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Rectangular diagrams of surfaces: the
basic moves

Ivan Dynnikov, Maxim Prasolov

Abstract. In earlier papers we introduced a representation of isotopy classes
of compact surfaces embedded in the three-sphere S® by so-called rectangular
diagrams. The formalism proved useful for comparing Legendrian knots. The
aim of this paper is to prove a Reidemeister type theorem for rectangular
diagrams of surfaces.
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1. INTRODUCTION

We work in the piecewise smooth category. Unless otherwise specified,
all homeomorphisms and isotopies are assumed to be piecewise smooth.

Throughout the paper, a surface F — S? means a compact smooth sur-
face with corners embedded in the three-sphere S3. ‘With corners’ means
that the boundary of F' is a union of cusp-free piecewise smooth curves,
and that F' can be extended beyond the boundary to become a smooth
submanifold of S? with smooth boundary. Surfaces are not assumed to be
orientable or to have a non-empty boundary.

If the tangent plane T, F to a surface F' < S? at a point p € F is said
to be preserved by a self-homeomorphism ¢ of S? this means that ¢(p) = p
and ¢(F) has a well defined tangent plane at p coinciding with T}, F.
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If F1,F, c S? are two surfaces, then by a morphism from Fi to Fy
we mean a connected component of the space of orientation preserving self-
homeomorphisms ¢ of S? such that ¢(F;) = Fy. The morphism represented
by a homeomorphism ¢ will be denoted by [¢].

In [3] we introduced rectangular diagrams of surfaces (see definitions
below), and with every diagram II we associated a surface I < S3 We
also showed [3, Theorem 1] that every isotopy class of surfaces can be
represented by a rectangular diagram of a surface.

In [1] we defined basic moves for rectangular diagrams of surfaces, which
are transformations of rectangular diagrams such that the associated sur-
face is transformed by an isotopy. So, every basic move II — II' comes with
a well defined morphism from II to II".

The main result of the present paper (which is announced in [1] in a
slightly weaker form) is Theorem 2.9, which states that any morphism bet-
ween surfaces represented by rectangular diagrams can be decomposed into
basic moves, and if the given morphism preserves a sublink of the surface
boundary, then so does each basic move in the decomposition.

The paper is organized as follows. In Section 2 we introduce rectangular
diagrams and their moves, and formulate the main result of the paper. In
Sections 3-5 we introduce auxiliary tools and prove intermediate results.
Sections 6 and 7 contain the proof of the main result.

2. PRELIMINARIES. RECTANGULAR DIAGRAMS AND BASIC MOVES

We recall some definitions and notation from [1, 3.

For two distinct points z,y of the circle S' we denote by [x;y] a unique
arc of S' such that, with respect to the standard orientation of S', it has
starting point z, and end point y.

By T? we denote the two-torus S' x S! and by 6 and ¢ the angular
coordinates on the first and the second S'-factor, respectively.

We identify the three-sphere S with the join of two circles:

S* =8t xSt x [0;1] /~,
where ~ stands for the following equivalence relation:
(0.0,0) ~ (¢',0,0),  (0,0,1) ~ (0,¢,1) V0,0, 0,9 €S,

and use 0, ¢, 7 for the corresponding coordinate system.
The torus projection pryz is defined as the following map from

9\ (81 U SL_y)
to T?:
Ppr2 (0’ 2 T) = (07 90)
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For a point v € T?, we denote by 7 the closed arc

; (v).

V=p

v
to be the union

<)

Lo

For a finite subset X < T?, we define X
X=J

veX

For 0, p € S' we also denote by mg the meridian {6} x S' = T?, and by
l, the longitude S' x {¢}. By My and £, we denote the endpoints of the

arc (0, ), lying on SI_; and Sl_,, respectively, that is,
T/Y\LQ = (97*’1)/’\' ES71':17 gso = (*,Q0,0)/’\/ ES71-:0-

By a rectangle we mean a subset r < T2 of the form [01;0s] x [¢1; 2].
By V(r) we denote the set of vertices of r: V(r) = {61,602} x {¢1,p2}. We
also set

V(1) = {(01,02), (02, 1)}, VA(r) = {(01,¢1), (02, p2) }

Two rectangles rq, 7o are said to be compatible if their intersection satis-
fies one of the following:
(1) r1 N ry is emptys;
(2) r1 N o is a subset of vertices of r (equivalently: of ry);
(3) r1 nre is a rectangle disjoint from the vertices of both rectangles
and 7.

Definition 2.1. By a rectangular diagram of a surface we mean a collection
II = {ry,...,r} of pairwise compatible rectangles in T? such that every
meridian {#} x S' and every longitude S' x {(} of the torus contains at
most two free vertices, where by a free vertex we mean a point that is a
vertex of exactly one rectangle in II.

The set of all free vertices of 11 is called the boundary of 11 and denoted
by oII.

All elements of the union [ J,.y V() are called wvertices of II. The el-
ements of the union | J,..; V(1) (respectively, of | ..y VA (1)) are called
/ -vertices (respectively, \ -vertices) of II, and said to be of type / (re-
spectively, of type \).

All meridians and longitudes of T? passing through vertices of II are
called occupied levels of 1I.

With every rectangle »r — T? one can associate a surface 7 — S* homeo-
morphic to a two-disc so that the following holds for the map r — 7:

(1) for any rectangle = T?, the torus projection prye takes the interior of
7 to the interior of » homeomorphically;
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(2) o7 = V()

(3) whenever r; and ry are compatible rectangles, the interiors of r; and
Ty are disjoint;

(4) whenever r; and ry are compatible and share a vertex, the union 7} U5
is a surface (that is to say, there are no singularities at 71 N 73).

In [3], the discs 7 satisfying these properties are defined explicitly, but
any other choice will work as well. The choice is supposed to be fixed from
Nnow on.

Definition 2.2. Let II be a rectangular diagram of a surface. The surface
IT associated with 11 is defined as
m=J#
rell

One can see that the boundary JII of a rectangular diagram of a surface
is a rectangular diagram of a link in the sense of [2,3], and we have

Ol = oIl

By a basic move of rectangular diagrams of surfaces we mean any of
the transformations defined below in this section. These include: (half-)
wrinkle creation and reduction moves, (de)stabilization moves, exchange
moves, and flypes.

‘Transformations’ means pairs (I, II') of diagrams endowed with a mor-
phism 11 — II’. In each definition of a basic move II — II’ defined below,
the description of the pair (II,II') naturally suggests what the morphism
I1 — I’ should be. So, we omit the description of this morphism in Defini-
tions 2.3-2.7 and provide the necessary hints afterwards.

Definition 2.3. Let II be a rectangular diagram of a surface, and

v1 = (0o, 1) and ve = (6o, p2)
be a \ -vertex and a -vertex of II, respectively, lying on the same meridian
mg,. Choose an € > 0 so that no meridian in
[9() — 2e;0p + 28] x S < T?

other than my, is an occupied level of II. Also choose an orientation-
preserving self-homeomorphism 1 of the interval [0y — 2¢; 0y + 2¢].

Let IT' be the rectangular diagram of a surface obtained from II by mak-
ing the following modifications:

(1) every rectangle of the form

[00; 01] x [¢';¢"],  (resp. [01;00] x [¢'5¢"])
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with [¢'; ¢"] < [¢1; 2] is replaced by
(W00 +€);01] x [@3¢"],  (vesp. [0159(00 + )] x [¢'50"]).
(2) every rectangle of the form
[00:01] x [¢3¢"],  (vesp. [013600] x [¢5¢"])
with [¢'; ¢"] © [p2; 1] is replaced by
[p(0o —€);01] x [¢'5¢"] . (vespectively, by [61;9(60 — €)] x [¢";¢"]),
(3) the following two new rectangles are added:

[1(00 — €);9(60)] X [1; ¥2] and [9(60); (00 + €)] % [p2; 1] -

Then we say that the passage from II to II' is a vertical wrinkle creation
move. The inverse operation is referred to as a vertical wrinkle reduction

move.
Horizontal wrinkle creation and reduction moves are defined similarly

with the roles of # and ¢ exchanged.

A vertical wrinkle move is illustrated in Figure 2.1. The left pair of
pictures shows how the rectangular diagram changes, and the right pair of
pictures shows the change in the corresponding tiling of II.

U2

U1

II mg, Ir

FIGURE 2.1. A vertical wrinkle move

Definition 2.4. Let 11, v, v, and 9 be as in Definition 2.3 and suppose
additionally that we have vi,v9 € OII. Let II' be obtained from II as
described in Definition 2.3 with the following one distinction:

e if IT has no rectangle of the form [6y; 61] x [¢'; "] or [01;60] x [¢; ©”] with
[©"; "] < [p1; p2], we do not add the rectangle

[4(60); (00 + €)] % [p2; 1] ;
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e if IT has no rectangle of the form [fy; 01] X [¢'; "] or [01; 60] % [¢'; "] with
(¢ @] < [p2; 1], we do not add the rectangle

[(00 — €);1(00)] x [p1; 2] -

One of these two cases must occur.

