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Special semi-reducible
pseudo-Riemannian spaces

Fedchenko Yu., Lesechko O.

Abstract. The paper contains necessary conditions allowing to reduce
matrix tensors of pseudo-Riemannian spaces to special forms called semi-
reducible, under assumption that the tensor defining tensor characteristic of
semireducibility spaces, is idempotent. The tensor characteristic is reduced
to the spaces of constant curvature, Ricci-symmetric spaces and conformally
flat pseudo-Riemannian spaces.

The obtained results can be applied for construction of examples of spaces
belonging to special types of pseudo-Riemannian spaces.

The research is carried out locally in tensor shape, without limitations
imposed on a sign of a metric.

AmnoTtairisi. B poboTi moC/igKyeThbCsd MOXKJINBICTD 3BEIEHHA METPHUIHOIO
TEH30pa MCEBIOPIMAHOBUX IPOCTOPIB 0 CIEIaJLHOTO BUMNY, AKUH HA3UBa-
I0Th HAIIB3BifHICTIO. TeH30pHA 03HAKA CIPOIIYEThCS I MIPOCTOPIB CTAJIOL
KpUBUHE, Piqdi-cMMETPUIHUX ITPOCTOPIB Ta KOH(MOPMHO-ILIOCKAX IICEBI0PI-
MaHOBUX MPOCcTOPiB. OTpuMaHi yMOBYM HOCATEH HEOOXiTHMIT XapakTep i 6a3yto-
TbCd HA iJIEMIIOTEHTHOCTI TEH30pa, IO 33J1a€ TEeH30PHY O3HAKY HAITiB3BiIHO-
cti mpocTopy. B poboTi TakoK BUBYAIOTHCS JI€sK] BJIACTUBOCTI HAIIIB3BiIHAX
IICEBIOPIMAHOBUX ITPOCTOPIB.

it maniB3BeJleHHsT METPUKU IICEBIOPIMAHOBOIO MPOCTOPY HEOOXiTHO i
JIOCTaTHRO BUKOHAHHSI YMOB ajiredpaidHoro Ta audepeHIliaJbHOr0 XapaKTe-
py. Li ymMoBM HA3WBAIOTHCH TEH30PHOIO O3HAKOIO HaIiB3BiHOCTI. JlocimimKy-
FOTbCST YMOBU JTU(EPEHITIOBAHHS Ta 1X MTPOIOBXKEHHS JJIsT TEH30PHOI O3HAKH.
3okpeMa, TOBEIEHO, 0 BEKTOP i3 TeH30pHOI O3HAKM HAITIB3BiTHOCTI JIEKUTH
B AJpi TEH30pa 3 INEl K O3HAKU.
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It crientiajibHUX MIPOCTOPIB, TPOCTOPIB cTajol KpuBuuau, Piudi-cumerpud-
HHX IIPOCTOPIB Ta KOH(MOPMHO-IJIOCKHUX IIPOCTOPIB 3HANIEHI yMOBH, SKUM 3a-
JOBOJIbHSIIOTH Il BEKTOP Ta TEH30p 3a HeobximaicTio. IIpu orpuMmanni pesystb-
TaTiB BUKOPHUCTOBYBaJIACh BJIACTUBICTH 1JIEMIIOTEHTHOCTI TE€H30pa 3 O3HAKH
HAIB3BiIHOCTI. Y MOBa 1AeMIIOTEHTHOCT] BaXKJIMBa, [JIsI HAIIIB3BEACHHS IIPOC-
TOpiB 6€3 BUMOIrM 3HAKOBU3HAYEHHSI METPUIHOIO TEH30DA.

Tomy orpumani pe3ysibTaTd IiKaBi )i BUBYEHHsI ITPOCTOPIB 3 YMOBOIO
imemmorenTHOCTI. ZK Bi/TOMO, YMOBa i71eMIIOTEHTHOCTI MOXKe OyTHU mocabiie-
Ha 1 3aMiHeHa BUMOTr'OI0, 100 MaTpHIl TeH30pa b;; MaJia IPOCTi eleMeHTapHi
JIMbHUKYU Ta JilicHi KopeHi. B TakoMy Burjsm ymMoBa HaBOIUTHCA B KHU3I
JI. Eitzerxapra «PimanoBa reomerpist», ajge 6e3 BUMOrM iCHYBaHHS TiACHUX
KODEHiB.

