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Deformations of circle-valued functions
on 2-torus

Bohdan Feshchenko

Abstract. In this paper we give an algebraic description of fundamental
groups of orbits of circle-valued smooth functions from some subspace of
the space of smooth functions with isolated singularities on 2-torus T 2 with
respect to the action of the group of diffeomorphisms of T 2.

Анотація. Нехай M – гладка компактна поверхня. Через P будемо по-
значати або R або S1. Група дифеоморфізмів D(M) діє на просторі глад-
ких відображень C8(M,P ) за таким правилом: γ : C8(M,P )ˆD(M) Ñ

C8(M,P ), γ(f, h) = f ˝ h. Нехай O(f) = tf ˝ h |h P D(M)u – орбіта f
відносно дії γ і Of (f) – зв’язна компонента O(f), що містить f . У статті
досліджується алгебраїчна структура фундаментальної групи Of (f) для
широкого класу гладких функцій у коло на 2-торі, що мають ізольовані
критичні точки.

1. INTRODUCTION
Morse functions on manifolds are one of the main objects in mathematics

nowadays. It is well known that analytic properties of such functions carry
information about the geometry and topology of the manifold on which
they are defined [32].

Deformational properties of Morse functions were studied by many au-
thors. For example, homotopy properties of connected components of
spaces of Morse functions on smooth surfaces were studied by V. Sharko [40],
H. Zieschang, S. Matveev, E. Kudryavtseva [17]. Cobordism groups of
Morse functions on surfaces were calculated by К. Ikegami, О. Saeki [14]
and B. Kalmar [15].

The paper is devoted to the study of circle-valued smooth functions from
some subspace of smooth functions with isolated singularities on smooth
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compact oriented surfaces and homotopy properties of special subspaces
of such functions called orbits. The main example of such functions is
circle-valued Morse functions which are natural generalizations of (ordi-
nary) Morse functions. Circle-valued Morse functions can be viewed lo-
cally as functions but global properties of such functions are different from
real-valued case. A modern theory of circle-valued Morse functions origi-
nates in a series of papers [33, 34] by S. Novikov in 80’s. It was motivated
by the study of multi-valued Lagrangians in some problems of theoreti-
cal physics and leaded him to develop a generalization of a Morse theory
for circle-valued Morse functions and more generally a theory (now called
Morse-Novikov theory) for differential 1-forms. This theory has many appli-
cations, e.g., in questions of fibrations of manifolds over S1 [37], Lagrangian
intersections [8], knot theory [41], Seiberg-Witten theory [12, 13], etc. The
reader can find more on this theory and its applications in the book by
A. Pajitnov [35].

Recall that there is a natural action of the group of diffeomorphisms
D(M) of a smooth compact surface M on the space of smooth P -valued
functions for P = R or S1 given by the rule:

γ : C8(M,P ) ˆ D(M) Ñ C8(M,P ), γ(f, h) = f ˝ h.

We consider stabilizers S(f) and orbits O(f) of a smooth function f P

C8(M,P ) with respect to the action γ and their connected components
Sid(f) and Of (f) of the identity map idM and a connected component
containing f respectively in the topologies induced from strong Whitney
topologies on D(M) and C8(M,P ) (see definitions in subsection 2.1).

We restrict out attention to the class of smooth P -valued functions F
on a smooth compact surface which satisfies two conditions: functions take
constant values on each boundary component and near every critical point
can be represented as homogeneous polynomial R2 Ñ R of degree ě 2
without multiple factors (for definition of this class of functions F , see sub-
section 2.2). It is well-known that the class F consists of “generic” functions
with “topologically generic” singularities ([26, Section 3,4], subsection 2.2).
Thus our restriction is insignificant, since the class F is “wide” enough.

S. Maksymenko [20,22,23,25,27] showed that if f : M Ñ P is a smooth
function from F and f has at least one saddle point, then πnOf (f) = πnM
for n ě 3, π2Of (f) = 0 and for π1Of (f) there is a short exact1 sequence of
groups

π1Did(M) �
� ζ1 // π1Of (f)

B1 // // π0S 1(f), (2.3)

1Throughout the text ãÑ and ↠ mean mono- and epimorphism respectively.
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where S 1(f) is the group of f -preserving diffeomorphisms of M which are
isotopic to the identity map, see Eq. (2.1). This exact sequence is a non-
trivial part of long exact sequence of homotopy groups of some fibration ζf :
Did(M) Ñ Of (f) (Theorem 2.4.1). As the consequence if M is aspherical
surface then all homotopy information is contained in π1Of (f), and the
orbit Of (f) itself is an Eilenberg–MacLane space K(π1Of (f), 1). So there
are two natural questions about homotopy properties of Of (f): description
of an algebraic structure of groups π1Of (f) and homotopy type of Of (f).

An algebraic structure of π1Of (f) “partially” depends on homotopy prop-
erties of Did(M) which were studied in [3–5, 10]. It is well-known that if
M is a closed compact and oriented surface of genus ě 2, then Did(M) is
contractible [3–5, 10], and so an epimorphism B1 from (2.3) is an isomor-
phism. Thus in this case the question on an algebraic structure of π1Of (f)
reduces to the study of an algebraic structure of groups π0S 1(f), which are
easier to compute.

