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Floer-Novikov cohomology and
symplectic fixed points, revisited

Hong Van Lé, Kaoru Ono

Abstract. This note is mostly an exposition of a few versions of Floer-
Novikov cohomology with a few new observations. For example, we state a
lower bound for the number of symplectic fixed points of a non-degenerate
symplectomorphism, which is symplectomorphic isotopic to the identity, on a
compact symplectic manifold, more precisely than previous statements in [9,
12].

Awnoranis. B orszi HaBeseHo KinbKa Bepciit Teopil koromodioriit @uioepa-
HogsikoBa Ta joBesieHO Kijgbka HOBuX (akTiB. 30Kpema, oTpuMaHo (6iibir
TouHy HiXK B [9,12]) HUKHIO MeXKY JIsi YUCIa CUMIIEKTUIHAX HEPYXOMUX
TOYOK HEBUPOPKEHOI0 CUMILIEKTOMOP(di3Ma, SIKU € CUMILIEKTOMOPMHO i30-
TOIMHUHN 0 TOTOXKHOI'O BiZOOparkeHHS HA KOMIAKTHOMY CUMILIEKTAIHOMY
MHOTOBH/I].

1. INTRODUCTION

Fixed points and periodic points are the simplest objects in dynamical
systems. For time periodic flows, they are identified with periodic orbits.
For a time dependent Hamiltonian system on a closed symplectic manifold
(M, w), Arnold conjectured that the number of fixed points of the time-one
map is at least the minimal number of critical points of smooth functions
on the manifold M. In case all the fixed points are non-degenerate, he also
conjectured that the number of fixed points is at least the minimal number
of critical points of Morse functions on M. Motivated by these conjectures,
Floer developed what is now called Floer theory [2]. In the non-degenerate
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case, it is now known that the number of fixed points is at least the sum of
Betti numbers of M, see [3,5,7,10,11].

In [9] we considered a larger class of time dependent locally Hamiltonian
systems on closed symplectic manifolds (M,w). Recall that a vector field
V on (M,w) is said to be locally Hamiltonian, if i(V)w is a closed 1-form
on M?". Here i(X)w is the interior product by the vector field X to the
symplectic form w. Note that the interior product i(-)w : X(M) — QY(M)
induces an isomorphism i(e) : TM — T*M. Let {X;};cr/z be a 1-periodic
family of locally symplectic vector fields and integrating {X;}o<t<1, We
obtain a symplectic isotopy {p:}o<t<1 with g = id. Write ny = i(X;)w and
define the flux Flux({y:}o<t<1) of {¢t}o<t<i by the de Rham cohomology
class' of Sé n; dt.

In 9], we extended the construction of Floer homology for non-degenerate
Hamiltonian systems to Floer-Novikov homology for non-degenerate locally
Hamiltonian systems. Since the former is related to Morse homology of the
manifold, the latter must be related to Novikov homology for the flux in-
stead of Morse homology. As a result, we obtained the following:

Theorem 1.1. (Main Theorem in [9]) Let (M,w) be a 2n-dimensional
closed symplectic manifold which enjoys the following properties:

Clmp(ar) = A0lmyary, A #0,
and if A < 0 then N > n — 3, where N is the minimal Chern number.
Denote by @1 the time-one map of the symplectic flow {¢t}o<t<i- Suppose
also that all fixed points of p1 are non-degenerate. Then the number of
fized points of @1 is bounded below by the sum of the Z/27Z-Novikov-Betti
numbers, i.e., the ranks of Novikov homology HN*([n]; Z/27Z) associated to
the flur of {¢i}o<t<i-

We assumed that N > n — 3 when A < 0 due to the argument for
transversality at that time. Under the same assumption, using the argu-
ment on orientation of the moduli space of connecting orbits, e.g. [3,5], see
also [4], we can use the dimension of Novikov homology with F,, = Z/pZ-
coefficients? for any prime number p. Using virtual technique in [5], we can
show

Theorem 1.2. Let (M,w) be a closed symplectic manifold such that
Cilmy () = MWmyary, A # 0.

Suppose that all fized points of the time-one map @1 of a symplectic isotopy
are non-degenerate. Then the number of fixed points of p1 is bounded below

'Tt was called the Calabi invariant in [9].
*For Floer-(Novikov) cohomology with Z-coefficients, the torsion part in different degrees
are mixed-up, if N # 0. See [6, 14].
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by the sum of the Novikov-Betti number® of [n], the dimension of Novikov
cohomology HN*([n]) as a wvector space over the field A([%], which is the

Novikov field associated with the flux [n] of {¢4}.