Then we say that the passage from II to II' is a wertical half-wrinkle
creation move, and the inverse operation is a vertical half-wrinkle reduction
move.

Horizontal half-wrinkle moves are defined similarly with the roles of 6
and ¢ exchanged.

A vertical half-wrinkle move is illustrated in Figure 2.2. In the case

1 U9 62
' R PR —
. meqy
; 01
i
1I me, Ir

FIGURE 2.2. A vertical half~-wrinkle move

v1,v2 € OII the respective wrinkle creation move can be decomposed into
two half-wrinkle creation moves, which justifies the term ‘half-wrinkle’.

Definition 2.5. Let II, vy, v, and ¥ be as in Definition 2.3 except that
V1 € Mg, is not a vertex of 1I and, moreover, v; does not belong to any
rectangle and any occupied longitude of II. Let II’ be obtained from II by
exactly the same modification as the one described in Definition 2.3, and
let T' be a transformation of rectangular diagrams induced by any of the
following symmetries or any composition of them (including the identity
transformation):

(97 90) = (907 0)’ (07 90) — (_07 90)'

Then the passage from T'(IT) to T'(IT") is called a stabilization move and the
inverse one a destabilization mowve.
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FIGURE 2.3. Stabilization/destabilization moves

An example of a (de)stabilization move is shown in Figure 2.3.

Note also that if IT — IT’ is a stabilization of a rectangular diagram of a
surface, then JIT — JII' is a stabilization of a rectangular diagram of a link
(in the generalized sense of [2]).

Definition 2.6. Let II be a rectangular diagram of a surface, and let
01,05, 03, 01,2 € S' be such that:

(1) we have 05 € (91; 93);

(2) the rectangles r1 = [01;602] x [@1; 2] and 1o = [02;05] x [p2; 1]
contain no vertices of II;

(3) the vertices of 71 and 79 are disjoint from the rectangles of II.

Let f : S — S! be a map that is identical on [f3;61], and exchanges the
intervals (61;62) and (02;63) as follows:

f(@)— 0 — 0y + 05 if@e(&l;ﬁg],
| 0—6,+06, if Oe (62:65).

Choose a self-homeomorphism 1 of § identical on [f3; 6], and let
I = {[p(f(9):0(f(8")] x [¢'39"] | [6:6"] x [¢/s¢"] e 1}

Then we say that the passage from II to I, or the other way, is a vertical
exchange move.

A horizontal exchange move is defined similarly with the roles of 8 and
¢ exchanged.

An example of a vertical exchange move is shown in Figure 2.4.
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FIGURE 2.4. An exchange move

Definition 2.7. Let II be a rectangular diagram of a surface, and let
01, 92, 93, ©Y1,P2,P3 € Sl be such that:

(1) 02 € (01503), w2 € (¢1593);

(2) points vy, v2,v3,v4,v5 € T? having coordinates (01, ¢3), (62, p3),
(03, ¢3), (03, 02), (03, p1), respectively, are vertices of II, and, more-
over, vy, vs3,vs are /-vertices, and vs,v4 are \ -vertices;

(3) none of ve, v3, and vy belong to O1;

(4) there are no more vertices of II in [01; 03] x [p1; @3]

These assumptions imply that IT contains, among others, four rectangles
of the following form:

r1 = [61;62) x [¢'; 03], ro = [02; 03] x [¢3;¢"],
rg = [03;0"] x [p2; 03], rqg = [0'; 03] x [p1; 2]

with some 6’0" € (05;61), ¢, " € (p3;01).
Let II' be obtained from II by replacing these four rectangles with the
following ones:

1 = [61;62) x [¢'501], 1y = [02; 03] x [¢1;¢"],
ry = [0150"] x [p2;3], ry = 10;601] x [@1; 02l ;

see Figure 2.5.
Then we say that the passage from II to II’, or the other way, is a flype.
Note that the other rectangles of II and II’, not shown in Figure 2.5, are
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FIGURE 2.5. A flype

allowed to pass through [01; 03] x [¢1; @3], the region where the modification
occurs.

If IT — II' is a flype and T is the transformation of rectangular diagrams
induced by the map (0, ) — (=6, ), then T(IT) — T(IT') is also called a

flype.

To complete Definitions 2.3-2.7 we need to define the respective mor-
phisms [ — 1’ in each case. In [1] we described an isotopy from 1 to
I , which can be continued to the whole of S? thus producing the required
morphism. Here we outline the general principles of the construction.

First, let IT — IT’ be any basic move other than an exchange move. Then
there are open discs or open half-discs d I and & < T’ such that

= |J 7 Zz’:U?

rell \ I rell’ \II

(by an open half-disc in a surface F' we mean an open subset d — F' such
that d is homeomorphic to {(z,y) € R? | 22 +y? < 1,y > 0}, and d\ d is not
a single point). There is also an open 3-ball B < S? such that B ATl = d and
BAII' = d. The morphism I ~— IT’ is represented by any homeomorphism
(S3,1I) — (S3,1II') which is identical outside B.

Now let IT — II’ be a vertical exchange move. We use the notation from
Definition 2.6. Pick an € > 0 so small that no occupied meridian of IT is
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contained in
(01561 + €] U [ — 302 + ] U [03 —£;03)) x S

Choose self-homeomorphisms v, ¢ of S' such that:
(1) 91(0) = ¢p2(0) = 0 if 0 € [03; 64 ];
(2) ¥1(0) =9 (f(0)) if 0 € [01 + &;02 —€l;
(3) ¥2(0) = ¢ (f(0)) if 0 € [0 + ;05 — €.

Here and in the sequel we use the open book decomposition of S® with the

binding SL_, and pages of the form

Py =100} *SL_,, 6y eSh.
In other words, for any 6y € S!, the page &%, is defined by the equation
0 = 0.

The union 771 U 75 is a 2-disc. There is a small open neighborhood U of
this disc such that U is disjoint from II, S3\ U is hogeomorphic to a closed
3-ball, and, for any 6y € [f1; 03], the intersection of U with the page Yy, is
a regular neighborhood of (71 U T2) N Py, in Hy,.

For any 6 € [01;03], the complement &%\ U is a union of two closed
2-discs, which we denote by &%) and 7 using the following rule:

Py 0 Sro < lp2i 1], P§ S < [p1392].
There is then an embedding o:S3\U — S? such that:
(1) o(Il) =
(2) o is identical on S!_j\ U;
(3) if 6 € [03;01], then o(F\U) < Py;
(4) if 0 € [01;05], then o(Py) © Py, 9y and 0(F) = Py, (9)-

This embedding can be extended to a homeomorphism S? — S3 that rep-
resents the morphism IT — II’ assigned to the exchange move IT — II'.

Definition 2.8. Let II be a rectangular diagram of a surface, and let X be
a subset of JII. A basic move II — II’ is said to be fized on X if X < oIl
and the types of any v € X as a vertex of IT and as a vertex of II' (which
are ‘ /7 or ‘\”) coincide.

Theorem 2.9. Let IT and IT' be rectangular diagrams of surfaces, and let
R be a rectangular diagram of a link such that L = Risa (possibly empty)
sublink of OIl. Let also & be a self-homeomorphism of S3 that takes I to
II'. Then the following two conditions are equivalent.
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(i) There exists an isotopy from id|gs to ¢ fixzed on L and such that the
tangent plane to the surface at any point p € L is preserved during
the isotopy.

(ii) There exists a sequence of basic moves fixed on R

N=Iy—1; —...—>Iy=1I
such that the composition of the corresponding morphisms is [¢].

The proof of Theorem 2.9 will be given in full generality in Section 7.
The hardest part of the proof is the subject of Section 6 (Proposition 6.1),
where we restrict ourselves to the case R = 01I.

3. BUBBLE MOVES

Definition 3.1. Let r = [01;605] X [¢1; p2] be a rectangle of a rectangular
diagram of a surface II, and the points 03,604 € (61;62) be such that no
occupied meridian of II lies in the domain [f3;6,] x S!, and the rectangle
[03;04] x [p1; 2] is not contained in the interior of any rectangle in II.
Then the passage from II to II' = IT U {r1,re, 73} \ {r} (assigned with the

morphism II — I’ described below), where
r1 = [01;03]) x [@1;592], 12 =1[03;04] X [@2;01], 73 =[04;02] X [@1;02],

is called a vertical bubble creation move, and the inverse passage II' — II a
vertical bubble reduction move. R R

One can see that the transition from II to II’ is a replacement of the
interior of the two-disc 7 with the interior of the two-disc d = 71 U Ty U T3,
and we have 7 nd = 0r = 0d. The interior of both discs lies in the
domain 0 € (01;602). For any 0 € (01;02), the intersection of each of the
discs with 2y is an arc, and the two arcs 7 N Yy and d N Py enclose a
2-disc whose interior is disjoint from II. This implies that there exists a
self-homeomorphism ¢ of S preserving each page & and taking II to IT'.
The morphism [¢] is the one assigned to the bubble creation move IT — IT'.