It is also known that the group Did(T 2) for 2-torus is not contractible, so
the image of π1Did(T 2) – Z2 is non-trivial in π1Of (f). The sequence (2.3)
for functions on T 2 in general does not split [28]. So for this case we need
an additional study.

An algebraic structure of π1Of (f) for real-valued functions from the class
F on 2-torus T 2 was studied in the series of papers by S. Maksymenko and
the author [7, 28–30]. Sufficient conditions for splitting the sequence (2.3)
were obtained in [28]. It was shown that the question on an algebraic
structure of π1Of (f) is reduced to studying algebraic structure of orbits and
stabilizers for restrictions of a given function to subsurfaces of T 2 being 2-
disks and cylinders, for which this structure is known [27]. These cylinders
and 2-disks are in some sense “building blocks” which carry “combinatorial
symmetries” of the function.

The group π0S 1(f) contains a lot of information about an algebraic struc-
ture of π1Of (f) and the homotopy type of Of (f). Note that each diffeo-
morphism from S 1(f) induces an automorphism of Kronrod-Reeb graph
Γf of f . The group π0S 1(f) contains a free abelian subgroup generated
by Dehn twists which induce trivial action on Γf and the corresponding
quotient group G(f) contains “discrete combinatorial” symmetries of the
function f . So the group π0S 1(f) can be viewed as “homeotopy” group for
f -preserving and isotopic to the identity diffeomorphisms with G(f) as its
non-trivial counterpart.

It is known that the group G(f) “controls” the homotopy type of Of (f).
In particular, if f is generic, then the group G(f) is trivial, and Of (f) is
homotopy equivalent to an m-torus Tm if M ‰ S2, M ‰ RP 2, to S2 if
M = S2 and f has only two critical points, and to SO(3) ˆ Tm otherwise,
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for some m ě 0 depending on f . E. Kudryavtseva [18, 19] calculated the
homotopy types of connected components of the space of Morse functions
on compact surfaces and generalized the result on homotopy types of orbits
Of (f) when the group G(f) is non-trivial.

It is also known that if f : M Ñ P has exactly n critical points, then
Of (f) is homotopy equivalent to some covering space of nth configuration
space of M and π1Of (f) is a subgroup of nth braid group Bn(M) [21,
Theorem 2, Corollary 4]. A good overview the reader can find in [26, 27]
where these results are presented in the form of so-called crystallographic
and Bieberbach sequences.
Our main goal is to generalize our results on algebraic structure of

π1Of (f) to the case of circle-valued functions from the class F on T 2.
Notice that if f : T 2 Ñ S1 is a smooth function without critical points,

then f : T 2 Ñ S1 is a locally trivial fibration and the homotopy types of
orbits and stabilizers are known, see [20, Theorem 1.9], so we will always
assume that all functions have at least one critical point.

General overview of results. First we will show (see Theorem 3.1.1)
that if f : M Ñ S1 is a null-homotopic function from F then Of (f) is
homeomorphic to Of̃ (f̃), where f̃ : M Ñ R is also a smooth function from
F which is a lift of f with respect to the universal cover p : R Ñ S1. So for
null-homotopic functions the problem in hand is completely reduced to the
real-valued case, which is well studied.

Further we prove that for circle-valued functions with isolated singula-
rities on 2-torus their Kronrod-Reeb graphs are either trees or contain a
unique cycle, and if f is not null-homotopic, then those graphs are not trees
(Lemma 3.3.1).

In our main result (Theorem 4.1) we use an algebraic construction –
wreath product (subsection 3.4) – to describe an algebraic structure of
π1Of (f) for functions from F on T 2 whose graphs contain a cycle via groups
of connected components of stabilizers of the restrictions of a function f
onto cylinders.

It is well-known that π1Did(T 2) is free abelian group of rank 2 ([4,10]); we
define these two generators L and M adapted to some coordinate system
on T 2 (see Eq. (5.1)). The image of L in π1Of (f) plays an important
role in the proof of Theorem 4.1, but the image of M is “invisible” in our
description of π1Of (f). Proposition 7.1 contains the information about
image of M in π1Of (f).

The obtained results will be used to further study the orbits of smooth
functions as well as their relationships with braid groups on surfaces men-
tioned above or more generally with Artin groups.
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Structure of the paper. In Section 2 we give definitions of stabilizers and
orbits of smooth functions with values in P on surfaces (subsection 2.1) and
discuss their homotopy properties (Theorem 2.4.1) for functions from the
class F .

Section 3 contains auxiliary constructions such as null-homotopic func-
tions to S1 and their orbits (subsection 3.1), topological properties of graphs
of circle-valued functions with isolated singularities on T 2 (subsection 3.2)
and wreath product of special type (subsection 3.4). They will be needed
to state our main result – Theorem 4.1 in Section 4.

Section 5 contains some additional constructions and result needed to
the proof of Theorem 4.1 in Section 6.

Finally, we study the “place” of the generatorM of π1Did(T 2) in π1Of (f)
(Section 7).