Here we set a restriction to the class of positively or negatively monotone
symplectic manifolds because of the difficulty in computing Floer-Novikov
cohomology, especially, the coefficient ring of Floer-Novikov cohomology
depends on Flux({p;}o<i<1) € HY(M?",R), see Remark 2.13 below for de-
tailed discussion.

In [12], the second author constructed Floer-Novikov chain complexes
defined over a variant of Novikov ring which is strictly contained in the one
defined in [9] so that Floer-Novikov cohomology with fluxes close to each
other can be compared. The following is a result in [12].

Theorem 1.3. ([12, Theorem 1.1|) Let {¢1}o<i<i be a smooth family of
symplectic diffeomorphisms on a closed symplectic manifold (M,w) with
wo = id. Suppose that all fixed points of ¢ = 1 are non-degenerate.

Then the cardinality of fixed points Fix(yp) of ¢ is bounded below by
2., min-nov? (M).

Here min-nov”(M) is the minimum of the rank of Novikov cohomology
over all de Rham cohomology classes of degree 1, see [12]. For an element
[n] € HY(M,R) we denote by HN*([n]) the Novikov cohomology over Q
associated with [n]. For generic [n] € HY(M;R), rank A?]HNP ([n]) is equal

n

to the minimum min-nov?(M) of rank ,o HNP([]) over [1] € H'(M;R).
(']

We call min-nov”(M) the p-th minimal Novikov number. In fact, we have
a better statement.

Theorem 1.4. Let {pi}o<i<1 be a smooth family of symplectic diffeomor-
phisms on (M,w) with ¢o = id. If all the fized points of the time-one
map @ = 1 are nondegenerate, then the number of fixed points of p 1is
bounded from below by the sum of the Novikov-Betti numbers of the flux [n]

of {¢i}osi<1-

Remark 1.5. Theorems 1.3 and 1.4 hold for any closed symplectic ma-
nifold. For weakly monotone closed symplectic manifolds, the conclusion
holds using the dimension of Novikov cohomology with coefficient in any
field. For general closed symplectic manifolds, the same follows using the
argument in [6]. Since the details are not yet written, we state the results
with Q-coefficients for general symplectic manifolds.

*See section 1.5 in [1].
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There are several variants of Floer-Novikov complexes [9,12,13]. We ex-
plain their difference although there are certainly similar properties enjoyed
by them, see e.g. Proposition 3.10, and Remarks 3.11 and 3.12. We also
explain the construction of Floer-Novikov complex for any component of
the loop space of M. For the first step in the argument of the comparison
of Floer-Novikov complexes with sufficiently close, but different, fluxes, we
formulate Lemma 3.5, which is valid regardless of contractibility of peri-
odic orbits. In [12], we used the maximal abelian covering of M in the
construction of variants of Floer-Novikov complex to prove Theorem 1.3.
Using a suitable intermediate abelian covering space of M, we improve it
to Theorem 1.4.

The proof of Arnold’s conjecture [5,10] implies the existence of con-
tractible 1-periodic orbits for any periodic Hamiltonian function. For a
loop {pf} of Hamiltonian diffeomorphisms based at the identity, the free
homotopy class of a loop t € [0,1] — ¢/ (p) does not depend on p € M,
hence, contractible. In other words, the homomorphism

m (Ham (M, w),id) — m (M, po)

by evaluating at pg € M is trivial. Although it is not the case for
m(Symp(M, w),id) — w1 (M, po),

in general, we have

Proposotion 1.6. Let {¢:}o<t<1 be a symplectic isotopy with oo = p1 = id.
Denote by [n] € HY(M;R) its flur. If rank HN*(M; [n]) # 0, then the loop
t — (), e M, is null homotopic.

We observe a similar behavior for diffeomorphisms under the assumption
that the Euler characteristic of M is not zero. It may be of independent
interest.

Proposotion 1.7. Let {¢i}i_o be an isotopy with ¢y = id on a closed
manifold M. If the Euler characteristic x(M) of M is non-zero, there
is a fized point p of p1 such that the loop t — ¢; is null-homotopic. In
particular, the homomorphism evyy : m (Diff(M),id) — 71 (M, x) is trivial.

As a corollary, we see that the flux group of a closed symplectically
aspherical manifold is zero provided its Euler characteristic is non-zero
(Corollary 4.2).

