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Some applications of transversality for
infinite dimensional manifolds

Eftekharinasab Kaveh

Abstract. We present some transversality results for a category of Fréchet
manifolds, the so-called M C*-Fréchet manifolds. In this context, we apply
the obtained transversality results to construct the degree of nonlinear Fred-
holm mappings by virtue of which we prove a rank theorem, an invariance
of domain theorem and a version of Borsuk-Ulam type theorem.

Amnorainia. B pobori mpejcraBiieHo jiesdKi pe3yIbTaTh 1Ipo TPAHCBEPCAJIb-
HicTh my151 Kareropii M CF-muOroBunis @perre. BoHu 3aCTOCOBYIOTHCS 10 TTO-
OymoBHU cTemeHs HeMiHIHUX BimoOpakenb OPpeArospMa Ta TOBEICHHS 3 HOTO
JIOIIOMOT'OI0 TEOPEM IIPO PaHT, iHBapiaHTHICTH 00JIacTi, & TaKoXK BepCil Teo-
pemu Ynama-Bopcyka.

This paper is devoted to the development of transversality and its appli-
cations to degree theory of nonlinear Fredholm mappings for non-Banachable
Fréchet manifolds. The elaboration is mostly, but not entirely, routine; we
shall discuss the related issues.

In attempting to develop transversality and Fredholm theory to Fréchet
manifolds we face the following drawbacks which are related to the lack of
a suitable topology on a space of continuous linear mappings:

(1) In general, the set of isomorphisms between Fréchet spaces is not open
in the space of continuous linear mappings.

(2) In general, the set of Fredholm operators between Fréchet spaces is not
open in the space of continuous linear mappings.
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Also, a key point in the proof of an infinite dimensional version of Sard’s
theorem is that a Fredholm mapping ¢ near origin has a local representation
of the form ¢(u,v) = (u,n(u,v)) for some smooth mapping 7n; indeed, this
is a consequence of an inverse function theorem.

To obtain a version of Sard’s theorem for Fréchet manifolds, based on the
ideas of Miiller [8], it was proposed by the author ([1]) to consider Fredholm
operators which are Lipschitzon their domains. There is an appropriate
metrizable topology on a space of Lipschitz linear mappings so that if we
employ this space instead of a space of continuous linear mappings, the men-
tioned openness issues and the problem of stability of Fredholm mappings
under small perturbation can be resolved. Furthermore, for mappings be-
long to a class of differentiability, bounded or M C*-differentiability which
is introduced in [8], a suitable version of an inverse function theorem is
available, [8, Theorem 4.7| and [4, Proposition 7.1].

An example of Lipschitz-Fredholm mapping of class MC* can be found
in [6], where the Sard’s theorem [1, Theorem 4.3] is applied to classify
all the holomorphic functions locally definable; this gives the additional
motivation to study further applications of Sard’s theorem.

In this paper, we first improve the transversality theorem [2, Theorem
4.2] by considering all mappings of class MC¥, then use it to prove the
parametric transversality theorem. Further, for Lipschitz-Fredholm map-
pings of class MC* we apply the transversality theorem to construct the
degree (due to Cacciappoli, Shvarts and Smale), which is defined as the
group of non-oriented cobordism class of ¢ ~!(q) for some regular value q.

Next, we prove a rank theorem for Lipschitz-Fredholm mappings of class
MC*, and use it to establish an invariance of domain theorem and a Fred-
holm alternative theorem. Also, using the parametric transversality theo-
rem we obtain a Borsuk-Ulam type theorem.

1. BOUNDED FRECHET MANIFOLDS

In this section we will briefly recall the basics of MC*-Fréchet mani-
folds for the convenience of readers, which also allows us to establish our
notations for the rest of the paper. For more studies, we refer to [1,2,4].

Throughout the paper we assume that E, F' are Fréchet spaces and we
denote by CL(E, F) the space of all continuous linear mappings from E to
F topologized by the compact-open topology.

If T is a topological space by U @ T' we mean U is open in 7.

Let ¢ : U @ E — F be a continuous map. If the directional (Gateaux)
derivatives
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exist for all x € U and all h € E, and the induced map
Dy(z): U - CL(E,F)

is continuous for all z € U, then we say that ¢ is a Keller’s differentiable
map of class C!. The higher directional derivatives and C*-mappings,
k = 2, are defined in the obvious inductive fashion.