2. DEFINITIONS AND USEFUL FACTS
2.1. Orbits and stabilizers of smooth functions. Let M be a smooth
compact surface, X be a closed (possible empty) subset ofM , and P denotes
either R or S1. The group D(M,X) of diffeomorphisms of M fixed on X
acts from the right on the space of smooth maps C8(M,P ) by the rule

γ : C8(M,P ) ˆ D(M,X) Ñ C8(M,P ), γ(f, h) = f ˝ h.

With respect to γ we denote by
S(f,X) = th P D(M,X) | f ˝ h = fu,

O(f,X) = tf ˝ h |h P D(M,X)u

the stabilizer and the orbit of f P C8(M,P ). Endow strong Whitney C8-
topologies on C8(M,P ) and D(M,X); then for a map f P C8(M,P )
these topologies induce some topologies on S(f,X) and O(f,X). Denote
by Did(M,X), Sid(f,X) the connected components of the identity map
D(M,X) and S(f,X) respectively, and by Of (f,X) the connected compo-
nent of O(f,X) containing f . If X = ∅ we omit the symbol “∅” from our
notation, i.e. write D(M) and S(f) instead of D(M,∅) and S(f,∅) and so
on. We also set

S 1(f,X) = S(f,X) X Did(M,X). (2.1)
The group S 1(f,X) consists of isotopic to the identity f -preserving diffeo-
morphisms fixed on X.

2.2. The space F(M,P ). Let F(M,P ) be a subset of C8(M,P ) satisfying
the following conditions:
(1) the map f takes constant values at each boundary component of M ,
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(2) for every critical point z of f there are local coordinates in which f
is a homogeneous polynomial R2 Ñ R of degree ě 2 without multiple
factors.

Notice that the class F is “natural” and “generic” class of smooth functions.
It follows from 2 that every f P F(M,P ) has only isolated critical points,
and thus the set of critical points of f is finite. For instance the space of
P -valued Morse functions, i.e. smooth maps f : M Ñ P having only non-
degenerate critical points, satisfying condition 1 is a subspace of F(M,P ).
On the other hand, if a smooth function f : M Ñ P has only isolated critical
points, then by theorem proved by P. T. Church and J. G. Timourian [1] and
independently by O. Prishlyak [36], the local topological structure of level
sets near any critical point can be realized by level sets of homogeneous
polynomial without multiple factors. So the space F(M,P ) consists of
“generic” maps with “topologically generic” critical points, see [26, Section
3,4].

2.3. f-adapted manifolds. To state the results about homotopy proper-
ties of orbits and stabilizers for functions from the class M on surfaces we
need the notion of f -adapted manifolds.

Let f : M Ñ P be a smooth function from F on a compact surface M .
A connected component of a level set f´1(c), c P P , is also called a leaf
of f . A leaf is called regular if it contains no critical points and critical
otherwise.

Let K be a (regular or critical) leaf of f . For ε ą 0 let Nε be a connected
component of f´1[c´ε, c+ε] containing K. Then Nε is called an f -regular
neighborhood of K if ε is so small that Nε ´ K contains no critical points
and no boundary components.

A submanifold X Ă M is called f -adapted if X = Ya
i=1Ai, where each

Ai is either a critical point of f , or a regular leaf of f , or an f -regular
neighborhood of some (regular or critical) leaf of f . Note that if X is an
f -adapted subsurface, then f |X : X Ñ P belongs to F(X,P ), see [26].

For a set X we denote by |X| the number of point in X; if X is an infinite
set we put |X| = 8.

2.4. Homotopy properties of orbits and stabilizers. The following
theorem describes the general homotopy properties of orbits.

Theorem 2.4.1 ([20, 24, 25, 39]). Let f P F(M,P ) be a function on a
smooth compact surface M and X be an f -adapted submanifold. Then the
following statements hold.
(1) The map

ζf : D(M,X) Ñ O(f,X), ζf (h) = f ˝ h, (2.2)
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is a locally trivial principal fibration with the fiber S(f,X). The re-
striction ζf |Did(M,X) : Did(M,X) Ñ Of (f,X) is also a locally trivial
principal fibration with the fiber S 1(f,X). The orbit Of (f,X) is a
Frèchet manifold, so it has a homotopy type of a CW complex.

(2) Of (f,X) = Of (f,X Y BM), and so

πkOf (f,X) – πkOf (f,X Y BM)

for k ě 1.
(3) Suppose that either f has a saddle point orM is non-orientable surface.

Then Sid(f) is contractible, πkOf (f) – πkM, k ě 3, π2Of (f) = 0, and
for π1Of (f) the following short sequence of groups

π1Did(M) �
� ζ1 // π1Of (f)

B1 // // π0S 1(f) (2.3)

is exact, where ζ1 is a homomorphism induced by ζf and B1 is a boundary
map for long exact sequence of the fibration ζf . Moreover, p(π1Did(M))
contains in the center of π1Of (f).