Our paper is organized as follows. In Section 2, we give a unified expo-
sition of Floer-Novikov cochain complexes and their cohomology. We also
collect some fundamental facts on Novikov rings in Section §2.2 for reader’s
convenience. For example, the Novikov ring A, ,(R) which is the ring of co-
efficients of Novikov-Floer chain complexes is an integral domain if R is an
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integral domain R (Proposition 2.9). Then the rank of the Floer-Novikov
cohomology groups is defined as the dimension after tensoring with the field
of fractions of the Novikov ring?. In Section 3, we recall the construction
of the Floer-Novikov cochain complex and their cohomology over smaller
Novikov subrings and give a proof of Theorem 1.3. Namely, we compare
the ranks of the cohomology of two “close” Floer-Novikov cochain complexes
through “smaller Floer-Novikov cochain complexes over smaller subrings of
A" as in [12], the argument of which uses results and ideas in our previ-
ous work [9]. In Section 4, we prove Proposition 1.6 and Proposition 1.7.
In Appendix, a correction of [12, Lemma 5.1] is included.

In this note, M denotes a closed connected symplectic manifold. We shall
use cohomological convention, i.e., Floer-Novikov cohomology as in [12]
although in [9] we used homological convention.

Acknowledgement. The second author is grateful for the organizers, in
particular, Professor Sergiy Maksymenko, of “Morse theory and its Applica-
tions dedicated to the memory and 70th anniversary of Volodymyr Sharko”
for a kind invitation to the conference. The authors are also grateful for
the anonymous referee for careful reading.

2. REVIEW ON FLOER-NOVIKOV COHOMOLOGY

We review the construction of Floer-Novikov cohomology for locally
Hamiltonian systems, cf. [9,12,13]. Let {n:} be a one-parameter family
of closed 1-forms on M. Denote by X; the symplectic vector field defined
by i(X;)w = m and by {p;} the corresponding symplectic isotopy with
wo = id. Let ¢ be the time-one map ¢;. Without changing the homotopy
class of symplectic isotopies joining the identity and ¢, we may assume that
each n; represents the same de Rham cohomology class, see |9, Lemma 2.1].
We may also assume that 7; is 1-periodic in ¢. Then we identify the set
P(w, {X:}) of one-periodic solutions of the equation

d
Salt) = Xi(a(t) (21)

with the zero-set of the following closed 1-form «y,,, in a formal sense, on
the free loop space LM over M:

awg@£9:fwﬁﬂﬂ+m@ﬁ»@) (2.2)

Denote by [n] the flux of {¢;}. What we call Floer-Novikov theory is a
semi-infinite analogue of Morse-Novikov theory on the free loop space LM.

1See page 560 in [12], where R is used in a different sense, and the case that R a (variant
of) Novikov ring is discussed there.
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Thus we take certain covering spaces of (a path connected component of)
LM on which the lift of the closed 1-form ay,,, is exact. (There are some
choices of covering spaces as we see in §2.1.)

§2.1. Floer-Novikov cochain complexes. In this section, we introduce
a few versions of Floer-Novikov complex. For a € my(LM) we denote by
LM the corresponding connected component of LM. Let 5 € L9M.
Given de Rham cohomology classes [k] and [f] of degree 2, and 1, respec-
tively, we define the homomorphisms
2 ,Q 1 @
I[(H]) (LM, ) — R, I[(e]) (LM, y5) — R

as follows. Let {v;} be a loop in £*M with the base point v§ and C'({v;})
the “torus” in M swept by {v,}. We set

1
(2),a (1),a dry;
T Vr :J K, Z Yr =f0— —odT.
G I GRCCHIE o
Note that 0 0
1),a 1
gy = L © e

where 1, [(91]) is the pairing between [f] € H'(M;R) and loops in M and e is

the evaluation at t =0, i.e., y€ LM — ~(0) € M.

We consider covering spaces of LM such that the pull-back of ay,,)
becomes exact. Pick a closed 1-form 7 representing the flux of {¢;}. The
smallest one is the covering space of £L*M, which is associated with

ker(Z2)® + Z()) < m (LM, 45).

Then its covering transformation group is isomorphic to

w1 (LM, 48) / {ker(Z2 + 0},

Denote by N® the minimal non-negative integer in Imlg)’a c Z, (the
number N = NV is ofter called the minimal Chern number.) To a zero of
Q4,}, 1-e., a l-periodic orbit v, we assign

Signdet(p1]p — 1).