Horizontal bubble creation and reduction moves are defined similarly with
the roles of § and ¢ exchanged.

Bubble moves are illustrated in Figure 3.1.
Lemma 3.2. Any bubble move of rectangular diagrams of surfaces can be
decomposed into basic moves.

Proof. Let IT, II' be as in Definition 3.1. Pick (65;6s) < (01;63) so close to
61 that no occupied meridian of II lies in the domain (61;6g]. Define I1” to
be IT v {r],ry, 5}, where

ry = [01;05] x [p1;02], 1 =1[05;06] X [@2;01], T35 =[06;02] X [1;p2].
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FIGURE 3.1. Bubble moves

Then II — II” is a wrinkle creation move, and IT” — II’ is an exchange move.
It is elementary to verify that the composition of the respective morphisms
yields the morphism assigned to the bubble creation move I — IT'. ]

4. MOVIE DIAGRAMS

Definition 4.1. By a non-crossing chord diagram we mean a finite set

" /"

{{(70/17901}7 {(10’2790,2/ 3 ey {Spfrn7(70m}}
of unordered pairs (which are referred as chords) of points of S! such that,
for any i,j = 1,...,m, i # j, we have either {¢}, ¢!} < (gp}; go"f) or

{oh, o} < (gp;( ; @3) The set of all non-crossing chord diagrams is denoted

by ¢ and endowed with a discrete topology.

Definition 4.2. Let C; and C5 be two non-crossing chord diagrams. We
say that the passage from C to Cy is an admissible event if, for some
©1,02,...,05 € St k > 2, following on S' in the same circular order as
listed, one of the diagrams (whichever of the two) can be obtained from the
other in one of the following ways:

(1) replacing
{p1, 02}, {ps, 04}y {pr—1, 08}
with
{p2, 03}, {pa, 05}, - - . {pr—2, -1}
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(provided k is even);
(2) replacing
{1, 02}, {p3, 04}, -, {por—2, Pr—1}
with
{2, 03}, {pa, 5}, -5 {pn—1, on}
(provided k is odd);

(3) replacing
{o1, 02}, {ps, at - {1, on}
with
(02 @8}, (94,05 (k-2 k-1h 0k 1)
(provided k > 4 is even).

The points @1, ..., ¢ € S! are then said to be involved in the event.

To specify an admissible event we indicate which chords are removed and
which are added, separating the two lists by a ‘~»’ sign. The two extreme
cases, when no chord is removed and just one added, or no one is added
and just one removed, are allowed. For instance, the following are valid
specifications of admissible events (provided that 1, @2, @3, @4 follow on
St in the same circular order as listed):

{¢1,p2} ~ @, D ~ {1, 92},
{o1, 02} ~ {2, p3}, {o1, 2}, {93, 0a} ~ {02, p3}, {pa, 1}

Definition 4.3. A movie diagram is a left continuous map ¥ : S! — ¢ with
finitely many discontinuities, such that, for any discontinuity point 6y € S*,
the passage from Cyp = ¥(6y) to C1 = limg_g,+0 ¥(f) is an admissible
event.

When VU is a movie diagram, and 6y € S!, we denote limg_,g,+0 ¥(6) by
U(fy + 0) for brevity. We also denote by ®(¥) the set of all ¢y € St such
that for some 6p, o1 € St the non-crossing chord diagram ¥(fy) contains
the chord {wo, ¥1}.

Definition 4.4. Let ¥ be a movie diagram. We say that a surface F  S3
represents W if the following conditions hold:

(1) Fn Sl:o = Q(V);

T

(2) for any 6 € S!, each connected component of the intersection Py N F is
either an arc or a star-like graph whose edges join a few points in Si:o
with a vertex located in the interior of Zy;

(3) for any 0 € S!, the points ¢, " € SI_, are in the same connected
component of &y n F if and only if one of the following occurs:

o {¢,¢"} e U(0);
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e U has an event at 6 and ¢, " are involved in it;

(4) there are only finitely many points at which F is tangent to some page

Py.

Definition 4.5. For every rectangular diagram of a surface II we define
the associated movie diagram Vi by requesting that, whenever mg, is not
an occupied meridian of IT, we have {¢1, 2} € ¥r(6y) if and only if the
following holds: there exist 61,6, € S! such that 6y € (61;02) and either

[01; 02] x [p1; 2] € LT or [01;02] x [p2; 1] € 11

Proposition 4.6 below, which follows easily from definitions, gives another
characterization of ¥pj.

Proposition 4.6. LetII be a rectangular diagram of a surface, and let ¥ be
a mouvie diagram. Then the surface 11 represents W if and only if ¥ = Wyy.

We omit the easy proof. For the reason which is clear from this statement,
we say that a rectangular diagram of a surface Il represents a movie diagram
¥ if U = Uy or, equivalently, if IT represents W.

Example 4.7. Shown in Figure 4.1 are a rectangular diagram of a surface
IT and the intersections of the pages &y with the surface II. The topology
of these intersections is the information encoded in the movie diagram .

Note that if my, is an occupied meridian of II that contains exactly two
vertices of II and no vertices from ¢II, then, from the topological point of
view, the intersection #p, N II has no singularity, and there is no event of
Uy at the moment 6. (For instance, such a situation occurs in the case
shown in Figure 4.1 for the midpoint of the interval (67;6g). What does
change in &y N I1 at this moment is the relative position of the arc joining
1 with ¢7 and the point &y n Sizl.) In particular, a vertical bubble move
applied to II does not change .

Definition 4.8. Let F; and F5 be two surfaces representing the same movie
diagram. A morphism from F; to F5 is said to be canonical if it can be
represented by a self-homeomorphism of S that fixes S1_, pointwise and
preserves every page &y. Such a morphism is clearly unique, so it will be
referred to as the canonical morphism from F} to F5.

Proposition 4.9. (i) Any movie diagram has the form Yy for some
rectangular diagram of a surface II.

(ii) We have Wy = Yy if and only if the diagrams I1 and 1" are related
by a finite sequence of vertical bubble moves and vertical half-wrinkle moves
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¥10-
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FIGURE 4.1. A rectangular diagram of a surface II and the

topology of the intersections II N &y for various 6
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preserving the boundary of the diagram. Any such sequence induces the
canonical morphism m— 11

Proof. The fact that vertical bubble and half-wrinkle moves induce the
canonical morphisms between the respective surfaces follows easily from
the definitions of the moves (Definitions 3.1 and 2.4). So, we need only to
explain how to recover a rectangular diagram of a surface II from W, and
to show that the arbitrariness in this procedure amounts to an application
of a sequence of vertical bubble and half-wrinkle moves to II. We provide
a sketch only, since the details are pretty elementary.

We need some preparation before describing the procedure. For a non-
crossing chord diagram C, by a region of C' we mean a union of intervals

R = (p1;02) U ... U (pan-1;p2) < S'
such that:
(1) R is disjoint from any chord of C;
(2) {p2, 93}, {p2k—2, Pax—1}, {2k, p1} are chords of C.
The subset {¢1, P2, ..., par} = St will be referred to as the boundary of R
and denoted OR.

In other words, a region of C is a maximal subset R of S! such that, for
any two distinct points ¢’, ¢” of R, the addition of {¢',¢"} to C yields a
non-crossing chord diagram.

Clearly, any two distinct regions of C' are disjoint, and their boundaries
are either disjoint or have exactly two points in common, which form a
chord of C. In the latter case the regions are called neighboring.

Denote by T'(C) the graph whose vertices are regions of C, and edges
are pairs of neighboring regions. This graph is obviously a tree. The set
of all subsets of S' that have the form of a union of finitely many pairwise
disjoint open intervals is denoted by Z.

Let II be a rectangular diagram of a surface. For every fy € S! such
that my, is not an occupied meridian of II, define Ry;(6p) to be the region
Q(09) nSL_, of Wr(fy), where () is the connected component of P, \II
that contains the point %%, NS._;. One can see that the following equality
is an equivalent characterization of Ry(6p):

{60} x Ru(60) = ma, \ | 7 (4.1)
rell

The function Ry is clearly constant on every open interval between two
occupied meridians of II. We extend Ry to be a left continuous map St — Z
(the set Z is endowed with a discrete topology).

The diagram II can be uniquely recovered from the union [ J, .y 7. Indeed,
IT is the set of all maximal rectangles (with respect to inclusion) contained
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in (J,erp 7. Therefore, it can also be uniquely recovered from Rp. Indeed,
due to (4.1), the union | J, o7 is the closure of T2\ (Jyes: ({6} x Ru(6)).