To define bounded or M C*-differentiability, we endow a Fréchet space
F with a translation invariant metric ¢ defining its topology, and then
introduce the metric concepts which strongly depend on the choice of p.
We consider only metrics of the following form

o) = sup L7Vl
T pen 2 14l = yllg,
where ||-||z,, is a collection of seminorms generating the topology of F.
Let o be a metric that defines the topology of a Fréchet space E. Let
Ly o(E, F') be the set of all linear mappings L : £ — F which are (globally)
Lipschitz continuous as mappings between metric spaces £ and F, that is
L(z),0
Llp(L) — sup M < 0,
zeE\{Op} U(:Ev OF)
where Lip(L) is the (minimal) Lipschitz constant of L.
The translation invariant metric

da,g : LU»Q(Ea F) X H—‘U:Q(E7F) - [Oa OO),

(L,H) — Lip(L — H)g,p, (L.1)

on Ly »(E, F') turns it into an Abelian topological group. We always topol-
ogize the space Ly o(E, F') by the metric (1.1).

Let ¢ : U @ E — F be a continuous map. If ¢ is Keller’s differentiable,
Dy(z) € Ly o( £, F) for all z € U and the induced map

Dyo(z) : U — L, ,(E, F)

is continuous, then ¢ is called bounded differentiable or M C! and we write
o) = /. We define for k > 1 mappings of class MC*, recursively.

An MC*-Fréchet manifold is a Hausdorff second countable topological
space modeled on a Fréchet space with an atlas of coordinate charts such
that the coordinate transition functions are all MC*-mappings. We de-
fine M C*-mappings between Fréchet manifolds as usual. Henceforth, we
assume that M and N are connected M C*-Fréchet manifolds modeled on
Fréchet spaces (F, ) and (E, o), respectively.

A mapping ¢ € L, ,(E, F) is called Lipschitz-Fredholm operator if its
kernel has finite dimension and its image has finite co-dimension. The
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index of ¢ is defined by
Indp = dim(ker go) — codim(lmg go).

We denote by LF(E, F') the set of all Lipschitz-Fredholm operators, and by
LF(E, F) the subset of LF(E, F') consisting of those operators of index I.

An MC*-Lipschitz-Fredholm mapping ¢ : M — N, k > 1, is a mapping
such that for each x € M the derivative Dp(z) : ToM —> Ty, N is a
Lipschitz-Fredholm operator. The index of ¢, denoted by Indy, is defined
to be the index of Dy(x) for some = which does not depend on the choice
of z, see [1, Definition 3.2 |.

Let ¢ : M — N be an M C*-mapping, k > 1. We will denote by

Ta;(p : TIM i Tap(m)N

the tangent map of f at x € M from the tangent space T, M to the tangent
space T,y N. Say that ¢ is an immersion (resp. submersion) whenever
T, is injective (resp. surjective) and the range Img (7, ) (resp. the kernel
ker(Typ)) splits in T )N (vesp. T, M) for any x € M. An injective
immersion f : M — N which gives an isomorphism onto a submanifold
of N is called an embedding. A point x € M is called a regular point if
D f(z) : TyM — Ty N is surjective. The corresponding value f(z) is a
regular value. Points and values other than regular are called critical points
and values, respectively.

Let ¢ : M — N be an M C*-mapping, k > 1. We say that ¢ is transversal
to a submanifold S € N and write pMS if either ¢~1(S) = &, or if for
each x € ¢~ 1(9)

(1) (Txgp)(TxM) + Tw(m)S = Tcp(:c)Nv and
(2) (Top) (Tpw)S) splits in T, M.

In terms of charts, oS whenever for each z € p~1(S) there exist charts
(¢,U) around x and (1, V) around ¢(x) such that

w Y — Vl X Vz
is an MC*-isomorphism on a product, with

U(p(x)) = (0p,08) ©(SNV)=V1x{05}.
Then the composite mapping
Pr
ULV LYV —2 ),

is an M C*-submersion, where Pry, is the projection onto Vs.
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2. TRANSVERSALITY THEOREMS

In this section we generalize [2, Theorem 4.2 and [2, Corollary 4.1] for not
necessarily Lipschitz-Fredholm mappings and finite dimensional submani-
folds. We will need the following version of the inverse function theorem
for M C*-mappings.

Theorem 2.1 (|8, Theorem 4.7|). Let U @ E, up e U and ¢ : U — E
an MCF-mapping, k = 1. If ¢'(uo) € Aut(E), then there exists V < U
of ug such that (V) is open in E and |y : V — (V) is an MC*-
diffeomorphism.