(4) If χ(M) ă |X|, then π1Did(M,X) is contractible (in particular, when
X is finite or when χ(M) ă 0), πkOf (f,X) = 0 for k ě 2 and the
boundary map

π1Of (f,X)
B1

–
// π0S 1(f,X)

is an isomorphism.
Notice that the sequence (2.3) is nonzero part of a long exact sequence

of homotopy groups of the fibration ζf . We briefly recall the definition of
B1. Let f̃ be a loop in Of (f) based in f : M Ñ P , i.e. f̃ : [0; 1] Ñ Of (f)

with f̃0 = f̃1 = f . Then by Theorem 2.4.1(1) there exists a lifting of f̃ ,
that is a path h : [0; 1] Ñ Did(M) such that

f̃t = f ˝ ht, h0 = idM , h1 = h P S 1(f).

Denote by [f̃ ] and [h] the corresponding homotopy classes f̃ and h in
π1Of (f) and π0S 1(f) respectively. Then the boundary homomorphism is
defined by B1[f̃ ] = [h].

Moreover there is an isomorphism

κ : π1(Did(M),S 1(f)) ÝÑ π1Of (f), κ : [thtu] ÞÝÑ [tf ˝ htu], (2.4)

where ht : M Ñ M , t P [0; 1] is an isotopy of M with h0 = idM and
h1 P S 1(f).
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3. AUXILIARY CONSTRUCTIONS
3.1. Null-homotopic functions from F(M,S1) and their orbits. A
function f : M Ñ S1 homotopic to a constant map will be called null-
homotopic.

It is easy to see that homotopy properties of null-homotopic functions
from F(M,S1) are the same as the ones of its “universal” lift, an ordinary
function from F(M,R) arising from a universal cover of S1. To be more
precise, consider a universal covering map p : R Ñ S1 given by p(t) = e2πit.
Then by the lifting property for maps [11, Proposition 1.33], there exist a
unique smooth function f̃ : M Ñ R (up to a choice of appropriate triple
of points) such that p ˝ f̃ = f . Note that the function f̃ is also a function
from F(M,R). This function f̃ will be called a universal lift of f . The fact
that homotopy properties of Of (f) are the same as for Of̃ (f̃) follows from
the proposition.

Proposition 3.1.1. Let f P F(M,S1) be a null-homotopic function and
f̃ : M Ñ R be its universal lift. Then O(f) and O(f̃) are homeomorphic,
and hence Of (f) – Of̃ (f̃).

Proof. Recall that ζf : D(M) Ñ O(f) and ζf̃ : D(M) Ñ O(f̃) are locally
trivial principal fibrations with fibers S(f) and S(f̃) respectively. Then ζf
decomposes as the composition

D(M)

αf ''NN
NNN

NNN
NN

ζf // O(f)

D(M)/S(f),

βf–

OO

where αf (h) = h is an open quotient map, and βf (h) = ζf (h) is an induced
by ζf homeomorphism, where h is a coset of h P D(M) modulo S(f). The
same decomposition holds for ζf̃ . So O(f) and O(f̃) are homeomorphic
to quotient groups D(M)/S(f) and D(M)/S(f̃) respectively. S. Maksy-
menko [27, Lemma 5.3] showed that if f is null-homotopic then the sta-
bilizers of f and f̃ coincide: S(f) – S(f̃). Therefore the quotient spaces
D(M)/S(f) and D(M)/S(f̃) are the same as well, which implies that O(f)

is homeomorphic to O(f̃), and so Of (f) – Of̃ (f̃). □

By Proposition 3.1.1 homotopy properties of Of (f) for a null-homotopic
function f P F(M,S1) are the “same” as for Of̃ (f̃) where f̃ is a universal
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lift of f . Therefore this case is completely reduced to the real-valued case,
and so we will focus on the case when f is not null-homotopic.

3.2. Graphs of P -valued Morse functions. Kronrod-Reed graphs are
important tools for study of smooth functions since they carry a lot of
informations about its combinatorial structure. We recall this definition.
Let f P F(M,P ) be a function on a smooth compact oriented surface M
and c P P . Let Ξ be a partition ofM into connected components of level sets
(leaves, see subsection 2.3) of f . It is well-known that the quotient space
M/Ξ denoted by Γf has a structure of an 1-dimensional CW complex called
a Kronrod-Reeb graph of f , or simply a graph of f [38].

Let qf : M Ñ Γf be a quotient map. Then the map f : M Ñ P can be
presented as the composition of the projection qf onto Γf and the map fΓ
induced by f :

f = fΓ ˝ qf : M
qf // Γf

fΓ // P. (3.1)

3.3. Graphs of S1-valued function on T 2. Graphs of ordinary Morse
functions on T 2 were studied in [16]. For functions with isolated singulari-
ties on 2-torus the following lemma holds true.

Lemma 3.3.1 (cf. Lemma 3.1 [6]). Let f : T 2 Ñ S1 be a function with
isolated singularities.

(1) The map q˚
f : π1T

2 Ñ π1Γf induced by qf is an epimorphism with a
non-zero kernel. So b1(Γf ) ď 1, i.e. Γf can be either a tree or contains a
unique cycle.