In fact, this Z/2Z-grading can be lifted to a Z/2N%Z-grading”. When
N% # 0, we can lift the Z/2Z-grading to a Z-grading after taking the
covering space assocaited with

ker(I[(j])’a + I[(nl])’a) N kerIc(f)’a c m (LM, ~E).

Unless a is the contractible component, there is no canonical choice of Z/2N*Z-grading
when N® # 1.
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We recall a description of this covering space. For v € LM, there is a
cylinder v : [0,1] x R/Z — M such that

U(O7t) = ’V(()l(t)7 U(Lt) = ’V(t)'

v(s,0). For (v,v),(y,v"), we define the equivalence relation

Set £, =
) ~ (+/,7) if and only if

(v, v
v=7,

1 1
f v*aH—J Oin :J (v’)*w+f s,
[0,1]x ST 0 [0,1]x ST 0
r (M) [o(—)] = 0.

Here v#(—v") is the “torus” obtained by gluing v and v’ with orientation
reversed along the boundaries v* U . The space of equivalence classes of
(7,v) becomes a covering space L*M of L*M with the projection

[(v, 0)] = .
Then the covering space L£2M of £2M is associated with
2), 1), a a a
ker(I[(w]) ¢ —|—I[(77]> “ kerIc(f)’ c m(LM,~5),
the covering transformation group of which is isomorphic to

0%, o= m (LM, )/ {ker (I + T3 ) o ker T4},

]

We choose a primitive function of the closed 1-form «y,,, to be the action
functional A‘{l(pt} : L9M — R defined by

Ay rvol) = |

[0,1]x ST

viw + f oin + J;) fe(~(t))dt, (2.3)

0

where {f;} is a 1-periodic family of smooth functions on M such that

ne —n = dfy.
There is no canonical grading for [y, v], when a # 0. We pick and fix a
1-periodic orbit v, a cylinder w joining v and 4. Then the relative index
(v, v«; w) along w is the difference of the Conley-Zehnder indices of « and
v« With respect to a trivialization of w*T'M as a symplectic vector bundle.
Set the grading of [y, vo] to be k € Z such that k is even (resp. odd) if

det(dg1]y,0) — 1)

is positive (resp. negative). Then the grading of [y, vpfw] is defined as
1(y,vs; w) + k. By the third condition in the definition of the equivalence
relation ~, we obtain a well-defined grading for each critical point [y, v] of

?@t}'
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We define the Floer-Novikov cochain complex for {¢;} as follows. From
now on, we assume that all 1-periodic orbits in £L*M are non-degenerate.
Let R be a ground ring. We set

CEN*({p,}, R)* = {2 a;[7i, vi] | where a; € R and [, v;] € CritAf,, ,

satisfy conditions (2.4) and (2.5) below} :

o the set {i | a; # 0, A{,,y([7i,vi]) < c} is finite for any ce Ry (2.4)
e the degree of [vy;,v;] equals k. (2.5)

Note that I[(j])’a + I[(nl])’a descends to I';, ) — R. We set

AffJ’n(R) = {Z a;g; | where a; € R and g; € Fff,m
satisfy the following condition (2.6) below} :

o the set {i | a; # 0, (I[(j])aa_‘_z[(nl])ﬂ)(gi) < ¢} is finite for any c € R. (2.6)

The grading is given by g — Iéf)’a(g). The graded module CFN*({:}, R)*

is a finitely generated free module over Af , (R), [13], see also [9,12]. The

coboundary operator ¢ is defined by counting isolated solutions®

uw:RxSt—> M

of the following equation:

L)+ (Gu(rt) - Xu(r.0)) =0 27)
lim u(r, 1) = ~E(t) (2.8)

for some 1-periodic solutions v*. Here J;, t € R/Z, is a 1-periodic family
of almost complex structures compatible with w. We call a solution w
a connecting orbit joining [y~,v~] and [yT,v*], [y",vt] ~ [y, v #ul,
where v~ #u is the concatenation of v~ and u along v~. For [v,v], we set

8y, 0] = ) b ol Y DI, ', (2.9)

where the sum runs over all [/, v'] whose degree is bigger than that of [, v]
by 1 and {[y,v], [/, v']) is the count of the connecting orbits. Then we can
show that

§(CFN*{¢:}, R)* < CFN*({¢:}, R)™.

In general, we use the virtual count, as in [5], of the zero dimensional components of
the moduli space of those solutions.
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This is Floer-Novikov complex used in [13|, which is suitable for the proof
of the flux conjecture.