Proposition 2.2. Let ¢ : M — N be an MC*-mapping, S © N an MC*-
submanifold and x € o~ (S). Then ©AS if and only if there are charts
U, ¢) around x with ¢(x) = 0 and (V,v) around y = ¢(z) in S with
Y(y) = 0p such that the following hold:

(1) There are subspaces E1 and Eq of E, and F1 and Fa of F' such that
E=E;®E2 and F =F1 ®Fa. Moreover, (S nV) = F and
¢U) =E1 + E2 S E1 ® Es
Y(V)=F + I c F1@F,,
where Op e B; @ E; and Op e F; @ Fy, i =1, 2.
(2) In the charts the local representative of ¢ has the form
Yoy =P+ poPrp,, (2.1)

where @ : E1+Ey — Fy is an MC*-mapping, ¢ is an M C*-isomorphism
of E2 onto Fa and Prg, : E — Eag is the projection.

Proof. Sufficiency. Let (U, ¢) and (V,v) be charts that satisfy the as-
sumptions we will prove pAhS.

In the charts, by using the identifications T, M ~ F, T,, ~ F', the tangent
map T : T, M — T, N has the representation

Top = @yy(0p) : E — F.

Also, we have the identification T;,S ~ F;.
Let Prg, : F' — F3 be the projection onto F3. Since

Yoy (0B) = (@) + ¢ o Prg,

and (¢)'(0) : E — Fq, it follows that for all e € E we have that e = e;+e2 €
E, ® E;

¢l (0p)e = (@) (0p)e + ¢ o Prp,.
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Thus, Prp, o ¢, (0p)e = Prg, o ¢ o Prg,(e) which means that

Prp, 0 ¢l (0p) = Prp, 0 ¢ o Prp, (2.2)

it is a surjective mapping of £ onto Fs.
Moreover, we have

ker(Prg, © ¢y, (0£)) = ¢l (08) " (Prg, (05)) = ¢l (0p) " (F1)
={e=e1+e2c E1DE; | (»)(0p)e + ¢(e2) € Fi}
={e=e1+ee E1®E; | ¢(e2) = 0F}
={e=e1+e2e E1@Es | e2 = 0p}
= E;.

Which is an M C*-splitting in E with a component E,. From (2.2) it follows
that

PI‘F2 o (‘0;51/’(0E) = (ﬁ : PI’E2 - PI‘F2

which is an M C*-isomorphism.

Necessity. Suppose phS. Since S is an MC*-submanifold of N and
y = ¢(x) € S, there is a chart (W, w) around y having the submanifold
property for S in N:

wW) =W + Wy c F1@Fs = F,
w(S W) =W, CF, w(y) =0p.
Also, there is a chart (X, x) around x such that x(z) = 0p, p(X) € W and
Oxw xX(X) @ E—>wW) e F
is of class MC*. Tt follows that
Oxw(0g) o Prp, : B — Fo

is an M C*-submersion as phS. In other words, ¢yw © Prp, and E; =
¢t (0) 1(F1) splits in E with the complement E5 such that

n = Prp, o o;w(0E) |B,: B2 — F2
is an MC*-isomorphism. Consider the following map:
7= (Prg, + 177 0 Prp, 0 o) : x(X) — w(W).
It follow that 7 is an M C*-mapping, 7(0g) = O, and
7 (0g) = (Prg, +7 ' o Prg, 0 osw) (0p) = Prg, + Prg, = Idg,
since for all e = e + €3 € E1 @ Eo we have that

((pxw),(OE)e = ((wa),(OE)el + ((wa)/(OE)e2-



Some applications of transversality for infinite dimensional manifolds 143

Whence,
Prp, o (¢sw) (0p)e = Prr, © (0xw) (0p)e2 = 7(e2),
and therefore
71 o Prp, o (oxw) (0p)e = 771 (7(e2)) = Prp,.

By the inverse mapping theorem 2.1, 7 is a local M C*-diffeomorphism.
Assume O € X} @ x(X) is small enough. Let also

x1:X] > 0peAX,c FE
be an M C*-diffeomorphism such that
Tox; ! =Idp. (2.3)

Thus,
Prp, o7 o oxw =no Prg,. (2.4)

If, e = e; + eg € 51 (A1) and x ' (e) = €1 + €2, then by (2.3) and (2.4) we
obtain

Toxi(e) = T(e1 + &)

=é1+n ' oPrp, o pxw(€l + &)

=e1 + ea.
Therefore, ¢, = e; and 77! o Prp, o osw = €2 and so

Prp, o osw(€1 + é2) = 7(e2) = 7 o Prp,(e1 + e2).
This means that
Prg, © @xw © xfl(e) =mnoPrg,(e)

for all e € x;(A1).