(2) If f is not null-homotopic, then Γf is not a tree.
It is well-known that the inequality b1(Γf ) ď 1 holds for generic circle-

valued Morse functions on 2-torus [2, Theorem 3.7] and for arbitrary circle-
valued Morse functions on 2-torus this inequality follows from Morse form
foliation theory, see [9, Theorem 2.1, Theorem 3.1, Example 3.2].

Proof of Lemma 3.3.1. (1) This statement for ordinary Morse functions
is proved in [6, Lemma 3.1] and holds true for functions with isolated sin-
gularities. The reader can verify it step-by-step as in [6, Lemma 3.1].

(2) Assume the converse holds and consider the sequence of fundamental
groups induced by (3.1):

π1T
2

q˚
f // π1Γf

f˚
Γ // π1S

1

Z2
q˚
f // 0

f˚
Γ // Z
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The homomorphism f˚
Γ is a zero-map, so the homomorphism f˚ = f˚

Γ ˝ q˚
f

induced by f is also a zero map. This leads to the contradiction that f is
not null-homotopic, so Γf contains a cycle. □

The case of functions f : T 2 Ñ P from the class F whose graphs are trees
is a special case: it is only possible when f is null-homotopic. So in what
follows we will study only the case of functions whose graphs contain a cycle.
Examples of such functions are given in Figure 3.1. Note that functions in

FIGURE 3.1. Null-homotopic (left) and not null-homotopic
(right) functions T 2 Ñ S1

Figure 3.1 have certain “combinatorial symmetries” preserving the given
functions which play an essential role in the description of π1Of (f).

3.4. Wreath products. To state our main result we need a notion of
wreath product of groups of a special kind. Let G be a group and n ě 1 be
an integer. A semi-direct product Gn ¸ Z with respect to a non-effective
Z-action α on Gn by cyclic shifts

α(b0, b1, . . . , bn´1; k) = (bk, b1+k, . . . , bn+k´1),

where all indexes are taken modulo n, will be denoted by G ≀n Z and called
a wreath product of G with Z under n. Notice that this definition differs
from the standard one: it corresponds to a non-effective action of Z on
the set Zn by cyclic shifts, while wreath products are usually studied for
effective actions, [31].

4. MAIN RESULT
The following theorem describes an algebraic structure of π1Of (f) for

functions f : T 2 Ñ P from the class F whose graphs contain a cycle. It
will be proved in Section 6.
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Theorem 4.1. Let f be a function from F(T 2, P ) with at least one critical
point and whose graph Γf contains a cycle. Then there exist a cylinder
Q Ă T 2 and n P N such that f |Q P F(Q,P ) and there is an isomorphism

π1Of (f) – π0S 1(f |Q, N(BQ)) ≀n Z,
where N(BQ) is some f -regular neighborhood of BQ.
Remark 4.2. Theorem 4.1 generalizes the main result of the paper [29].
To prove [29, Theorem 1.6] we mainly use “local” technique, i.e. properties
of diffeomorphisms of subsurfaces of T 2 and “glue” them together to obtain
global ones. So Theorem 4.1 can be proved step-by-step by the same argu-
ments and strategy. In the present paper we give a more straightforward
proof of this result separating algebraic aguments from topological ones.
Proofs of some known facts will be given only for the sake of completeness.

5. ADDITIONAL CONSTRUCTIONS AND DEFINITIONS
5.1. Curves on T 2. Let f be a function from F(T 2, P ) whose graph Γf

contains a unique cycle denoted by Λ, let also qf : T 2 Ñ Γf be a projection
induced by f . Let z be a point in Λ, c = f

(
q´1
f (z)

)
be a point in S1, and

C be a regular leaf (connected component) of f´1(c). Note that f´1(c)
consists of finitely many connected components and it is invariant under
the action of S 1(f). Put C := th(C) | h P S 1(f)u. Then C consists of
finitely many mutually disjoint and non-separating simple closed curves on
T 2. Hence we can cyclically enumerate those curves

C = tC0 = C,C1, C2, . . . , Cn´1u

for some n P N, so that each consecutive pair Ci and Ci+1 bounds a cylinder
Qi Ă T 2 and those cylinders mutually disjoint, where all indexes are taken
modulo n.
5.2. f-regular neighborhoods of curves. Regard S1 and T 2 as quotient
spaces R/Z and R2/Z2 respectively. By a proper choose of coordinates on
T 2 one can assume that the following conditions hold:
‚ Ci =

␣

i
n

(

ˆ S1 Ă R2/Z2 = T 2, so we can regard each curve Ci as a
meridian of T 2, and the curve C 1 = t0u ˆ S1 as a longitude of T 2;

‚ there exists ε ą 0 such that for all t P
(
i
n ´ ε; i

n + ε
)
the curve

␣

t
(

ˆ S1

is a regular leaf of some level set of f .
This assumption makes possible to define f -regular neighborhoods of curves
from C, see Subsection 2.3. So an f -regular neighborhood V of a curve C
is saturated neighborhood which has a cylindrical structure.