ARTyabHUM 3a/TUIIAETHCS TTUTAHHS BUBYEHHS JTOCTATHIX YMOB, & TaKOXK
YMOB IJIOOAJIBHOI'O YU TOHOJIOTIYHOrO Xapakrepy. lle m03BouTh epeKTUBHO
JOCHIIZKYBaTH T€OMETPUIHI BJIACTUBOCTI, IK y3araJbHEHNX IIPOCTOPIB, TaK i
KOHKPETHHUX IIPOCTOPIB 3araJibHOI Teopil BiTHOCHOCTI.

PesynbraTtn MmoxxyTh OyTH 3acTocoBaHi 1pu 1moOyI0Bi MPUKJIAJIIB IIPOCTO-
piB, IIIO HAJIEXKATH JIO CHEIIaJbHUX THUIB MICEBIOPIMAHOBUX ITPOCTOPIB.

Hocnimxenns: BeyTbCs JIOKAJIBHO, B TeH30PHIN dopmi, 6e3 oOMexkeHb Ha
3HAK METPUKH.

1. INTRODUCTION

Semi-reducible decomposition of the metric of a pseudo-Riemannian space
Vi, (n > 2), with a metric tensor g¢;; is a representation of the following
form

ds* = dst(zt, 22, ..., 2") +o(at, 2%, 2" dss (2" 2T L 2.

Here ds? and ds3 are independent metrics defined in different coordinates
and the function ¢ depends on the coordinates ds% only.

A space V,, that permits at least one semi-reducible decomposition is
called a semi-reducible space.

The following extreme cases of decomposition are paid a special attention

ds® = (dx1)2—|—p(:c1)ds%(a:2,x3,...,a:”) (1.1)
and
ds® = ds? (2", 2%, ., a" Y + p(at, 22, .. 2" (da™)? . (1.2)

Pseudo-Riemannian spaces, where the equation (1.1) holds, are called
equidistant. Equation (1.1) is a necessary and sufficient condition for exis-
tence of concircular vector field in V,, [1,10].

Condition (1.2) can be treated as a generalization of the static metric in
general theory of relativity.
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2. TENSOR CHARACTERISTIC OF SEMI-REDUCIBLE SPACES

A pseudo-Riemannian space V,, can be represented as a semi-reducible
space if and only if there exists a symmetrical idempotent tensor which is
not proportional to metric in this space.

The latter tensor should correspond to the following limitation

baib] = bij, (2.1)
bij,k: = uibjk + ujb,-k. (2.2)
Here u; = u; = d;u are some gradient vector, comma is a sign of a covariant
derivative, and b; = b9, g¥ are elements of the inverse matrix to g;;.
Equations (2.1) and (2.2) are called tensor characteristic of semi-redu-
cibility of pseudo-Riemannian spaces. This paper treats semi-reducible
spaces, which differ from reducible spaces, namely by the fact that u; # 0.
Tensor characteristic of semi-reducible spaces was found by G. I. Kruch-
kovich [10,11].
Diferentiating (2.1) and taking into account (2.2), we can get
uab;?‘bik + uab?b]‘k = 0. (23)
Alternating by indices j, k also gives
uaqu‘bik - uabgbij = 0.

Let us re-assign indices ¢ and k

U b5 b — uabf by = 0. (2.4)
Then adding (2.4) and (2.3) up, we can clearly see, that
uab§ =0, (2.5)
which implies
ua’ib?‘ = —uqu”b;j, (2.6)

where 4’ = uqg™.
Taking into account the Ricci identity, integrability conditions for (2.2)
can be written down as follows:
bai i + baj Rigy = (wii — wug)bjg+

2.7
+ (ur; — wug)bip — (uk,; — ugpwi)bj; — (ug,j — wrpw;)bi. (2.7)

Here R?jk is a Riemann tensor for V,.

Wrapping (2.7) and substituting (2.5) and (2.6), we move to the expres-
sion

«

where b = b,59°7, Ug = Un, 597, R?lj = wago‘j [1,8].
Thus, we have proved the following statement

(uu — ului)b = (uo" — uauo‘)bil + baiRla — baﬂRzlﬂ., (2.8)
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Theorem 2.1. Vector u; in the tensor characteristic of semi-reducible
pseudo-Riemannian spaces conforms to the conditions: (2.5), (2.6), (2.8).