Now, define
¢ = x1 0X, U=x1x),
P = w, V = small enough neighborhoodof y inWV.

Then, (¢,U) and (¢, V) are the desired charts. Indeed,
Py =W 0 o (x10%)
:\vvogpox_l ox ! :gpxwoxl_l.
Thus,
Oy = Prp o poxw © xl_l + Prp, 0 osw oxl_l
=9+ poPrg,,

whenever we set ¢ :=n and ¢ = Prg, o 5w © xl_l. ]
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Theorem 2.3 (Transversality Theorem). Let ¢ : M — N be an MC*-
mapping, k =1, S < N an MC*-submanifold, and ohS. Then ¢~1(S) is
either empty of MC*-submanifold of M with

(To) M (TyS) = Tu(w™(5)), w € ¢71(8), y = @(a).

If S has finite co-dimension in N, then codim(p~1(S)) = codimS. More-
over, if dim S = m < o0 and ¢ is an MC*-Lipschitz-Fredholm mapping of
index [, then dim p=1(S) = [ +m.

Proof. Let © € ¢~ 1(S). Then by Proposition 2.2 there are charts (¢,U)
around x and (¢, V) around y = ¢(x) such that

qb(?/{) =F + F, € E; @ Es,
Y(V)=F+ I cFi1OF,,

Pepap = o+ 95 o PrE27 (2'5)
where @ : Ey + Fy — F is an M C*-mapping, ¢ is an M C*-isomorphism
of E5 onto Fa, and Prg, : E — E» is the projection.

Let é € o 1(S) nU. Then f = p(é) € SNV and ¥(p(é)) € F1 = Fy.
Due to (2.5), if ¢(é) = e1 + e2 € Ej + E3, then
Py (9(€)) = poy(e1 + e2)
=P(e1 +e2) + ¢(e2) € F1 < Fy.

Therefore ¢(e2) = 0 and ex = Op, since ¢(e2) € Fa and F1 n Fa = {0f}.
Thus, ¢(¢é) € Fy for all é € ¢~ (S) nU. Hence,

B c (;5((,071(5) nU),
since for each e; € Eq1 we have that

pgp(e1) = P(e1) +poPrp,(er) = p(e1) € F1.
Hence, 1) 0 0 0 ¢~ (e1) € I} implies that

poper) e (F) =SV

and so ¢ o ¢~ !(e1) € S which means ¢~ !(e;) € ¢ 1(S) NV and that yields
e1 € p(o~1(S) nV). Therefore, for each x € ¢~ 1(S) there is a chart (¢,U)
with
¢(U) =F +FE,c E1 P Es,
#(xr) = 0g, and ¢(p~1(S) n V) = Ei, which means that ¢~1(9) is an
M C*-submanifold in M.
In the charts, we have that

T, ~ E, T,N ~ F, To (¢~ 1(9)) ~ Eq, T,S ~ Fy.
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Then from the proof of Proposition 2.2 we also get that
sy (0) " (F1) = Ey,

which yields (T,¢)~Y(T,S) = Tu(¢~(9)).
If S has finite co-dimension then Fy has finite dimension and thus by
Proposition 2.2,

codim (¢~ 1(5)) = codim(p (S N V)) = dim(F2) = codim(S).
The proof of the last statement is standard. ([l

As an immediate consequence we obtain:

Corollary 2.4. Let ¢ : M — N be an MC*-mapping, k > 1. If q is
a reqular value of ¢, then the level set ¢~ '(q) is a submanifold of M
and its tangent space at p = (q) is ker Tp. Moreover, if q is a reqular

value of ¢ and ¢ is an MC*-Lipschitz-Fredholm mapping of index 1, then
dim(p7(9)) = 1.

To prove the parametric transversality theorem we apply the following
Sard’s theorem.

Theorem 2.5 ([2, Theorem 3.2|). If ¢ : M — N is an MC¥-Lipschitz-
Fredholm map with k > max{Indy,0}. Then, the set of reqular values of ¢
is residual in N.

