker ¢. So (D3) is true i.e. groups Lo, L1,..., L,—1
generate ker ¢. O

7. THE KERNEL OF ¢ AND AN ISOTOPY M

Note that the group (M) is contained in the kernel of ¢, however for the
proof of Theorem 4.1 we do not need to know explicit forms of elements
from ker ¢ representing elements of M. Let V and W be fixed in subsec-
tion 5.2 f-regular neighborhoods of C. The following proposition describes
the relationship between ker ¢ and the group (M).

Proposition 7.1. There exists an isomorphism
TS’ (f, W) = (M) x m0S' (. V).

Proof. In [29] we showed that the isotopy class of M can be represented
as the isotopy class of

0 =60po0b010...00,_1,

where 0; is a slide along C; supported in W;\V;, 1 =0,1,2...,n — 1.

To prove this proposition we need to check that conditions (D1)-(D3)
from subsection 5.5 hold for subgroups (#) and mpS'(f,V) of moS'(f, W).
Conditions (D1) and (D2) obviously hold since

supp(6) nsupp(h) = @

for all h € §'(f,V). Therefore it remains to show that for each h in S’(f, W)
there is a unique decomposition

[n] = [0*™] o 1], (7.1)

where h' € §'(f,V) and k(h) € Z. To define this decomposition we will use
the same arguments such in [6, Theorem 5.5].

Let h be a diffeomorphism from S’(f, W). Since f is fixed on W, it follows
from [27, Lemma 6.1], that there exists a smooth function o : W — R such
that h = F,. The restriction of h and a onto W, are denoted by h; and
«a; respectively. Since periods of all trajectories of F|w are equal to 1 and
h is fixed on W, it follows that the restriction «;|w, is constant and equals
to some integer number k;(h) € Z (being an integer multiple of periods).
The diffeomorphism hlg, is isotopic relative W n @; to a Dehn twist 7%
supported on W n @Q;, where a; = a(Ciy1) — a(C;), i = 0,1,...,n — 1.
Since h € S'(f, W), it follows that h|g, is isotopic to the identity map of
Q;. Hence

a; = O[(CiJrl) — Oz(Cz) = k‘prl(h) — /ﬂz(h) =0.
In other words, the numbers k;(h) pairwise coincide, and we will denote
their common value by k(h).
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Define an isotopy H? : T? — T2 between h and 85" o b by the formula

H'(h) = F; (9, 0 h.

Notice that the diffeomorphism H®(h) is fixed on V for all ¢ € [0; 1], and we
have the following decomposition

[h] = [0*"] o [67" o h] = [§*"M] o [H' (h)]
which coincides with (7.1) for b’ = H'(h). O
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