Furthermore, wrapping (2.2) by indices 7, j and taking into account (2.5),
we get
b, =0.
Multiplying (2.8) by bé- and wrapping by i, taking into account (2.1), we
obtain
ayp . po Y poB _
Applying the obtained results we can formulate some expressions, which

will be useful in the further discussion.
Let us wrap (2.8) with u; and u;. Then we obtain respectively

uﬁbajngl = u*(urq — Uau1)bjr — U™ (Up,a — UaUk)bji;
bai RSy, 5u” + by R gu” =
= U (Ua,i — Uai)bjk + U™ (Ua,j — UalU;)bik.
Let us turn our attention to the direct research on semi-reducibility of

special spaces.

3. SEMI-REDUCIBLE SPACES OF CONSTANT CURVATURE

Pseudo-Riemannian spaces V,, are called spaces of constant curvature,
when the Riemann tensor V,, complies to the condition

R
h h . _ sh_.

here 5,2‘ are Kronecker symbols, and R is a scalar curvature of

R = Rupg°”,

see [14,15].
Substitute (3.1) in the integrability conditions of the tensor characteristic
of semi-reducible spaces. Then, the following expression arises:

Tibjk + T1jbik — Thibji — Trjby = 0. (3.2)

Here

R

Tij = Uij — Uillj +
Let us alternate (3.2) by indices ¢, k:
T1ibjk — Tikbji — Triba + Tijbr = 0,
then re-assign indices k and j:

Tiibjk — Tijbki — Trjbir + Tirbj = 0, (3.4)



Special semi-reducible pseudo-Riemannian spaces 53

and add (3.4) and (3.2):
710k — Tikbi = 0.
Let us also wrap the latter with g7*:
bri; = Thy,
where 7 = Taggaﬁ .
Taking into account (3.3) we get
b (ui,j — U;uj + —R gij) = 7b;j. (3.5)
n(n —1)

Let us calculate the covariant derivative of the expression (3.5):

b (s i — Ui kUj — Ui k) = Txbij + Tusbjp + Tu by (3.6)

Taking into account (3.5) in the equation (3.6):

buiajk o Tbikuj - Tbjkui — Qbuiukuj—k
L kb L Bb
—u . ..
n(n—1) 1913 n(n —1)

= T’kbij -+ Tuibjk —+ Tujbik.

Uigij; =

Let us alternate by indices j, k

o Rb
bua Ry, = nn—1) (urgij — wjgir) + bij (T — 27uR) — bt (75 — 27u5),
and substitute (3.1) into the latter formula:
bij (T’k - 27‘uk) — bik(’r,j — QTUj) = 0. (3.7)

Multiplying (3.5) by b and wrapping by index i, we get

b (% — uauo‘> =T,

T = —2buuq,.

which implies

Hence (3.7) reduces to the following form:

prbij — pjibik =0, (3-8)
where
pr = bu®uqg p + Tug.
Let us wrap (3.8) with ¢g%:
bpr, = pabl .
Now using the latter identity, let us also wrap (3.8) with b*, and re-assign
indices k and m:

bpkbij - pjbik = 0. (39)
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By subtracting (3.8) and(3.9), we get b =1 or p = 0.
Suppose that py # 0. Then we can choose a vector &* in such a way
that: po&* =1 and taking into account (3.8) we get

bij = pip;. (3.10)

where v is some invariant, yp.p® =1 [4,5].

Theorem 3.1. Conditions (3.10) or bu®uqy + Tur, = 0 hold in semi-
reducible spaces of constant curvature.
4. SEMI-REDUCIBLE RICCI-SYMMETRIC SPACES

Pseudo-Riemannian spaces V,, are called Ricci-symmetric, whenever the
the Ricci tensor of V,, satisfies the following identity [6,9]:

Rijr = 0. (4.1)
Symmetrizing the equation (2.8) we get:
bailtj — baj R = 0. (4.2)

The latter, together with (2.2), implies
Ua 5 Dit + Uibak RS + bai RS — ua Ri 01 — wibap Ry — boj Ry, = 0. (4.3)
Multiplying (4.2) by u’ and wrapping by index j, we obtian
baiRg‘uﬁ = 0.