Theorem 2.6 (The Parametric Transversality Theorem). Let A be a ma-
nifold of dimension n, S € N a submanifold of finite co-dimension m. Let
also ¢ : M x A — N be an MC*-mapping, k = {1,n —m}. If oS, then
the set of all points x € M such that the mappings

pr: A= N, (pa(t) = p(,))

are transversal to S, is residual in M.

Proof. Let S = ¢~ 1(S), Prys : M x A — M the projection onto M and
Prg be its restriction to S. First we prove that Prg is an M C*-Fredholm-
Lipschitz mapping of index n — m, i.e.,

Tim,a)Prs : Tim,a)S = T M

is a Lipschitz-Fredholm operator of index n — m.

By Theorem 2.3 the inverse image S is an M C*-submanifold of M x A,
with model space S, so that Prg is an M C*-mapping.

Let mps and wg be the local representatives of Prj; and Prg, respectively.
We show that 7y; and consequently 7g are Lipschitz-Fredholm operators of
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index n — m. Finite dimensionality of R" and closedness of S implies that
K =S+ ({0} x R")
is closed in E x R™. Also, codimK is finite because it contains the finite co-
dimensional subspace S. Therefore K has a finite-dimensional complement
K, c E x {0}, that is E x R" = K ® K;. Let Ko :==S n {0} x R™. Since
Ky < R™ we can choose closed subspaces S; ¢ R™ and Ry < {0} x R™ such
that S =S; @ K; and {0} x R" = K; @ Ry. Whence,
K =81 ® K1 ®Ry, ExR"=81 @K @Ry® K>.
The mapping 7s |s,@K,: S1@® K2 — E is an isomorphism, K; = ker g, and
ma(K2) is a finite dimensional complement to 7/ (S) in R™. Thus, 7y is
a Lipschitz-Fredholm operator and we have that
Ind7my; = dim K7 — dim Ko
= d1m(K1 &) Ro) - dlm(RO @ KQ)
Since, K1 ® Ry = {0} x R™ and Ry @ K> is a complement to S in E x R"
and therefore its dimension is n, so the index of m); is n — m.
Now, we prove that if z is a regular value of Prg if and only if ¢, MS.
From the definition of ph we have V(x,a) € S
(T(xya)go) (T;EM X TaA) -+ T@(Iya)s = Tga(x,a)N7 (2.6)
and
(T(%a)(p)*l(T@(x’a)S) splits in T, M x T, A. (2.7)
Since A has finite dimension, it follows that the mapping a € A — ¢(x,a)
for a fixed x € M is transversal to S if and only if
V(.%', a) €S, Ta(pm(TaA) + Tq,(x,a)S = Tw(xya)S. (28)
Since Prg is a Lipschitz-Fredholm mapping, ker TPrg splits at any point as
its dimension is finite. Hence x is a regular value of Prg if and only if
V(l’, a) € S, Yv e Tm]\f7 Ju € TaA: T(v,u)(p(v> u) € T(:c,a)S' (29)

Pick z € M and a € A such that (v,a) € S and let w € T, ,)S. By (2.6)
and (2.7) we obtain that there exist v € T, A, v1 € T, M, y1 € T(; 4)S such
that

Teayp(v,71) + 91 = w. (2.10)
Then, there exists xo € T, M such that T{, 4)p(v, z2) € T, .S Hence,
w = Ty ayp(v, 1) = T a)p(v, 22) + T 0y (v, 2) + 11
= To,0)P(0, 21 — 22) + Tz, 0y (v, ¥2) + Y1
= Tl2,0)P(0,u) + Tp(p,0)S + y2 € Tap (T A),
where u = x1 —x3 and y2 = T(, oy (v, 72) +y1 € T, 0yS- Thus, (2.8) holds.
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Now we show that (2.8) implies (2.9). Pick a € A, z € M such that
(r,a)eS. Letve T,M, a1 € T,A, y1 € Ty, .S and set

W = T(,0)P(v,21) T Y1-
By (2.8) there exist as € T, A and ys € Ty, S such that

w = Tagpz(aQ) + Y.
Then,

Op = T(Iya)@(vv al) - Ta@x(a&) + Y1 — Y2
= Tiz0)p(v, a1 — az) + y1 — Yo,
SO

T(m,a)@(vv ay—az) =Yz — Y1 € Tcp< S

z,a) 77
and thus (2.9) holds. Thus, we showed that if z is a regular value of Prg

if and only if p,MS. Since Prg : S — M is a Lipschitz-Fredholm of class
MC*with the index n — m and

codimS = codimS =m

and k > {0,n —m}, the Sard’s theorem 2.5 concludes the theorem. ]

3. THE DEGREE OF LIPSCHITZ-FREDHOLM MAPPINGS

In this section we construct the degree of M C*-Lipschitz-Fredholm map-
pings and apply it to prove an invariance of domain theorem, a rank the-
orem and a Borsuk-Ulam type theorem. The construction of the degree
relies on the following transversality result.