In this place we fix two families of f -regular neighborhoods Vi and Wi

of Ci, i = 0, . . . , n ´ 1, needed for further exposition, so that Vi X Vj = ∅,
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Vi Ă Int(Wi) for i ­= j, and for each i, j there exists h P S 1(f) such that
h(Vi) = Vj . In particular, the unions V =

Ťn´1
i=0 Vi and W =

Ťn´1
i=0 Wi are

S 1(f)-invariant.

5.3. Generators of π1Did(T 2). Let L,M : T 2 ˆ [0; 1] Ñ T 2 be two iso-
topies defined by

L(x, y, t) = (x+ tmod 1, y), M(x, y, t) = (x, y + tmod 1) (5.1)
for x P C 1, y P Ck, k = 0, 1, . . . , n ´ 1. Geometrically L is a rotation of T 2

along its longitude, and M is a rotation along meridians. The isotopies L
andM can be regarded as loops in Did(T 2). Evidently, L andM commute
and it is well known that π1Did(T 2) = xLy ˆ xMy, see [4, 10].

5.4. Dehn twists and slides along curves from C. Let Q = S1ˆ[´1; 1]
be a cylinder and C be the curve S1 ˆ t0u, and α, β : [´1; 1] Ñ [0; 1] be
two smooth functions such that

α(x) =

#

0, x P [´1;´1/2],

1, x P [1/2; 1],
β(x) =

#

0, x P [´1;´2/3] Y [2/3; 1],

1, x P [´1/3; 1/3].

Define two diffeomorphisms of Q by formulas:
τ(z, t) = (zeα(t), t) θ(z, t) = (zeβ(t), t), (z, t) P Q;

the diffeomorphisms τ and θ are called a Dehn twist and a slide along
C = S1 ˆ t0u. Note that τ is fixed on some neighborhood of BQ, and θ
is fixed on some neighborhood of C Y BQ. A diffeomorphism of a smooth
surface M supported in some cylindrical neighborhood of a simple closed
and two-sided curve C Ă M isotopic to a Dehn twist with respect to the
boundary of this neighborhood will be called a Dehn twist along C on M .
Similarly the notion of slide along C can be extended to the case of surfaces.

Recall that a vector field F on a smooth oriented surface M is called
Hamiltonian-like for a function f from the class F if the following conditions
satisfied.

‚ The set of zeros of F coincides with the set of critical points of f .
‚ f is constant along F .
‚ Let z be a critical point of f . Then there exists a local coordinate

system (x, y) such that f(z) = 0, f(x, y) = ˘x2 ˘y2 near z, and in this
coordinates F has the form F (x, y) = ´f 1

yB/Bx+ f 1
xB/By.

Fix a Hamiltonian-like vector field F of the given function f : T 2 Ñ S1,
and let Ft : T

2 Ñ T 2, t P R be its flow. The set W does not contain zeros
of F and it is F-invariant and consists of periodic orbits. Therefore one can
additionally assume that the periods of all trajectories of F on W equal 1.
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Denote by θi : T
2 Ñ T 2 the slide along the curve Ci supported in WizVi,

i = 0, 1, . . . , n ´ 1, and let θ = θ0 ˝ θ1 ˝ . . . ˝ θn´1. We proved that there
exists a smooth function σ : T 2 Ñ R which satisfies

‚ σ is constant along trajectories of F,
‚ σ = 1 on V, σ = 0 on T 2zW, and
‚ θ = Fσ,

and therefore θk = Fkσ, see [29, Lemma 5.2]. A free abelian group gener-
ated by θ will be denoted by xθy.

5.5. Characterization of direct and wreath products. In this para-
graph we recall conditions when the group G splits into a direct product
of its subgroups and discuss when G splits into a wreath product as in
subsection 3.4. Let G be a group and G1, . . . , Gn be their subgroups. Then
G is said to split into a direct product G1 ˆ G2 ˆ . . . ˆ Gn whenever the
following three conditions satisfied:
(D1) Gi X Gj = teu, for i ‰ j = 1, 2, . . . , n, where e is the unit of G,
(D2) GiGj = GjGi for all i, j = 1, 2, . . . , n,

(D3) groups G1, G2 and Gn generate G.
The following lemma gives conditions when the group G splits into a

wreath product L0 ≀n Z for some subgroup L0 Ă G.

Lemma 5.5.1 (Lemma 2.3 [27]). Let ϕ : G Ñ Z be an epimorphism and
L0 be a subgroup of kerϕ Let also g P G be such that ϕ(g) = 1. Assume
also that for some n P Z the following conditions hold:

(1) gn commutes with kerϕ,
(2) kerϕ splits into a direct product of

L0, L1 = g´1L0g
1, . . . , Lm´1 = g´(n´1)L0g

n´1.

Then the map ξ : L0 ≀n Z Ñ G given by the formula

ξ(b0, b1, . . . , bn´1, k) = b0(g
´1b1g

1)(g´2b2g
2) . . . (g´n+1bn´1g

n´1)gk

= b0g
´1b1 . . . g

´1bn´1b
´1+n+k

(5.2)

is an isomorphism.