Let 7 : M — M be a covering space of M on which 7*n is an exact
1-form, i.e.,

] € ker(n* : HY(M;R) — H(M;R)).

Denote by F(M ) its covering transformation group. Here we do not assume
that M is the minimal covering space enjoying this property’ and introduce
Floer-Novikov complex for symplectic isotopies with flux [n] associated with
the covering M.

Let a € m(LM). Pick pg € M such that m(po) = 7§(0). Consider triples
(v,v,p), where p € M such that 7(p) = v(0) and the path ¢, lifts to a path
from pg to p in M. Note that, for a generic

] € ker(x* : HY(M;R) — H'(M;R)),

we have N
ker I[(qﬂ = T (m1 (M, po)),
hence,
ker ) = e (s (1 (VL. o).

We write (v,v,p) ~ (7/,v,p’) if and only if (v,v) ~ (/,v) and p = p'.
Denote by [[v,v,p]] this equivalence class. Clearly, [[v,v,p]] determines
[7,v]. In particular, A,y is well defined for [y, v, p]].

The prOJeCtIOIl [[v,v,p]] — ~ gives a covering space of L*M, which is
denoted by L£eM. Consider the covering space obtained by the pull-back of

M — M by the composition of the covering projection L£OM — LM and

e: LM — M. We take the connected component containing [[§, vya, po]],

where v is the composition of the projection [0,1] x R/Z — R/Z and
¢ : R/Z — M. We find that this covering space is isomorphic to

LOM — L°M
In other words, it is the covering space of L*M associated with

kerI[(j])’a N kerIC(f)’a negt (71'*(7r1(]\7, po))) < m(L°M).

We set

CFNk({SOt} M {Z 7 727vlap7,]] | a; € R [[f)/z,'l)z,pl]] € CrltA{(p }

satisfying conditions (2.4) and (2.5)}.

"The construction in [9] is the case that a = 0 and M — M is the minimal covering
space on which 7*n is exact.
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Set

fz,ﬁ_»M — Wl(ﬁaM)/(kerI[(j])’a ) kerIC(f)’a ) e;l(ﬂ*(m(]\?,po)))).

Then, for [n] € ker(H'(M;R) — HY(M;R), we define the corresponding
Novikov ring by

AZ,r;,M—»M(R) = {Z a;g; | a; € R, g; € FZ;,M—»M satisfying (2.6)}. (2.10)
Note that A* -
w,n,M—M

coboundary operator, we count connecting orbits u joining [[v~,v™,p”|]
and [[y",vT,pT]] in the sense that

[V v~ #u,pT )] & [y, o, el

This Floer-Novikov complex for {(;} with respect to M — M was intro-
duced in [12]|, when £*M is the space of contractible loops.

depends on [n] through condition (2.6). For the

Remark 2.1. Denote by M" - M the covering space of M associated

with ker I{1) < m1(M, z0). Recall that I{}) : m1(M,z9) — R given by the

pairing between [n] and loops. Consider the case that M = M”, i.e., the
minimal covering for 7. Then the construction above is an extension of the
one in [9] to the case of arbitrary connected component L£L%M of the loop

space LM . Since LOM" — £OM is also regarded as the composition of
LOM" — £°M"  and LM - L°M
and the latter is the pull back of M — M by e : LM — M. The group
fg’ s 18 isomorphic to I', @ I'y,. Here I';, is the covering transformation
group of M — M.
When the covering space M — M is the minimal covering M for [r],

i.e., the case that ker I[(nl]) = 7 (m (M, pg)), we set

3k J— ~
CFN"({pi})® = CFN*({pe} : I, Re, =A% o

Then we obtain the Floer-Novikov cochain complexes®

(CEN*({ee})®0),  (CFN ({g})%,0),  (CFN*({a;}; M)“,4).

Their cohomology groups are denoted by HFN*({¢;})?, P/IF-N*({QO,;})“ and
HEN*({©}; M)“, respectively.

*The construction works for ground ring R if (M, w) is semi-positive (weakly monotone).
Using the virtual technique in [5, 10|, the construction works for any closed symplectic
manifold (M, w) with R containing Q. A sketch for general construction with general R, in
particular, Z is given in [6].
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Remark 2.2. In [9], we let 74~ to be a constant path, 7§~ = ¢, for a
point zo € M, and the path connected component £OM := LIl M is the
space of all contractible loops on M. In this case, [y, v] is an equivalence
class of a pair of a loop v equipped with a bounding disk v. The grading
of [v,v] is defined as the Conley-Zehnder index of « with respect to a
trivialization of v*T' M. We take the covering space LOM" of £OM defined
in the following diagram

iy KRN N 7
lﬁ ln lw (2.11)

LOM L. O —& AL

Recall that
I( 1) 70

)
m =1

1]

O €.