Theorem 3.1 (|2, Theorem 3.3]). Let ¢ : M — N be an MC¥-Lipschitz-
Fredholm mapping, k = 1. Let also1: A — N be an MC'-embedding of a
finite dimension manifold A with k > max{Indy + dim.A,0}. Then there
exists an MC? fine approzimation g of v such that g is embedding and phg.
Moreover, suppose S is a closed subset of A and phi(S), then g can be
chosen so that1=g on S.

We shall need the following theorem that gives the connection between
proper and closed mappings.

Theorem 3.2 ([9, Theorem 1.1]). Let A, B be Hausdorff manifolds, where
A is a connected infinite dimensional Fréchet manifold, and B satisfies
the first countability axiom, and let ¢ : A — B be a continuous closed
non-constant map. Then ¢ is proper.
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Let ¢ : M — N be a non-constant closed Lipschitz-Fredholm mapping
with index I > 0 of class MC¥such that k > [+ 1. If ¢ is a regular value of
¢, then by Theorem 3.2 and Corollary 2.4 the preimage ¢~ !(gq) is a compact
submanifold of dimension {.

Let 2 : [0,1] — N be an MC'-embedding that connects two distinct
regular values q; and ¢3. By Theorem 3.1 we may suppose ¢ is transversal
to . Thus, by Theorem 2.3 the preimage M = ¢~ 1(2([0,1])) is a compact
(I + 1)-dimensional submanifold of M such that its boundary, dM, is the
disjoint union of ¢™1(q1) and p~1(g2), IM = ¢ 1(q1) 11~ (g2). Therefore,
¢ (q1) and ¢~!(go) are non-oriented cobordant which gives the invariance
of the mapping. Following Smale [10] we associate to ¢ a degree, denoted
by deg ¢, defined as the non-oriented cobordism class of ¢~!(q) for some
regular value ¢q. If | = 0, then degy € Zsy is the number modulo 2 of
preimage of a regular value.

Let © @ M. Suppose ¢ : O — N is a non-constant closed continuous
mapping such that its restriction to O is an MC**+!-Lipschitz-Fredholm
mapping of index k, k = 0. Let p € N\(0O) and let p a regular value of ¢
in the connected component of N\¢(dO) containing p, the existence of such
regular value follows from Sard’s theorem 2.5. Again, we associate to ¢ a
degree, deg(p,p), defined as non-oriented class of k-dimensional compact
manifold ¢~!(p). This degree does not depend on the choice of p.

The following theorem which presents the local representation of MC*-
mappings is crucial for the rest of the paper.

Theorem 3.3 ([1, Theorem 4.2|). Let ¢ : U @ E — F be an MC*-
mapping, k = 1, ug € U. Suppose that Dp(ug) has closed split image
F1 with closed topological complement Fo and split kernel Eo with closed

topological complement E1. Then, there are two open sets Uy € U and
VY @ F1 @Ey and an MC*-diffeomorphism ¥ : V — Uy, such that

(po®)(f,e) = (f,n(f,e))
for all (f,e) €V, where n: V — Eg is an MC*-mapping.

Theorem 3.4 (Rank theorem for MC*-mappings). Let ¢ : U @ E — F
be an MC*-mapping, k > 1. Suppose ug € U and De(ug) has closed
split image F1 with closed complement Fo and split kernel Eo with closed
complement E1. Also, assume

Do(u)lg, : Ex — Do(u)(E)
is an MC*-isomorphism for each v € U and DpU)(E) is closed in F.
Then, there exist open sets

U e F1 @ Eq, U e B, Vie F, Vo e F,
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and MCF*-diffeomorphisms ¢ : Vi — Vo and v : Uy — Us such that
(@opod)(f,e) =(f,0), V(fe)elh.
Proof. By Theorem 3.3 there exits an M C*-diffeomorphism
Y:th CF1@E; >l S F

such that
(P(f,e) = (¢O¢)(f7e) = (fﬂ?(fa@))7

where ) : V — Eg is an M C*-mapping. Let Pry : F — F1 be the projection.
Then Pry o Dy(f,e)(w,v) = (w,0), for w € F; and v € E5 since