6. PROOF OF THEOREM 4.1
6.1. Structure of the proof. Our main proof-tool is Lemma 5.5.1. So
we need to define a data of a “natural” epimorphism ϕ : π1Of (f) Ñ Z, an
element g from kerϕ, and groups Li, i = 0, 1, . . . , n´1, such in Lemma 5.5.1.
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6.2. Epimorphism ϕ and its kernel. Let Vi and Wi be fixed f -regular
neighborhoods of Ci P C, i = 0, 1, . . . , n ´ 1, such in Subsection 5.2.

Proposition 6.2.1 (Theorem 6.1 [29]). There exists an epimorphism
ϕ : π1Of (f) Ñ Z

whose kernel is isomorphic to π0S 1(f,W), i.e. the following sequence of
groups

π0S 1(f,W) �
� // π1Of (f)

ϕ // // Z
is exact.
Proof. This result is proved in [29], but for completeness of our exposition
we will recall the construction of an epimorphism ϕ. Let

q : R ˆ S1 Ñ S1 ˆ S1 = T 2

be a covering map given by q(x, y) = (xnmod 1, y). Then
q(tiu ˆ S1) = Cimodn, i P Z, q´1(C) = Z ˆ S1.

Let ω : [0; 1] Ñ Of (f) be a loop and h : T 2 ˆ [0; 1] Ñ T 2 be an isotopy such
that ωt = f ˝ ht and h0 = idT 2 , h1 P S 1(f). There exist an isotopy

h̃ : (R ˆ S1) ˆ [0; 1] = R ˆ S1

such that h̃0 = idRˆS1 and q ˝ h̃t = ht ˝ q for all t P [0; 1]. Since h1(C) = C,
it follows from the definition of q that h̃1(Z ˆ S1) = Z ˆ S1. Then there
exists an integer ϕh such that

h̃1(tiu ˆ S1) = ti+ ϕhu ˆ S1. (6.1)
The number ϕh depends only on the homotopy class of h, so on the isotopy
class of the loop ω, and the correspondence

[ω]
ϕ // ϕh

defined by (6.1) is an epimorphism ϕ : π1Of (f) Ñ Z.
Evidently, the kernel of ϕ consists of homotopy classes of isotopies

h : T 2 ˆ [0; 1] Ñ T 2

such that h1 leaves invariant each curve Ci from C, i.e. h1(Ci) = Ci. It
was shown [20, Lemma 4.14] that each such h1 can be isotoped in S 1(f)
to the diffeomorphism h1

1 which is fixed on an f -cylindrical neighborhood
W of C, so h1

1 P S 1(f,W). By (4) of Theorem 2.4.1 and equation (2.4) the
composition

π1(Did(T 2,W),S 1(f,W))
κ´1

–
// π1Of (f,W)

B

–
// π0S 1(f,W)
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is an isomorphism. So the kernel of ϕ is isomorphic to π0S 1(f,W). □

6.3. Special isotopy and subgroups of kerϕ. The following proposition
holds true.

Proposition 6.3.1 (Theorem 6.1 (c), [29]). There exist an isotopy
g : T 2 ˆ [0; 1] Ñ T 2

satisfying the following conditions
(1) g1 P S 1(f,W),
(2) gn1 = idT 2,
(3) g1(Qi) = Qi+1, i = 0, 1, . . . , n ´ 1,
(4) ϕ([f ˝ gt]) = 1.

Proof. By definition of the set C, there exists g1 P S 1(f) such that
g(Qi) = Qi+1,

which proves (3). To show (1) and (2) we need to change g with σ = L1/n on
W in S 1(f), where L is defined in (5.1); this was done in (c) of [29, Theorem
6.1]. The resulting diffeomorphism will be denoted by g1.

(4) Let g : T 2 ˆ [0; 1] Ñ T 2 be an isotopy between g1 and idT 2 . So
ϕ([g]) = an + 1 for some n P Z. If a ‰ 0 then we replace [gt] by [gt ˝ L´a

t ]
in order to have ϕ([f ˝ gt]) = 1. □

Denote by X´
i and X+

i the following intersections Qi X Wi, Qi X Wi+1,
and set Xi = X´

i Y X+
i , Ui = QizXi for i = 0, 1, . . . , n ´ 1. The set Xi is

an f -adapted neighborhood of the boundary BQi of the cylinder Qi Ă T 2,
see Figure 6.1.

FIGURE 6.1.

Define the following subgroup L1
i of the kernel of ϕ:

L1
i = π0S 1(f, T 2 ´ Ui), i = 0, 1, . . . , n ´ 1. (6.2)
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By definition, the elements of L1
i are isotopy classes of diffeomorphisms sup-

ported on Ui. Let g : T 2 ˆ [0; 1] Ñ T 2 be an isotopy from Proposition 6.3.1.
Since g1 satisfies (1)-(4) of Proposition 6.3.1, it follows that

L1
i = [g´i

1 ]L1
0 [g

i
1], i = 0, 1, . . . , n ´ 1.