Equaton (4.3), when (4.1) and (4.2) are taking into consideration, can be
re-written as follows:

UaR?bik + uibakR?‘ — uq R — uibai Ry = 0. (4.4)

Multiplying (4.4) by b’ , and wrapping it by index i and re-assigning i and
m we obtain:

uaR?bik — ujmeg =0. (4.5)
As far as b;; # 0 and u; # 0, (4.5) implies
Ua RS =71'ui, (4.6)
and
2
baiR? :Tbij. (47)

12 . .
Here 7,7 are some invariants.
Differentiating (4.7), we get

%‘ujbik :72'krbij+ 72‘ujb¢k=. (4.8)
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Multiplying (4.8) by bl,, wrapping by j we can see that 72'k = 0. Then
equation (4.8) transforms into the following identity:

12
<7’— T> u;bi, = 0,
1 2 : :
whence 7 =7 = const. Thus, the following statement is true

Theorem 4.1. Conditions (4.6), (4.7) hold in semi-reducible Ricci-symmet-

. o102
ric spaces, while T =T are constant.

Corollary 4.2. Vector u; complies to the following conditions in the semi-
reducible Ricci-symmetric spaces

1 a
b (um- — uiuj) = (ua’a - uauo‘+ 7') bij — bagR ijﬁ' (4.9)

It is easy to see that (4.9) is true, if we substitute (4.7) in (2.8).
The Ricci identity for the vector w; implies:

_ (8
Ui jk — Ui kj = ol

We can prove the following corollary.

Corollary 4.3. Vector u; complies to the following conditions in semi-
reducible Ricci-symmetric spaces

1
« @ _a
u ak u e =TU;.

Spaces whose Ricci tensor satisfies the following conditions

R
R = i
are called Finstein spaces [7,9].
For Einstein spaces the scalar curvature R is always constant. Einstein
spaces are particular cases of Ricci-symmetric spaces. Therfefore the fol-
lowing statement hold:

R
Corollary 4.4. In semi-reducible Finstein spaces 71' = —.
n

5. SEMI-REDUCIBLE CONFORMAL FLAT SPACES

A necessary and sufficient condition for a pseudo-Riemannian space to
be defined as a conformal flat space is his compliance to the following
conditions [3,13|

Rpijk = Prrgij — Prjgir + Pijgnk — Pikgnjs
Py — Py ; =0, (5.2)
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where

Py = % <Rij - ﬁf?gzj) : (5.3)
Taking into account (5.3) we can write (4.2) in the following form
baiP{' — ba P = 0,
where Pih = Poig™.
Substituting (5.1) in (2.7), we get
bai P g1 — bai Py 951 4 baj P gik — baj Py g =

= bjp A + bikAi; — b N — b Aik, (54)
where
Nij = uij — uiu; + Pij. (5.5)
Alternating (5.4) by indices j and [
bai P gk — bai 5 gik — baj Py git + b Py 9ij =
= bjrAii — bigAji — biiNji + bji Ak,
and re-assigning indices ¢ and [ we obtain:
baa P gt — baa Py gike — baj Py i + bai P’ gui = (5.6)
= bjrAit — bikAji — biAji + DjiAig.
Summing up (5.6) and (5.4), we pass to
bai P gjt — baj Py 9t = bjp i — bk (5.7)
Further, wrap the latter equation by j, k:
bai P = %)\li — %bu + %gz'z, (5.8)

where P = b3 Py
Multiplying (5.8) by vector u’ and wrapping it by index i we get:

bu® Aot + Puy = 0. (5.9)
Multiplying (5.7) by bu? and wrapping it by index j, taking into account (5.9),
we obtaiin

Db P ur = Pugby,
which can also be written as follows:

bbai P = Pby.

Hence one can write (5.8) in the following form:

b2)\j¢ — (b)\ + np) bij + bpgij =0.
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Substituting (5.5) into the latter identity we get
b*(u;; — uguy) + b2 Pij + bPg;; — (bA + nP) by; = 0. (5.10)
Now multiply (5.10) by b% and wrap by index i
(=b*u®uq + 2PP — bA — nP) bj, = 0.