Suppose that my, is an occupied meridian of IT containing at least three
vertices of II. Then W(6y) — Wr(fy + 0) is an admissible event involving
at least three points of S!. One can see that there are unique regions of
Upp(fp) and Wi (6y + 0) whose closure contains all the points of St involved
in the event, and these regions are Ry(6p) and Ry (6 + 0), respectively.

Now suppose that a meridian my, contains exactly two vertices of II, and
they belong to JIl. This means that the event ¥i(6y) — Wr(6p + 0) either
has the form {¢’, "} ~» & or @ ~ {¢/,¢"}. In the former case, there are
two regions of Wr(#y) whose boundary contain ¢’ and ¢”, and one of them
is R(0p). By applying a vertical half-wrinkle creation move keeping Wiy
unaltered we can change Ryj(6p) to the other one. The region Ryj(6p+0) is
prescribed by Wy, and this is the unique region of ¥(6y+ 0) that contains
¢ and ¢".

Similarly, if the event ¥i(6p) — Wr(fg + 0) has the form & ~ {¢', "},
then Ryp(6p) is prescribed by Wiy, whereas there are two regions of Wy(69+0)
that are eligible for Ry(6g+0), and the choice can be changed by a vertical
half-wrinkle creation move applied to II.

We are ready to give a recipe for constructing a rectangular diagram of
a surface representing a given movie diagram. Let ¥ be an arbitrary movie
diagram. Pick a function R : S — % having the following properties:

(1) R is left continuous and has finitely many discontinuity points;
(2) R(0) is a region of W(#) for all § € St;

(3) if no admissible event of ¥ occurs at 0 € S' and R(0g) # R(6p+0),
then R(0y) and R(6y + 0) are neighboring regions of W(6p);

(4) if an admissible event of ¥ occurs at 6, 6y € St, then R(fy) and
R(0g + 0) contain all points involved in the event;

(5) we have | Jyq1 R(0) = St

To see that such R does exist, let 6’,0” be the moments of two successive
events of ¥. We start by defining R(6" + 0) and R(6”) to comply with
condition (4) above. These are two regions of ¥(6”) = ¥(¢# + 0), and R
can be defined on the whole interval (6’; 8”] to satisfy conditions (1)-(3) due
to the fact that the graph T(¥(6”)) is connected, and ¥(0) is constant for
6 € (0';0"]. This is done independently for all intervals between any two
successive events.

To see that condition (5) can also be met by R, note that the graph
T(C) is connected for any non-crossing chord diagram C, and the closure
of the union of all regions of C is the entire circle S'. So, if R satisfies
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conditions (1)-(4), but not (5), we choose an interval [f1;603) on which U is
constant and modify the values of R in it so as to let R(6), 6 € [0;1;02) visit
all vertices of the tree T'(¥(6;)). This can clearly be done without violating
conditions (1)-(4).

Now we let II be the collection of maximal rectangles contained in the
closure of T2\ (Jpest ({0} x Rii(0)). We leave it to the reader to verify that
IT is a rectangular diagram of a surface such that ¥ = Wy;.

The arbitrariness in the construction of II has the following two sources.
First, if at some moment g, an admissible event {¢’, "} ~~ & (or, respec-
tively, @ ~ {¢', ¢"}) occurs in ¥, then R(fy) (respectively, R(6p + 0)) can
be chosen in two different ways. As mentioned above, a vertical half-wrinkle
move can be used to change the choice.

Second, there is a large freedom in defining R on an interval (6';6"]
between two successive events of ¥, provided that R(6' + 0) and R(#") are
already fixed. Different choices correspond to different paths from R(6'+0)
to R(#") in the graph T'(¥(6")). Since this graph is a tree, different choices
are related by a sequence of the following operations and their inverses.

Let ¥ and R be constant on an interval [01;602], and let [f3;64] be a
subinterval of (0;;62). Change the value of R on (63;64] to any region of
U(61) which is neighboring to R(61) = R(63).

One can see that such an operation results in a vertical bubble creation
move performed on II. This completes the proof of the proposition. ]

It is often useful to look at a movie diagram ¥ ‘from inside a surface
representing W’. Let F' be such a surface. We denote by %5 the singular
foliation induced on F' by the open book decomposition {y}pcsi. More
precisely, the foliation .#r is defined on F \Sizo. The leaves of . are
connected components of the intersections F' n (P5\SL_,), 6 € St.

The points in F' mS,lr:O, where .% r is not defined, are referred to as vertices
of . Unless otherwise specified, we adopt a purely topological point of
view on . and regard all points p € F\Sizo such that a sufficiently small
neighborhood of p is foliated by open arcs as reqular. So, singularities of
Zp are such points in F\'S!_, that do not have an open neighborhood
foliated by open arcs. Leaves containing a singularity are called singular
(and otherwise regular). Connected components of the set of regular points
of a singular leaf are called separatrices. The behavior of % near vertices
and some singularities is shown in Figure 4.2.

If F and F’ are two surfaces representing the same movie diagram ¥, then
there is a homeomorphism representing the canonical morphism F — F’
that takes .Zp to Z#p. In other words, the topological structure of .%p
does not depend on the concrete choice of F. For this reason we will use
the notation Zy for any foliation .#r with F representing W.
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FIGURE 4.2. Foliation .#p around vertices and singularities
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Let ¥ be a movie diagram. Quite clearly, the topological type of Zy
with a little more data allows to completely recover W. The additional
data include the value of ¢ at the vertices of .y, the value of 6 at the
singularities of %y, and the coorientation of .#g defined by df. So, to
illustrate an alteration of W it is sometimes more convenient to show the
alteration of Zy (and of the additional data).

5. MOVES OF MOVIE DIAGRAMS

Definition 5.1. Let ¥ and ¥’ be movie diagrams. A morphism from ¥ to
U’ is a maximal collection x of morphisms of surfaces F' — F” representing
U and W', respectively, such that if y: I — F’ and uy : F; — F}] are two
morphisms belonging to x, then ¢’ o u = py o o, where o : F — F; and
o' : F' — FY| are the canonical morphisms.

By a move of movie diagrams we mean a pair (¥, ¥’) of movie diagrams
assigned with a morphism y from ¥ to ¥’. For such a move we use the
notation W +— W or ¥ & W or ¥ &5 U if p e y.

Let F,F' < S? be two surfaces, and let ¢ be a self-homeomorphism of
S3 taking F to F'. If ¢ is identical outside of a 3-ball B intersecting each
of F and F’ in an open disc or an open half-disc we call ¢ an elementary
isotopy from F to F' supported on B.

We define below several types of moves of movie diagrams. In each case
except the one of a rescaling move, for which the corresponding morphism
is described explicitly, the morphism assigned to the move is induced either
by an elementary isotopy or by a composition of two elementary isotopies
supported on two disjoint 3-balls. So, to define the morphisms assigned to
the moves it suffices to specify the altered part of the respective surfaces.

Definition 5.2. Let ¥ and ¥’ be two movie diagrams such that there exist
pairwise distinct @1, @9, 03,04 € S' and distinct 61,69 € S satisfying the
following conditions:
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(1) the intersection of [p1;ps] with ®(W¥) is empty;
(2) there are no events of ¥ in the interval [61; 62]
(3) if 6 € (01; 03], then ¥/ () is obtained from W(#) by replacing {ys, p4}
with {1, 04} and {2, s}
(4) if 0 € (62; 61], then ¥’'(0) is obtained from ¥(#) by adding the chord
{(:017 902}'
Then we say that ¥ — VU’ is a finger move, and ¥’ — W is an inverse
finger move. Surfaces representing ¥ and ¥’ can be chosen to be related
by an elementary isotopy; encircled in the dashed line in Figure 5.1 are

the intersections of the surfaces with the 3-ball on which the elementary
isotopy is supported.

¥3
N
—
P4

FIGURE 5.1. Change of the foliation .#y under a finger
move. The arrows show the coorientation of the foliation

¥3

4

Definition 5.3. Let ¥ and ¥’ be two movie diagrams with ®(¥) = &(U’)
and, for some distinct 6,69 € S, the following conditions hold:

(1) for any 6 € (02;61] we have ¥(0) = ¥'(0);

(2) there is exactly one event of ¥ in the interval [0;;6a];
(3) there are two events e, es of U/ at the moments 6 and 6, respec-

tively, and no events in (01;62);

(4) the non-crossing chord diagram ¥’'(f3) contains an arc {¢1, @2} not
present in W'(A1) and ¥/ (63 + 0);

(5) all points of S! involved in e; (respectively, es) are contained in

[p2; 1] (respectively, [p1;@2]).
Then we say that U +— U’ is a splitting of an event, and ¥’ — W is a merging
of events. The morphisms assigned to these moves are again induced by an
elementary isotopy supported on a 3-ball B that contains no vertices and

only those singularities of .%y,.%¢ that correspond to the events in which
U and ¥’ differ.
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A few examples of how the foliation .#y changes under a splitting of an
event is shown in Figure 5.2. Encircled in the dashed line are the intersec-
tions of the surfaces with B.