Dy(f,e)(w,v) = (w,Dn(f,e)(w,v)).
Hence, Pri o Dy(f, €)|p, x {0y is the identity mapping, Idg,, on F1. Thereby,

De(f; €)lp,xfoy : F1 x {0} = Do(f, ¢)(F1 @ Ez)

is one-to-one and therefore by our assumption

De(f, ) © Prifpg(s.e)krems)
is the identity mapping. Suppose
(w, Dn(f,e)(w,v)) € De(f,e)(F1 @ Ez).
Then we obtain Dn(f,e)v = 0 for all v € Eg, which means that Dan(f,e) =
0, since
(De(f,e) o Pri)(w, Dn(f, e)(w,v)) =De(f, e)(w,0)
=(w, Dn(f, e)(w,0))
=(w,D1(f, e)w).
Therefore
D¢ (f, e)v = (0, Dan(f, e)v),
i.e., D?p(f,e) = 0 which means that ¢ does not depend on the variable
1y € Ea. Let Pro : F1 @ E2 — F1 be the projection and
of = ¢(f,e) = (poPr)(fe),
so that
o) PI‘Q(Z/ﬁ) = F1 — F.

Let also vo == (Pr2 09~ !)(up) and V @ U be an open neighborhood of vy.
Define the following mapping

@ZVXF2—>F1 @Fz, @(f,e)zgo(f)—k(O,e)
By the open mapping theorem
D‘I’(Vo,O) = (Dgo(Vo),Isz) . E@Fz — F
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is a linear M C*-isomorphism, where Idg, is the identity mapping of Fa.
Now ¢ satisfies the inverse function theorem 2.1 at vg, whence there exist
V1, V2 @ F such that (vg,0) € Vo and ®(vg, 0) = ¢y, (Vo) € V1 and an M C*-
diffeomorphism ¢ : V; — Vs, such that ¢—1 = ®|y,,. Thus, for (f,0) € Vo we
have

(@o@)(f) = (o ®)(f,0) = (f,0),
and therefore,
(popod)(fe)=(f,0), V(fe)elh. O

As an immediate consequence we get the following:

Corollary 3.5 (Rank theorem for Lipschitz-Fredholm mappings). Let
p:M—-N
be an M C®-Lipschitz-Fredholm mapping of index k and
dimker Do(x) =m, Vze M.
Let 01 and Cy be the topological complements of R™ in E and R™ % in F,
respectively. Then, there exist charts
p:UeTM—->E=R"®C; with ¢(z)=0g,

Yv:VaN—-F=R"* @0 with (z)=0p,

such that
Yopo ¢ (£,0) = (f,0).

A version of a constant rank theorem for mappings from manifolds mod-
eled on locally convex spaces to finite dimensional manifolds is obtained
in [5]. Also, in the case of Banach manifolds a constant rank theorem can
be found in |7] and [11].

The following theorem gives the openness property of the set of Lipschitz-
Fredholm mappings.

Theorem 3.6 ([1, Theorem 3.2|). The set LF(E, F) is open in Ly 4(E, F)
with respect to the topology defined by the metric (1.1). Furthermore, the
function T — IndT is continuous on LF(E,F), and hence it is constant
on connected components of LF(E, F).

The proof of the following theorem is a modification of [11, Theorem 2].

Theorem 3.7. Let ¢ : M — N be a Lipschitz-Fredholm mapping of class
MC*, k> 1. Then the set

Sing(y) = {m | Dp(m) is not injective}

1s nowhere dense in M.
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Proof. This is a local problem so we assume M is an open set in E and N is
an open set in F'. Let s € Sing(y) be arbitrary and U/ an open neighborhood
of s in Sing(y). For each n € N U {0} define

Sp={me M | dimDp(m) =n}.
Then M = My > My D ---, whence there exists a unique ng such that
M = My, # Mpy+1.

Let mg € My, \My,+1 be such that dim ker Dp(mg) = ng. By Theorem 3.6,
there exists an open neighborhood V of mg in U such that for all v € V
we have that dimker Dy(v) < ng and hence dimDy(v) = ng = 1. By
Corollary 3.5, there is a local representative ¢ around zero such that

popod l(f,e)=(f,0)
for (f,e) € C;1 @ R™, which contradicts the injectivity of . Therefore,
Sing(y) contains a nonempty open set. The closedness of Sing(¢) is obvious
in virtue of Theorem 3.6. U

Theorem 3.8 (Invariance of domain for Lipschitz-Fredholm mappings).
Let ¢ : M — N be an MC*-Lipschitz-Fredholm mapping of index zero,
k> 1. If ¢ is locally injective, then ¢ is open.