Hence

_ b ((b—1)uuq +u*, + P)
2b—n '
Therefore (5.10) can be written as follows
3
U; 5 — Uiy + Pij + pgij— 7bi; = 0, (5.11)

P 1
Whereuz—andgz—(b)\—l—nP)—

b2’
Differentiating (5.11), we get

3 3 3
Ui jk — Wi kUj — Uiy |+ Pij,k: + Pk gi; ++ Tk;bij-i- Tbik;uj'-l- Tbjkui =0, (5.12)

3 3 3
where pp = p g = Oppt; T =T = Of T

Alternating (5.12) and taking into account the Ricci identity, we obtain
Ua Rijy — Wikt + wijur + prgij — Higiet
3 3 3 3
+ (Tk;— Tuk) bij — (Tj— Tu]') bir = 0.
Taking into account(5.11) and (5.1)
(ua Py — pug + pr) gij — (uozqu — puj + Mj) gik+
3 3 3 3 (5.13)
+ (Tk —27‘uk) bij — (Tj —QTUj> b;r = 0.

Multiply (5.13) by vector u’, and wrap by index i:
(ua Py — pug + ) uj — (uaPJQ‘ — puj + pj) ug = 0.
Asssuming that u; # 0, choose a vector & so that £%u, = 1. Then
4
ua Py — pug + pg =Tug, (5.14)

where 7 = (UQPE‘ — pug + ,u[g) éb.
Substituting (5.14) into (5.13), we get

4 4 3 3 3 3
TUKGij— TU;9ik + (Tk; —2 Tuk) bij — (Tj -2 TUj) b = 0. (5.15)
Multiplying by bf , wrapping by index k and re-assigning [ by k:

g 73_abij — (?'J —2 ?'Uj—l— ;l'uj> bi = 0. (516)
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Wrapping (5.16) by indices ¢ and k, we obtain
b5 o= b (% = 2 Fuy+ Tuy) = 0. (5.17)
Wrapping further (5.16) by indices i and j, we also obtain

Db To— Tob® = 0. (5.18)

Then (5.18) and (5.17) imply that b = 1 and equations (5.17) can be written
as follows:

b? 73'0[ :%))'j—Q%))'Uj-F ;L'Uj. (519)
Hence (5.16) takes the following form:

¥ Fabij = b b
Wrapping (5.15) by indices i and j, taking into account (5.19), we see that
7=0.
Equations (5.14) can be transformed into the following form:
ua Py = pug — . (5.20)
Furthermore, equation (5.15) means that

3 3
T = 2Uu; T.

Theorem 5.1. If a conformal flat space permits a semi-reducible decom-
position, then vector w; complies to equations (5.11), invariant p (5.20),
and % is defined by formula F— e2u

Thus, we have found the conditions of differential nature, which con-

straint the vector u; and parameters of obtained differential equation [12,
16,17].

6. CONCLUSION

The paper treats some characteristics of semi-reducible pseudo-Rieman-
nian spaces. Certain algebraic and differential conditions are necessary
and sufficient in order to define the metric of pseudo-Riemannian spaces as
semi-reducible. These conditions are called a tensor characteristic of semi-
reducibility. We study conditions of differentiating and their extensions for
a tensor characteristic.

Namely, we proved that the vector of tensor characteristic of semi-redu-
cibility lies in the core of the tensor of this characteristic. For some cate-
gories of specialized spaces (spaces of constant curvature, Ricci-symmetric
spaces and conformal flat spaces) we found conditions, which limit these
vector and tensor with a necessity. In order to get these results we applied



Special semi-reducible pseudo-Riemannian spaces 59

a property of idempotence of a tensor of semi-reducibility characteristic.
The condition of idempotence is important for semi-reducibility of spaces
without limitations imposed on a sign of metric tensor.

Thus, the obtained results are interesting for the research on spaces with
condition of idempotence. As it is known [18], the condition of idempotence
can be weakened and replaces with the condition, that the matrix of tensor
b;; should have simple elementary divisors and real roots. At least, in
such a way, this condition is cited in the L. Eisenhart’s book "Riemannian
geometry” [2], but there is no part of the condition on real roots.

The particular attention is deserved by the research on positive condi-
tions and conditions of global or topological type [18]. It will facilitate
an effective research on geometric properties both generalized spaces and
definite spaces of general theory of relativity.
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