FIGURE 5.2. Change of the foliation .#y under a splitting
of an event

Definition 5.4. Let ¥ and ¥’ be two movie diagrams such that, for some
01,02,05 € St, O3 € (61;63), the non-crossing chord diagrams ¥(#) and
U’(0) coincide for all 6§ € (03;61], and no event of ¥ or ¥ occur in the
union of intervals (01;62) U (62;63). Suppose also that there are pairwise
distinct o1, 2, ©3, 6, v5, s € S! following on S! in the same or opposite
circular order as listed (observe that it is not the natural one) such that
the following events occur at the moments 601, 62, 03:

\\ o’
{©3, 04}, {ws, 5} ~

0 no event
' {3, 06}, {5, pa}
0y {1, 02}, {93, pa} ~ {1,902}, {3, 6} ~

{1, 04}, {02, p3} {©1, 06}, {02, @3}

g, | 191,04 {0, 05}~
{1, 06}, {05, pa}
Then ¥ — U’ is called a special commutation.

no event
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We also use this term for a move whose definition is similar with the only
distinction that g is not involved. Thus, the events in ¥ and ¥’ at the

moments 61, 05, 03 are:

7 o7
0, no event {3, 04}, {w6, 05} ~
{©3, 06}, {©5, pa}
0 {3, pa} ~ {1, pa} {3,906} ~ {01, 06}
6, | 1912} (w6, 05} ~~ o ent
{©1, 06}, {5, a}

The morphism assigned to the special commutation is induced by an ele-
mentary isotopy supported on a 3-ball B similarly to Definition 5.3. Fi-
gure 5.3 illustrates the difference between the foliations .#y and %y, where
the intersections of the surfaces with B are encircled in the dashed line.

O P2 —>  Pr0E

(2! ¥3
Q

!

AL

F1GURE 5.3. Change of the foliation under a special commutation

Two admissible events C; — Cy and C] — () are considered equal if
they ‘do the same’, that is, remove the same chords, and add the same

chords:

C1\Cy = C1\ Cs,

Cy\ Cp = CH\ C.

Definition 5.5. Let ¥ and ¥’ be two movie diagrams such that, for some

distinct 0y, 605 € S, the following holds:
(1) w(0) = V'(0) for all 0 € [03;04];
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(2) each of ¥ and ¥’ has exactly two events in the interval (6;;63), these
events for U’ are the same as for ¥, but follow in the opposite order.

Then we say that U +— U’ is a (non-special) commutation.

The morphism assigned to a commutation ¥ — ¥’ is a composition of
two morphisms that can be represented by elementary isotopies supported
on two 3-balls which are disjoint from one another and from S!_, such that
each of them contains exactly one singularity of each of .#y and .#,.

Definition 5.6. Let ¥ be a movie diagram, and let ' < S3 be a surface
representing W. Let also f, g be orientation preserving homeomorphisms of
St. There is a unique movie diagram ¥’ represented by (f * g)(F). This
diagram can be formally written as

V= (S*f)oTog™,
where S2 f is the self-homeomorphism of the symmetric square S?S' induced
by f.
In this situation, the passage ¥ ELN U’ is called a rescaling.

Lemma 5.7. Let U 2 U be one of the moves introduced by any of the
Definitions 5.2-5.6. Then there exist rectangular diagrams of surfaces 11
and IT' representing ¥ and W', respectively, and a sequence of basic moves
not including half-wrinkle moves

=1y I — ... =17 (5.1)

such that the move I1;_1 — II; is fized on NI N OIT' for alli =1,...,k, and
the morphism 11 — II' obtained by composing the moves (5.1) represents x.

Proof. We consider all types of moves one by one. The fact that the
morphism obtained from the constructed sequence of basic moves is y, is
pretty obvious in each case. So, we concentrate on the description of the
decomposition.

Case 1: U & U is a finger move. We use the notation from Definition 5.2.
Since ¥ has no events in the interval [f1; 62], we may choose a rectangular
diagram of a surface II so that ¥ = Wy and II has no occupied meridians
in (A1;02) x S'. Since {3, 4} € ¥(0) for all § € [01; 6] we may additionally
ensure that IT contains the rectangle r = [01; 03] x [04; 03].

Let I’ be the rectangular diagram of a surface obtained from II by re-
placing r with the rectangles

[01; 02] x [pa; 1] [01; 02] % [p2; 03], [02; 61] % [p1; p2] -

One can see that W' = Wy, and II — II’ is a horizontal bubble creation
move, which completes the proof in this case.
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Case 2: U & U is a splitting of an event. We use the notation from
Definition 5.3. A rectangular diagram of a surface II’ such that ¥/ = Wy
can be chosen so that the following two rectangles belong to IT':

601; 03] x [p1; 2], 03; 02] % [p2; 1],

where 603 is the midpoint of the interval [f1;62]. We may also ensure that
II' has no occupied meridians in the domain (61;62) x S! except me, .

There is then a vertical wrinkle reduction move IT" — II reducing these
two rectangles and producing a diagram II such that ¥ = Wy;. This case is
also done.

Case 3: U5 W s q spectal commutation. We will use the notation from
Definition 5.4. Without loss of generality, assume that @1, v2, @3, Vg, ©5, V4
follow on S' in the same cyclic order as listed. We consider the first version
of the move (with @9 involved).

We may choose a rectangular diagram of a surface II such that ¥ = Wy,
and II has no occupied meridians in the domain ([01;62) U (62;63)) x S'.
By applying a vertical bubble creation move, we may achieve that II has
rectangles of the form

ro = [04;01] % [04; 03], r1 = [01;02] % [03;04], 64 € (03;01) .

It follows from Definition 5.4 that there are also the following rectangles in
II:

ro = [02; 03] X [@a; 1], 13 =1[03:05] X [p5;04], T4 = [06;03] X [@s; 5],
5 = [03;07] < [p1506], 76 = [08;02] X [p1;02], 17 = [02;09] X [p2; 3]

for some 05, ...,09 € S' (see Figure 5.4).
Let I be a rectangular diagram of a surface obtained by replacing the
rectangles ri,ro, r3, r4 with

ry = [01;602] % [3; 06) » ry = [02; 03] x [p6; 1],
5 = [61;65] X [¢5; @4] Ty = [06;61] X [@6; 5] -

Then IT — II’ is a flype (the roles of 74,7}, i = 1,2, 3,4, here are the same
as in Definition 2.7) and II' represents W',

For the ‘simplified’ version of the move the argument is exactly the same,
one only has to ignore rectangles rg and r7, which are now not present in
the diagrams.

Case 4: U X U s a non-spectal commutation. We use the notation from
Definition 5.5 and the construction from the proof of Proposition 4.9.

Let ¢}, ¢h, ..., ¢} € St (respectively, ¢}, ¢h, ..., ¢/ € S') be the points
involved in the first (respectively, the second) event of ¥ occurring in the
interval [01;03], and let € (respectively, 8”) be the exact moment of this
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o] [ m 5
()04 - = (p4-— —_——
P5- = P5- - ,
g T4 g T} E
¥Y6- — V6- -
T5 ,rll
P3- - - P3- - -
P2- - P2- - _
P1- - P1- -
T 5
01 92 93 91 ‘92 93
H/

FIGURE 5.4. Realizing a special commutation by means of a flype

event. Exchangeability of the events means that there are a region Ry of
U (0") = W(# + 0) and points @1, 2 € Ry such that

Ol by 0k € (025 1) Ol s 0] € (P15 02) -

Moreover, there are regions Ry of ¥(6’) = ¥(#;) and Rz of U(§"+0) = ¥(63)
also containing @1, 2.

Choose 65 € (0';0") and a rectangular diagram of a surface II representing
U such that:

(2) on the intervals (61;6"), (6';62), (62;6"), (8”;03), the diagram IT

realizes the shortest paths:
e from R; to Rp(6’) on the tree T'(¥(6")),
)
(

e from Rp(0' + 0) to Ry on the tree T(¥(6”)),

e from Ry to Rp(0”) on the tree T(¥(6”)), and

e from Rp(0” 4 0) to R3 on the tree T'(V(63)),
respectively.

Then II satisfies all the conditions of Definition 2.6 (with 61, 62, 03, ©1, P2
playing the same role), so, an exchange move can be applied to II, which
will exchange the events that occur at #; and 6 in ¥. This exchange move
can be chosen so as to obtain II' representing W’.