Each diffeomorphism h P S 1(f, T 2zUi) is fixed on T 2zUi, so the restriction
h Ñ h|Qi induces an isomorphism

βi : π0S 1(f, T 2zUi) Ñ π0S 1(f |Qi , Xi) (6.3)
given by the formula βi([h]) = [h|Qi ]. Let hi be a diffeomorphism from
S 1(f |Qi , Xi), and h1

i be its extension to T 2 by the identity map. Then the
inverse of βi is given by the rule: β´1

i ([hi]) = [h1
i]. So we will not distinguish

groups π0S 1(f, T 2zUi) and π0S 1(f |Qi , Xi), and we set Li = π0S 1(f |Qi , Xi).

6.4. The end of the proof. The following lemma completes the proof.

Lemma 6.4.1. The data of an epimorphism ϕ and the element g from
Proposition 6.3.1, and groups Li = π0S 1(f |Qi , Xi) from (6.2) satisfy con-
ditions of Lemma 5.5.1. So π1Of (f) is isomorphic to π0S 1(f |Q0 , X0) ≀n Z
and this isomorphism is given by the formula (5.2).
Proof. Let g : T 2 ˆ [0; 1] Ñ T 2 is an isotopy defined in Proposition 6.3.1.
By (1) of Proposition 6.3.1 the diffeomorphism gn1 = idT 2 , and so it com-
mutes with kerϕ. Thus (1) of Lemma 5.5.1 holds true.

To verify (1) of Lemma 5.5.1 we need to check that the three condi-
tions (D1)-(D3) from subsection 5.5 satisfied:
(D1) Li X Lj = [idT 2 ], i ‰ j;
(D2) LiLj = LjLi;
(D3) groups L0, L1, . . . , Ln´1 generate kerϕ;

for all i, j = 0, 1, . . . , n ´ 1. Conditions (D1) and (D2) follow from the fact
that

supp(hi) X supp(hj) = ∅
for [hi] P Li, [hj ] P Lj , i ‰ j = 0, 1, . . . , n ´ 1.

Suppose [h] belongs to kerϕ. Then h|Qi P S 1(f |Qi , Xi) and there is a
unique decomposition

[h] = [h|Q0 ] [h|Q1 ] . . . [h|Qn´1 ].

On the other hand let hi be a diffeomorphism belonging to S 1(f |Qi , Xi),
i = 0, 1, . . . , n ´ 1. Then

β´1
0 ([h0]) ˝ β´1

1 ([h1]) ˝ . . . ˝ β´1
n´1([hn´1])
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represents an element of kerϕ. So (D3) is true i.e. groups L0, L1, . . . , Ln´1

generate kerϕ. □

7. THE KERNEL OF ϕ AND AN ISOTOPY M
Note that the group xMy is contained in the kernel of ϕ, however for the

proof of Theorem 4.1 we do not need to know explicit forms of elements
from kerϕ representing elements of M. Let V and W be fixed in subsec-
tion 5.2 f -regular neighborhoods of C. The following proposition describes
the relationship between kerϕ and the group xMy.

Proposition 7.1. There exists an isomorphism
π0S 1(f,W) – xMy ˆ π0S 1(f,V).

Proof. In [29] we showed that the isotopy class of M can be represented
as the isotopy class of

θ = θ0 ˝ θ1 ˝ . . . ˝ θn´1,

where θi is a slide along Ci supported in WizVi, i = 0, 1, 2 . . . , n ´ 1.
To prove this proposition we need to check that conditions (D1)-(D3)

from subsection 5.5 hold for subgroups xθy and π0S 1(f,V) of π0S 1(f,W).
Conditions (D1) and (D2) obviously hold since

supp(θ) X supp(h) = ∅
for all h P S 1(f,V). Therefore it remains to show that for each h in S 1(f,W)
there is a unique decomposition

[h] = [θk(h)] ˝ [h1], (7.1)
where h1 P S 1(f,V) and k(h) P Z. To define this decomposition we will use
the same arguments such in [6, Theorem 5.5].

Let h be a diffeomorphism from S 1(f,W). Since f is fixed on W, it follows
from [27, Lemma 6.1], that there exists a smooth function α : W Ñ R such
that h = Fα. The restriction of h and α onto Wi are denoted by hi and
αi respectively. Since periods of all trajectories of F|W are equal to 1 and
h is fixed on W, it follows that the restriction αi|Wi is constant and equals
to some integer number ki(h) P Z (being an integer multiple of periods).
The diffeomorphism h|Qi is isotopic relative W X Qi to a Dehn twist τai

supported on W X Qi, where ai = α(Ci+1) ´ α(Ci), i = 0, 1, . . . , n ´ 1.
Since h P S 1(f,W), it follows that h|Qi is isotopic to the identity map of
Qi. Hence

ai = α(Ci+1) ´ α(Ci) = ki+1(h) ´ ki(h) = 0.

In other words, the numbers ki(h) pairwise coincide, and we will denote
their common value by k(h).
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Define an isotopy Ht : T 2 Ñ T 2 between h and θ´k(h) ˝h by the formula

Ht(h) = F´1
tk(h)σ ˝ h.

Notice that the diffeomorphism Ht(h) is fixed on V for all t P [0; 1], and we
have the following decomposition

[h] = [θk(h)] ˝ [θ´k(h) ˝ h] = [θk(h)] ˝ [H1(h)]

which coincides with (7.1) for h1 = H1(h). □
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