Proof. Let pe U @ M and ¢ = ¢(p). The point p has a connected open
neighborhood U4 @ M such that ¢ |5 U — N is proper and injective.
Whence ¢ ¢ ¢(0U) and ¢(0U) is closed in N. Let V be a connected com-
ponent of N\p(0U) containing g which is its open neighborhood. Since U
is connected, it folows that ¢(U) < V. Then we get from ¢(dU) NV = &
that U n =1 (V) =U and so ¢ |yy: U — N is proper and injective. By The-
orem 3.7 there is a point x € M such that the tangent map T, is injective
and since Indp = 0 it is surjective too. Therefore, y = ¢(z) is a regular
value with ¢~ 1(y) = {2} and so degp = 1. Tt follows that ¢ is surjective,
because otherwise any point from N\p(M) is regular and thus degyp = 0
which is contradiction. Hence V = ¢(U) is an open neighborhood of ¢. [

An analogue of this theorem for Banach manifolds can be found in [11].
Corollary 3.9 (Nonlinear Fredholm alternative). Let ¢ : M — N be an
MC*-Lipschitz-Fredholm mapping of index zero, k > 1. If N is connected

and @ 1is locally injective, then ¢ is surjective and finite covering mapping.
If M is connected and N is simply connected, then ¢ is a homeomorphism.

Proof. The proof is standard. (I

The following theorem is a generalization of the Borsuk-Ulam theorem.
Its proof is a slight modification of the Banach case, cf. [3].
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Theorem 3.10. Let ¢ : U — F be a non-constant closed Lipschitz-
Fredholom mapping of class MEZ with index zero, where U @ F' is symmet-
ric. If ¢ is odd and for ug € U we have ug ¢ @(0U). Then deg(p,up) =1
mod 2.

Proof. Since Dy(ug) is a Lipschitz-Fredholm mapping with index zero
F=F) ®kerp =Fs®Imgy
and dim Fy = dimker ¢p. The image ¢(dlf) is closed as ¢ is closed, hence

a = o(p(U),ug) >0

because ug ¢ @(oU).

Let ¢ : F — F be a global Lipschitz-compact linear operator with
Lip(¢) < b for some b > 0. Define the mapping &5 : U — F by
Qy(u) = p(u) + ¢(u). Then @4 is a Lipschitz-Fredholm mapping of in-
dex zero. Suppose b < a/k for some k > 1, then

0(Pgy(u),up) = o(p(e),uo) — Lip(p)o(U,ug) >a—bk >0, Yuedl.

Therefore, ug ¢ ®4(0U). Hence deg(p,up) = deg(Py, up) as the mapping

(0,1 x U —F,  (t,u) = p(u) + té(u),
is proper and ug ¢ ¥(0U) for all ¢. Considering the fact that

Y(—u) = = (u),
we may use the perturbation by compact operators to find the degree of .
Let C be the set of global Lipschitz-compact linear operators ¢ : F — F
with Lip(¢) < b < a/k. Let also ¢ € C be such that its restriction to Fy
equals ug and

<E |kerD<p(u0): ker D‘JO(UO) — Fs

is an M C'-isomorphism. Then Dy(ug) + qg and consequently De(ug) is an
MC'-isomorphism. Now define the mapping

U:UxC—F, U(u,¢) = Pg(u).
Then for a sufficiently small b the differential
DU (u, §)(v,¢) = (Dp(u) + d)v + 1b(u)

is surjective at uy as Dp(ug) is an MC'-isomorphism. It is also clear
that it is surjective at the other points. Then, the mapping ¥ satisfies
the assumption of Theorem 2.6. Therefore, ¥~!(ug) is a submanifold and
the mapping II : ¥~!(ug) — C induced by the projection onto the second
order is Lipschitz-Fredholm of index zero. By employing the local version
of Sard’s theorem we may find a regular point ¢ of II, and from the proof
of the Theorem 2.6 it follows that wug is a regular value of <I>$. Hence ug is a
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regular value of ¢. Thus, the properness and the identity ¢(—u) = —p(u)
imply that

Qoil(uo) = {u07 f17 _f17 e f’m7 _fm}
and therefore deg(p,up) =1 mod 2. O
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