Case 5: U * W' is a rescaling. We use the notation from Definition 5.6.
Choose any rectangular diagram II with Wy = W. It suffices to consider
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the case when the homeomorphism f x g : T? — T? is identical outside
an annulus containing the whole of exactly one occupied level x of II, and
such that x is the midline of the annulus. Indeed, a general rescaling can
be decomposed into a sequence of such, ‘elementary’, rescalings.

Let IT" = (f xg)(IT). The transformation IT — II’ can be decomposed into
two basic moves: first, a wrinkle creation, and second, a wrinkle reduction.
The arbitrariness in the definition of these moves allows the second one to
be inverse to the first one in the combinatorial, but not in the geometrical,
sense. ]

6. THE FIXED BOUNDARY CASE

Proposition 6.1. Let IT and II' be rectangular diagrams of surfaces having
common boundary, 011 = 0II'. Suppose that there are a self-homeomorphism
b1 of S? that takes I1 to I, and an isotopy (Dt)tefo;1] from ¢o = id|ss to @1

fixed on the boundary o1l and keeping fized the tangent plane to the surface
at every point of o1l

Then there exists a sequence of basic moves producing II' from II such
that all the moves in it are fixed on OIl, and the composition of all the
moves induces the morphism [¢1].

Proof. For brevity, we denote qﬁt(ﬁ) by Fi, t € [0;1]. In particular, F = I1.
The singular foliation induced by the open book decomposition { Py} gest
on the surface Fy\Sl_, will be denoted by .Z%;.

We are going to convert the isotopy ¢ into a sequence of basic moves.
This is done in the following four steps.

Step 1: Alter ¢ slightly to make it ‘as generic as possible’” with respect to
the induced family of foliations .%;.

Namely, we disturb ¢ slightly so that, for all but finitely many values of
t, the following holds (in which case the foliation .%; is said to be generic):

(1) the surface Fy is transverse to S1_,,

(2) the foliation .%;, geometrically, has only Morse type singularities in the
interior of Fj,

(3) each page contains at most one of the following:
e a singularity of .%; at an interior point of Fy,
e an arc contained in 0F; = 0Fy,

(4) at each point in 0F; nSL1_; (where the boundary of the surface usually
has a singularity, and the surface is tangent to a page &), the foliation
7 either has no topological singularity or has a ‘half-saddle’ singularity
(illustrated by the central picture in the bottom row in Figure 4.2).
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Moreover, we assume that the violations of these rules that occur at excep-
tional moments ¢ cannot be resolved in a one-parametric family by a small
perturbation. Here is the full list of what can happen at such moments:

(1) there is a tangency point of Fy and S!_,,
(2) % has multiple saddle singularities, ¢ = 0 or 1,

(3) there is a page Py containing either two singularities of .%; or an
arc of 0F; and a singularity of .%; outside of this arc,

(4) the foliation .%; has an index zero non-Morse-type geometric singu-
larity in an interior point.

Consider these situations one by one in more detail.

Tangency with Si:o- A tangency of F; and Si:o is persistent under small
perturbations if two vertices of .%; are created or disappear at this moment.
We may assume that the second fundamental form of the surface is non-
degenerate at the tangency point. If it is sign-definite, then a creation of two
vertices of .#; is accompanied by an annihilation of two center singularities.
If the second fundamental form is indefinite, then a creation of two vertices
is accompanied by a creation of two saddle singularities. This is illustrated
in Figure 6.1.

| f

FIGURE 6.1. Creation and cancellation of two vertices of .%;

Multiple saddles. By definition, the surfaces Fy and F) are tangent to the
respective pages at all points of their intersections with Sizl. At all such
points, the foliation .%;, t = 0, 1, has geometrical singularities, which are,
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in general, multiple saddles. The multiplicity of a saddle s is defined as
(m —2)/2 if s is an interior point of the surface and otherwise as (m — 2),
where m is the number of separatrices approaching s. Zero multiplicity
saddles are regular points from the topological point of view.

By a small perturbation of the surface all multiple saddles of multi-
plicities greater than one can be resolved into ordinary (multiplicity one)
saddles, and zero multiplicity saddles at interior points can be smoothed
out to become geometrically regular points.

Note that to specify a resolution it suffices to show how the foliation .#;
changes near the singularity. Indeed, for a fixed ¢, the embedding ¢:|r,
can be viewed as three functions, 0, ¢, and 7 defined on Fy (with 6 and
¢ taking values in S! and not everywhere defined). At a singularity, the
surface is tangent to a page $y, so, small deformations in the #-direction
are safe in the sense that they will not prevent the respective map Fy — S3
from being an embedding. Deformation in the 6-direction means keeping
the functions ¢ and 7 fixed while altering #. And to specify the alteration
of the latter it suffices to specify how the foliation .%; changes.

All multiple saddles must be resolved at the beginning of the isotopy and
turned into multiple saddles back (probably in a different way) at the last
moment.

Two singularities in a single page. At each moment ¢, the values of 6 at
singularities of .%#; and on 0F; are called critical. Critical values of 6 may
eventually coincide. In a one-parametric family of surfaces this situation
is persisting if two critical values are going to be exchanged. Such an
unavoidable coincidence of two critical values of # will be referred to as a
collision.

A non-Morse-type geometrical singularity. Finally, there could be moments
at which a saddle—center pair of singularities is born or cancelled. At such
moments the foliation .%; has an index zero non-Morse-type singularity at
an interior point.

Step 2: Turn the isotopy into a sequence of moves of movie diagrams. Let
to=0<t; <ty <...<t, =1Dbethe moments at which .%; is not generic,
and let € > 0 be smaller than half the distance between ¢; 1 and ¢; for any
1=1,2,...,m.

By taking e sufficiently small and modifying ¢ slightly if necessary, we
may assume that ¢y, e o ¢, ! _is an elementary isotopy from ¢, .(Fp) to
Gt,+e(Fo), © = 1,...,m — 1, supported on a small ball containing only
those singularities and vertices of .%;, . that are directly involved in the
combinatorial change of the foliation (in the case of a collision, just one of
the two collided singularities).
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For t € (t1;t,—1) the foliation .%; might have closed leaves, in which case
it cannot be encoded by a movie diagram. We overcome this as follows.

In the proof of 3, Proposition 5| we described a procedure allowing to
deform an individual generic surface so that all intersections of the obtained
surface with every page become simply connected. It is based on an idea
borrowed from [4] and consists of operations that are called finger moves
in [3]. The operations we define below are slightly more general than those
in [3]. We call them geometric finger moves to distinguish from finger moves
of movie diagrams (which are a combinatorial version of a particular case
of geometric finger moves).

Definition 6.2. Let F' and F’ be two surfaces related by an elementary
isotopy ( supported on an open 3-ball B. Suppose that there is a closed
3-ball D < B with the following properties:

(1) D intersects S1_, in an arc, and each page % in a 2-disc;

(2) DNF =0DnF =dis a 2-disc disjoint from S!_, and from some page
Py

(3) the boundary of d consists of two smooth arcs transverse to % whose
endpoints are regular points or vertices of .#p;

(4) there is a self-homeomorphism of S? identical outside B which pre-

serve each page %y and takes (0D)AF to F’, where /A stands for the
symmetric difference.

Then the passage F' +— F’ assigned with the morphism [(] is called a geo-
metric finger move. The leaves of .7 intersecting the interior of d are said
to be broken up by this finger move.

If ' and F’ represent movie diagrams ¥ and W', respectively, then the
transformation W L, U’ is also called a geometric finger move.

The effect of a geometric finger move F' — F’ on the foliation .%p de-
pends on the number of center singularities contained in dd (we use the
notation from Definition 6.2). This can be equal to zero, one, or two. The
corresponding changes of the foliation are shown in Figure 6.2, where dd is
shown in the dashed line.

In all three cases, the leaves that are said to be broken up by the geomet-
ric finger move are, indeed, modified in a way justifying this terminology.
If such a leaf is a closed curve it is turned into an arc, and if it is an arc it is
split into two arcs. The leaves that do not intersect d are untouched or just
deformed. The leaves passing through the endpoints of the two smooth arcs
transverse to .#p that form dd are modified by a homotopy equivalence.
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_—>

FIGURE 6.2. Change of the foliation under a geometric fin-
ger move

For t € (0;1), denote by Z; the set of all homeomorphisms ¢ : §* < §?
such that:

(1) the transition from F} to +(Fp) assigned with the morphism [ o ¢; '] is
the composition of a sequence of geometric finger moves and ambient
isotopies preserving the open book decomposition and fixed on 0Fp;

(2) Z.(Fy) is generic and has no closed leaves.

As follows from the construction in the proof of |3, Proposition 5| the set
% is non-empty for all t ¢ {t1,...,t,}. One can also show that the large
arbitrariness in the choice of a way of breaking up closed leaves of .#;
allows one to proceed from one choice to another by means of geometric
finger moves, their inverses, and rescalings without letting any of the closed
leaves to recover. In other words, for any two elements ¢,: from Z; the
transition from «(Fy) to ¢/(Fy) assigned with the morphism [/ o +7!] can
be decomposed into geometric finger moves, their inverses, and rescalings
performed within %;.