Denote by Iéf ), 1 [(j]) : mo(M) — R the homomorphisms given by the evalu-
ation of ¢;(M), |w], respectively. In the diagram (2.11), LOM — L£OM is
the covering of LM associated with

ker I?) nker I(%) < my(M),

w]
This is the covering space used for Hamiltonian Floer theory. Its covering
transformation group is

T, = mo(M)/ker I A ker I,

[w]

The covering space M — M is associated with ker I[(nl]) c m (M, xg). Its

(1)
1]
Note that, for £OM, we have a section M — LM of e and hence

7T1(£OM) = 7T2(M) X 7T1(M).

covering transformation group is I'y, = m1 (M, Z)/ ker 1

Note also that the 71 (M )-action on mo (M) leaves A mo(M) — R invari-

[w]
ant. Thus I[(j]) : mo(M) — R extends to I[(ﬁ])’o : 1 (L°M) — R. Under this

identification, we see that

kerI[(jf’() A kerI[(nl])’O = (ker I[(j]) X (M)) N (ma(M) x ker I[(nl]))'

Hence, the covering space LOM" — £OM is the one associated with

ker Z A ker Z0)° nker IO < 1y (L°M),
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Since ker(I[(j})’O + I[(nl])’o) N ker(Ig)’O) contains

ker(Z]") n ker(ZM0) A ker(Z0),

the covering factors through LOM , hence, the lift of the closed 1-form ay,,

on LODM" is an exact 1-form. Clearly the covering transformation group of
LOM" — LOM isT, ®T,,.

Remark 2.3. Note that, for a generic [r] € ker(H'(M;R) — H'(M;R)),

Im I[(ﬁ])’a and Im I[(;])’a c Im [, [(nl]) are independent over Z. Thus we find that

2)a | 7(1),ay (2),a (1),a
ker(I[w] +1, ) = kerZp " nkerZ .

If [n] is generic in ker(H'(M;R) — H'(M;R)), we may also assume that

~—

M — M is the covering space associated with ker I[(nl]), ie., M = M".

Hence, if the flux of {(;} enjoys this property, the complexes
CEN*({¢:}; M")®  and  CEN*({pp:})®

are the same.

§2.2. Novikov rings Af, , (R), /N\ffw(R). In this subsection we assume that
R is a commutative unital ring. Given a group I' and a homomorphism
¢ : I' > R, we denote by R((I',¢)) the upward completion of the group

ring R[I'] with respect to the weight homomorphism ¢. More precisely, we
define

R((T, ¢)) := {Z Ag-9,9€T, \yje R | for all c € R there is only

finite number of g such that A\, # 0 and ¢(g) < c}.

If T" is a subgroup of R and ¢ : I' — R is the natural embedding, then
we abbreviate R((I',¢)) to R((I')). We recall the following Proposition 2.4
attributed to J.-C. Sikorav.

Proposotion 2.4. If ¢ is an injective homomorphism, R s a principal
ideal domain, resp. a field, so is R((T, ¢)).

Remark 2.5. This proposition is shown by looking at the leading terms,
i.e., the lowest order terms with respect to the weight homomorphism ¢. It
also implies that if ¢ is injective and R is an integral domain, so is R((T", ¢)).
Example 2.6. (1) The Novikov rings A{,  (R) and Azm ]\7—>M(R) defined

)

in (2.6) and in (2.10) respectively can be written as R((I‘&U,Iﬁj] + I[‘;ﬂ))
and R((fz’ﬁ_)M,Iﬁj] —i—I[C;?])) respectively. Note that I'g,, and T’ o~ , are
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finitely generated free abelian groups. We may abbreviate Agm(R),Kgm(R),

a a ~a a .
Aw,n,MHM(R) by AG . AG s Aw,n,M—»M’ respectively.

(2) Let n be a closed 1-form on M and I, : H{(M,Z) — R the period
homomorphism. Assume that R be an integral domain. The Novikov ring
Ay (R) = R((T'y, I)) is the Novikov ring associated to the cohomology

class [n] € HY(M,R). Novikov cohain complex CN*(n) is a complex over
Ay, and Novikov cohomology HN*(7) is a module over A[n]g.