For each element ¢ € 23, the surface ((Fj) represents a unique movie
diagram, which we denote by V,.

For any i = 1,...,m, small enough ¢, and ¢t € (t;—1 +¢&;t; —¢), the
foliation .#; is generic, which implies that ¢¢,_. can be obtained from ¢, 4.
by an ambient isotopy preserving the open book decomposition of S? and
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fixed on 0Fy. Therefore, for any ¢ € %, ,+c there exists /! € Z,_. such

Vo1 . . .
that U, —— W is a rescaling, which means 25, 4. = Z%,_-.

Suppose that, for each i = 1,...,m, two elements ¢}, 1! € 27, | +c = 24,

2771
has been chosen. Then the transformation Wy o, W is the composition

of the following ones:

[¢4] [ouy '] [tpou] '] [15ou; ']
Ty o W Tyt 0,
oyttt ooy 1 ot —1
P S R R I R ey
Lo L II

It follows from what was just said that each transformation

(170~

UV, ———— Uy i=1,...,m,
admits a decomposition into geometric finger moves and rescalings.
Observe that .%; has no closed leaves for t = ¢ or t = 1—¢, hence, ¢. € 2%

and ¢1_. € Z9_.. We take ¢. and ¢1_. for ¢| and ¢/, respectively. We will

/

have that the passage U »h]» \IJL/1 can be decomposed into a sequence of

n —1
splittings of an event, and the passage W,» [froom ],

of mergings of events.
Thus, it remains to do the following two things:

YU into a sequence

(1) show how to implement a geometric finger move within a class 2 by
means of allowed moves of movie diagrams;

(2) show how to choose, for each i = 1,...,m — 1, the elements ¢/

/
z?[’i—}-l SO

[Lg_'_lodb.’_l]
—_—s

that the transformation ¥, \IIL;—i—l can be decomposed into a

sequence of allowed moves of movie diagrams.

We start from the latter.

Suppose that a collision occurs at a moment ¢t = t;, and s, sg are the two
singularities of .#; that belong to the same page. There are the following
five cases of collisions treated differently.

Case 1: one of s; and sz is a center singularity of .%#;,. Without loss of
generality we may assume that s; is a center, and ss is unaltered when ¢
goes from t; — e to t; + €. We may also assume that s; is a local maximum
of | r,, and it moves ‘forward’ when ¢ goes from ¢; —e to t; + ¢, from a page
Py, to a page Py,15, where § > 0 is small (the other cases are symmetric
to this one).
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Clearly, there is an element ¢ € 2%, 4. such that ((Fp) is obtained from
¢t,+¢(Fo) by a sequence of geometric finger moves in which the move elimi-
nating s; breaks up a leaf in each page &%y with 6 € [0p; 6y + ). One can
see that such ¢ belongs also to 2%, ..

Thus, in this case the sets Z%,+. have a non-empty intersection, and we
choose any ¢ = 1j,, € 24, - N 24,4

Case 2: s1 and sy are saddles (one of them may be at the boundary and
have multiplicity zero or one) not connected by a separatrix. Recall that
the surfaces ¢¢,_-(Fp) and ¢¢,4+-(Fp) coincide outside of a small ball B
containing one of the saddles s1, s2. This implies that elements g € 2%, _.
and ¢1 € Z4, 4. can be chosen so that:

(1) ¢p;—c 0 Lal and ¢, 4. 0 Ll_l are identical on B;
2) 1907t is identical outside B;
1

(3) there is an isotopy {t¢}sefo;1) from ¢o to ¢1 such that for all ¢ € [0;1] \{3}

the foliation #,, (g, is generic, and at t = % a collision of s; and sg

OoCcurs.

We let ¢ and ¢; | be ¢o and ¢1, respectively. One can see that

—1
hat 1y,

i+1

)
v
is a non-special commutation.

Special subcase of Case 2: the foliations .%#;, 1. have no closed leaves. We
simply put ¢ = ¢y, and ¢j, ;| = dp;4e.

Cases 3 and 4: s; and sy are saddles which are connected by a separatrix
at the moment of collision, and neither of ﬁ’%_g( Fo)s ‘%’bti +.(Fp) has closed
leaves, so, ¢, +e € Z4,4c. In these cases, we again put ¢/ = ¢y, _. and
L 11 = Pt;+e- Denote by «a the separatrix connecting s; and sg at the
collision moment.

Assume for the moment that none of s; and sy lies at the boundary,
which means that they are ordinary saddles of ngqbt,»

Let 8;,1=1,2,3,4,5,6, be the six separatrices other than o approaching
s1 and sz, numbered in the order in which they intersect the boundary of a
small regular neighborhood of «, and so that £, 82, 83 approach s;. Since
9’(1)%_6(1:0) and ﬂ}btﬁa(f—b) have no closed leaves, the foliation ﬂqsti(po) has
no saddle connection cycles. Therefore, the separatrices (; are pairwise
distinct, and each [3; approaches a vertex of ‘g%ti( Fy)» Which we denote by
V-
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There are two cases here depending on whether the tangent plane to
¢+, (Fo) at p € a makes a half-twist around « relative to #, when p pro-
ceeds from one endpoint of « to the other.

Case 3: No half-twist. The vertices vy, ..., vg follow on Sizo in the same
or opposite cyclic order as their numeration suggests. In this case, by an
isotopy fixed outside a small neighborhood of «, the separatrix a can be

collapsed to a point producing a double saddle out of two ordinary ones.

—1
" ]

OLi

!
Lit1

This means that the transition W, \I/L<+l can be decomposed

into two moves: a merging of events, and a splitting of an event.
Case 4: There is a half-twist. The cyclic order of vy, ..., vg in Si:o is either

v1, U2, V3, Vg, Us, V4
[L;+1OL;,71]
_

or the opposite one. In this case, the passage WV » v, is a

i+1
special commutation.

In Cases 3 and 4, if s; lies at the boundary of the surface, the reasoning
is exactly the same with five separatrices instead of six ones (82 and v

should be omitted).

Case 5: s1 and so are saddles connected by a separatrix, and at least one of
F ¢, and Fy, | has closed leaves. Geometric finger moves allow to break
up not only closed leaves of the foliations .#; but also saddle connections.
So, we can proceed as in Case 2 by choosing the elements 1y € Z,_. and
11 € Z4,+. satisfying the additional requirement that, at the moment of the
collision that occurs during the isotopy between them, no saddle connection
between s1 and so is present.

We are done with collisions.

Now suppose that a tangency of F; and Si:o occurs at a moment ¢ = t;
and two vertices of .#; are created. In this case, the passage from ¢, _.
to ¢, +e is a geometric finger move, therefore 24, . < 24, _.. Similarly, If
a tangency of Fy and S1_, occurs at a moment ¢ = ¢; and two vertices of
F disappear, we have %, . D Z. _.. In these cases, we again pick any
b =iy € Zi—e O Lije.

Suppose that at a moment ¢t = t; a saddle—center pair of .%; is being
born. We may assume that ¢y, - o ¢y, 1_5 is identical outside a small ball B
in which the change of the foliation occurs.

We can find an element ¢ € Z4,_. obtained from ¢¢,_. by a sequence of
geometric finger moves such that ¢ o ¢, EE is identical on B. Then the same
finger moves can be applied to ¢, resulting in a self-homeomorphism ¢/

of S? such that ¢/ o, ~! is identical outside B, and ¢/ o by, is is identical on
B.
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The foliation #, (g, has closed leaves, and all them are the result of the

creation of the saddle—center pair. Let J/(Fp) — F be a geometric finger
move that breaks up all these leaves, and 5 be the corresponding elementary
isotopy. Put ¢ = ¢o/. One can see that t(Fy) — " (Fp) is also a geometric
finger move. This means 1" € 24,_. N 25,4, so, we put ¢ = ¢j, =1".

The situation when a saddle—center pair of .%; is being cancelled at t = t;
is symmetric to this one.

o1 . .
Now let ¢,01 € Z4, t ¢ {t;}", be such that ¥, A2 5 W, is a geometric

finger move. Let v < «(Fp) be an arc transverse to .%,p,) intersecting
(except at the endpoints) exactly those leaves that are broken up by this
move, and let [f1;62] be the interval in which 60|, takes values.

If there are no singularities of .7, (g) in the domain U9€[91;02] Py, then

the passage ¥, LN VU, fits into the definition of a finger move of movie
diagrams.

In general, one can always find a geometric finger move (Fy) — ¢o(Fp)
with 1o € 2 such that the leaves of 7, g broken up by this move intersect

-1
only a small portion of v, and ¥, > U,, is a finger move of movie

diagrams. There is then an isotopy {Lu}ue[o;l] from ¢ to ¢1 such that, for all
u, t(Fp) — tu(Fp) is a geometric finger move such that the leaves of .7, (p)
broken up by this move intersect a portion of v that is lengthening when
grows. This is illustrated in Figure 6.3.

=
Ll(F()) /“

FIGURE 6.3. Realizing a geometric finger move

During this isotopy, the foliation .#,, will remain generic except at
finitely many moments when a collision of one of the two saddles created
by the geometric finger move ¢ — ¢, with another singularity of .%#,, occurs.
For each of these collisions, Case 3, Case 4, or Special subcase of Case 2
considered above takes place, whereas the effect of the isotopy between the
collisions amounts to a rescaling. Hence, there is a decomposition of the
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-1
. L10L, . .
transformation ¥,, ——— W, into a sequence of allowed moves of movie

diagrams.

Thus, we have shown that there is a decomposition of ¥y o, U into

a sequence of moves of movie diagrams introduced by Definitions 5.2-5.6,
which completes Step 2.

Step 3: Represent the evolution of the movie diagram by basic moves
of rectangular diagrams of surfaces. It follows from Proposition 4.9 and
Lemma 5.7 that a sequence of allowed moves of movie diagrams can be
converted into a sequence of basic moves of rectangular diagrams of sur-
faces not including stabilizations and horizontal half-wrinkle moves and
preserving JII. So, a sequence of such moves produces I’ from II and
induces the morphism [¢1] from II to IT".

Step 4: Exclude vertical half-wrinkle moves from the constructed sequence
of basic moves. Let

N=Iy—1I;, -y —...—» Iy =1II

be the sequence of basic moves obtained at the previous step. By construc-
tion, the boundaries of all II; are the same, but the type of each boundary
vertex (‘7 or ‘\’) may vary. Observe that the type of a boundary ver-
tex changes under the move II; +— II;;; only if this move is a vertical
half-wrinkle move (since horizontal half-wrinkle moves are not involved),
which changes simultaneously the types of two boundary vertices forming
a vertical edge.

Pick § > 0 smaller than half the distance between any two distinct ', 6”
such that mg and my» are occupied meridians of II;/, II;#, respectively, for
some j', 7" € {0,1,...,N}.

For each 7 =0,1,2,..., N we construct a rectangular diagram of a sur-
face H;. as follows. If the types of any v € 01l is the same in II; and II, we
put IT; = II;. In particular, IIj = IIp = IT and [T}y = Iy = IT",

Suppose there is a vertical edge {v1, v2} € Ol such that the types of v1, vy
in II and II; disagree. Apply a vertical half-wrinkle creation move to II; so
that:

(1) the boundary of the diagram is preserved;
(2) the types of v1, vo change to the opposite;

(3) the new occupied meridian is at distance § from the meridian con-
taining v; and vs.
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Repeat this procedure with the new diagram in place of II; until all
boundary vertices have the same type in it as they have in II. Let H;. be
the obtained diagram.

One can see the following:

(1) if ITj — II;4q is a vertical half-wrinkle creation (respectively, reduction)
move, then I} — II’ is a vertical wrinkle creation (respectively, re-
duction) move or a rescaling;

(2) if ILj = IIj41 is not a vertical half-wrinkle move, then II” — IT% ,; is a
basic move of the same kind as II; — II,;11;

(3) all the moves II — II%,;, j =0,1,..., N — 1, are fixed on JlII;
(4) for all j = 0,1,..., N, we have \IIH; = Wy, which implies that the
morphism from II to IT' induced by the sequence of moves
=10 — I} » 1 — ... > Iy =1

is still [¢1]. O

7. MODIFYING THE BOUNDARY

Lemma 7.1. Let Il be a rectangular diagram of a surface, and let r € 11
be a rectangle having exactly one, two, or three consecutive vertices at 011
and such that TU' = TI\ {r} is also a rectangular diagram of a surface. Let
also ¢ : (SS,ﬁ’) — (83,ﬁ) be a homeomorphism isotopic to the identity
(in the class of maps (S3,11') — (S3,11)). Then the transformation II — II'
assigned with the morphism [¢] can be decomposed into basic moves fixed
on the boundary components disjoint from V(r).

Proof. There are the following three cases to consider.

Case 1: r shares exactly two common vertices with the other rectangles in
II. The sought-for decomposition is shown in Figure 7.1. First, we apply
an exchange move that replaces r with a ‘thin’ rectangle, and then remove
it by a half-wrinkle reduction move.

{ ] (] ]

L] L L]

FIGURE 7.1. Removing a rectangle having two common ver-
tices with other rectangles
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Case 2: r shares a single common vertex with the other rectangles in II. The
decomposition is shown in Figure 7.2. First, we apply an exchange move,
then a half-wrinkle creation move, and finally, a destabilization move.

{] g O

|

FIGURE 7.2. Removing a rectangle having a single common
vertex with other rectangles

Case 3: r shares exactly three common vertices with the other rectangles
in II. We use the two previously resolved cases. First, we add, one by one,
four new rectangles as shown in Figure 7.3, each sharing a single vertex
with others at the moment of the addition. Then we apply a flype, and
then remove five rectangles, each sharing either one or two vertices with
others at the moment of the removal. O

i il
L [ ol H L
i 1

] [ L

FIGURE 7.3. Removing a rectangle having three common
vertices with other rectangles
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Lemma 7.2. Let II and I' be rectangular diagrams of surfaces such that
IT c IT' and the inclusion II — II' is a homotopy equivalence. Then there
exists a sequence of basic moves

=1y I — Iy — ... Iy =1T (7.1)

such that:

(1) each move 11; — 141 is fized on the common components of JIl and
oIl ;

(2) the composition of moves (7.1) induces the morphism II — I that is
represented by any homeomorphism ¢ : (S3,11) — (S3,1I') isotopic to
the identity in the class of maps (S3,11) — (S3,1I).

Proof. The claim follows from Lemma 7.1 by induction in the number of
rectangles in II"\ TI. O

Proof of Theorem 2.9. The implication (ii) = (i) is easy and left to the
reader. We will prove the inverse one. So, suppose that (i ) holds true.

It suffices to prove the theorem in the case when oIl ~ oI’ = L. Indeed,
by a small perturbation of II' we can always obtain a diagram II” such that
oIl A oT1” = 011’ ~ 011" = L. Then the passage II — IT’ will decompose in
the following two: II — II” — II' with the former assigned a morphism [¢/]
with ¢’ close to ¢, and the latter the morphism [¢ o ¢’ _1]. An application
of the theorem to these transformations yields the general case.

So, from now on, we assume ol ~ ol = L.

Let {¢t}e[0;1] be an isotopy from id|gs to ¢ fixed on L and preserving the
tangent plane to i along L. For selected moments tg,t1,...,tx € [0;1] we
denote ¢y, (II) by F,.

The isotopy {¢}+e[o;1] can be perturbed slightly, and moments

to=0<ti<to<...<tny_1<ty=1

can be chosen so that, for all i = 1,..., N, one of the following holds:
(1) we have 0F;_1 = 0F;, and the tangent plane to F;_; at any point
p € 0F; 1 is preserved during the isotopy {d:}seft, ;4.5

(2) we have ¢4(Fp) < F; for all t € [t;—1;;], and each connected component
of 0F; is either contained in 0F;_1 or disjoint from U;;%) 0F};
(3) we have ¢¢(Fp) < F;—; for all t € [t;—1;t;], and each connected compo-

nent of JF; is either contained in dF; 1 or disjoint from U;;% 0F;.

Denote by L, the link UiALO 0F;. For each ¢ = 0,..., N denote also by
L; the union of connected components of L, that are contained by whole
in Fz
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By [3, Lemma 2| and a slight generalization of [3, Theorem 1] there exist
a tubular neighborhood U of L, a homeomorphism 7 : S* — S3 identical on
U, a rectangular diagram of a link R, and rectangular diagrams of surfaces
Iy, 114, ... 11y _1,IIx such that the following holds:

(1) ¢(L*) = Ry; R
(2) foreachi =0,1,..., N, there is an isotopy from v (F;) to II; fixed on
¥(L;) and preserving the tangent plane to ¥ (F;) at any p € ¥(L;).

The generalization of [3, Theorem 1| needed here consists in requesting
that a given link contained in the surface F' also becomes ‘rectangular’ in a
rectangular presentation of F'. This does not require any essential change of
the proof. Indeed, |3, Proposition 5|, which is the key ingredient, treats even
more general case which allows to make ‘rectangular’ any graph embedded
in F.

Now each passage I1;_1 — II;, (i = 1,...,N), Il — Ilp, and My — IT
(assigned with the morphism obtained naturally from the construction)
decompose into basic moves either by Proposition 6.1 or Lemma 7.2. This
completes the proof of the theorem. [
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