In the remainder of this subsection, we assume further that R is an
integral domain.

Lemma 2.7. Let I' be a finitely generated abelian group and ¢ : I' > R a
homomorphism. Write I' = ¢(I"). Then we have

I~ kerg@®T.

Proof. Since I' = ¢(I') is a torsion free finitely generated abelian group,
hence a free abelian group, we take a splitting of

0 —>ker¢g -T -T -0
to obtain ' = ker¢ @ T. [
Denote by ¢ : I' — R the homomorphism induced from ¢. Note that ¢

is injective.
Proposotion 2.8. Assume that I" is a finitely generated abelian group and
¢ :I' > R s a homomorphism. Then we have a ring isomorphism

R((T,¢)) = Rlker g](((T), ))-

Proof. By Lemma 2.7, we have U : I' = ker¢ @ I', which induces an
isomorphism

R[] — Rlker ¢] ®r R[].
Taking the completion with respect to ¢ : I' — R, which factors through
¢ : T — R, we obtain

R((T,¢)) = Rlker g](((T), ). |

Proposotion 2.9. Assume that I' is a finitely generated free abelian group
and R is an integral domain. Then the ring R((T', ¢)) is an integral domain.
Proof. Let k be the rank of ker ¢ as a finitely generated free abelian group.
Then Rlker ¢] is isomorphic to the Laurent polynomial ring R[t7,. .. ,t,;i],
in particular, an integral domain. Since ¢ is injective, R[ker ¢]((T,¢)) is
an integral domain (Proposition 2.4). The conclusion follows from Propo-
sition 2.8. ]

’For Novikov complex, see [1,15].
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Taking into account Example 2.6, we obtain immediately, from Proposi-
tion 2.9, the following

Corollary 2.10. Let R be an integral domain. Then the Novikov ring
Ag ,(R) and its unital subrings are integral domains.

§2.3. Computation of Floer-Novikov cohomology. Asin Floer theory
for Hamiltonian systems, Floer-Novikov cohomology is invariant under
Hamiltonian deformations.

Theorem 2.11. (cf. [9, Theorem 4.3, [12, Theorem 3.1], [13, Theorem
3.4]) Let {¢¢} and {p}} be symplectic isotopies such that their flux are the
same. Then we have

HFN* ({1 }; Q)% = HEN*({g}}; Q)%,
HEN* ({¢;} : M;Q)® = HEN*({¢}} : M;Q)*,
HFN ({g:}; Q) = HFN ({}}; Q)"

When (M,w) is semi-positive, we also have the isomorphisms with coeffi-
cients in any coefficient ring.

lle

lle

Here (M,w) is said to be semi-positive, if any A € mo(M) with
3—n < {1 (M), A <0

satisfies (Jw], A) < 0. For the proof, we use a 7-dependent analogue of (2.7).
Let {X;} and {X]} be 1-periodic families of symplectic vector fields gene-
rating {¢:} and {¢}}, respectively. Take a two parameter family {X,;} of
symplectic vector fields of the form

Xt =(1-p8(1)X: + B(1)X;.

Here (8 is a smooth function such that, for some d > 0, 5(7) = 0 for
T < —d, and B(r) = 1 for 7 > d. Roughly speaking, we count isolated
solutions of the following equation to construct a chain homomorphism
CEN*({e}) — CFN*({¢}}):

Sulrt) 4 (guln0) - Xglu(r)) =0 (212

with a similar asymptotic condition as (2.8). Note that the cohomology
class [i(X;¢)w] is independent of 7 and ¢. This fact guarantees that the
energy estimate for solutions of (2.12) holds as in Floer theory for Hamil-
tonian systems, see the proof of [9, Theorem 4.3].

When ¢ € H'(M;R) is sufficiently close to 0, we can pick a C'-small
closed 1-form 7 representing the class ¢ so that all 1-periodic orbits of
the symplectic vector field X defined by i(X)w = 7 are null-homotopic.
Moreover, Floer-Novikov cochain complex can be described by Novikov
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complex. For (CFN({¢;} : M), 8), we take M = M", which is used in the
construction of Novikov cochain complex of 7. As a consequence, we obtain
the following:

Proposotion 2.12. (cf. [9, Lemma 6.5], [12, Theorem 4.9], [13, Theorem
3.12|) If the flux [n] of the symplectic isotopy {p} is sufficiently small, we
have

HEN* ({1 }; Q)? = HN*([n]; Q) ®4, (@) Awin(Q),
HEN*({¢¢} : M";Q)° = HN*([n]; Q) ®a, (q) A3 (Q)
1.€.,

HFN ({¢¢}; @)° = HN*([n]; Q) ®a, (g) Aw,y(Q).

Here HN*(n; R) is Novikov cohomology for n with coefficients in R, and
Ay (R) is the Novikov ring over R associated to [n]. For component a # 0,
Floer-Novikov cohomologies for {¢;} with a sufficiently small flux vanishes
cf. Remark 3.11.

Remark 2.13. There are two issues in comparing Floer-Novikov homolo-
gies associated to symplectic isotopies whose flux are not the same. The
first issue is that Novikov rings for them are not the same when ¢ # 0.
The second issue is that the derivation of an energy inequality to guaran-
tee the weak-compactness of the moduli space used for the construction of
chain homomorphisms, chain homotopies under Hamiltonian deformations
does not work for deformations with varying flux. The strategy in [9] is as
follows. To deal with the first issue, we restrict the class of + monotone
symplectic manifolds. Then the degree O-part of the Novikov ring /A\me is
identified with Ap,, which depends on the positively proportional class of
[n]. In general case, we compare Floer-Novikov cohomology with varying
flux through the comparison of their smaller Floer-Novikov cohomology de-
fined over smaller subring as in [12]. To deal with the second issue, we use
a special deformation of {¢;} changing the flux based on Lemma 3.7 below,
see Section 5 (see, the paragraph after Lemma 5.2) in [9]. This trick and
related refining techniques, then work for general case. We shall discuss
these technique in more details in the next section.

3. THE RANK OF THE FLOER-NOVIKOV COHOMOLOGY

In this section we first show that the ranks of Floer-Novikov cohomology
associated to a symplectic isotopy {¢;} is well-defined. Then we shall prove
the following
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Theorem 3.1. Let {p:}o<i<1 be a smooth family of symplectic diffeomor-
phisms on (M,w) such that @9 = id and all the fized points of p1 are
non-degenerate. Then we have

—~ %
rankxﬁjﬂn] HEN ({¢;},Q)° = ranky, HN*([n], Q).
As in Remark 1.5, the conclusion of Theorem 3.1 also holds for any field
instead of Q, if (M,w) is weakly monotone.
Finally we derive Theorem 1.4 from Theorem 3.1 using a known relation
between the rank of the Floer-Novikov cohomology and with the number
of fixed points of .

§3.1. The ranks of (Floer-)Novikov cohomologies. Recall that the
rank of a module L over an integral domain fR is defined to be the dimension
of the vector space F(R) @x L over the field of fractions F'(R) of R, cf.
[12, page 560]. Now assume that 9R is an integral domain and C is a
(co)chain complex with coefficients in R such that C' is a finitely generated
free module over R. In what follows, C'is a cochain complex over R. Clearly
the cohomology H*(C') is a module over R. Then we define the rank of
H*(C) as follows

rank (H*(C)) = dimp gy H*(C) ®o F(R). (3.1)

Proposotion 3.2. Let F = F(R) be the field of fractions of an integral
domain R, T a finitely generated free abelian group and ¢ : I' — R a
homomorphism. Assume that C be a cochain complex over R. Then
(i) F(R(T',¢)) = F(F(T, 9)),
(ii) rank H*(C) < rank (C),
(iii) rank H*(C) = dim H*(C ®x F).

Proof. (i) Since R < F we have F(R(I',¢)) < F(F(I',¢)). Next we note
that F(R(I',¢)) o F(F(T',¢)) since F(R(I',¢)) o F. This proves the first
assertion of Proposition 3.2.

(ii) The second assertion of Proposition 3.2 follows from the universal
coefficient theorem. Since the field of fractions F'(R) is a flat SR-module,
we obtain

rank H*(C) = dimp H*(C ®x F) < rankC. (3.2)
(iii) The last assertion of Proposition 3.2 is (3.2). This completes the
proof of Proposition 3.2. [

§3.2. Floer-Novikov cohomology over subrings of A, ,(R). Let R be
an integral domain. Firstly, we recall a variant of Floer-Novikov complex
over a smaller Novikov ring introduced in [12].
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Let U be a neighborhood of 0 in V = ker(* : HY(M;R) — H'(M,R)).
Then we define a variant of Novikov ring by

Ao (R) = {D aigi | ai € R, g€ Tl g

satisfying the following condition (#)}

(#) {ila; # 0, (I[(j])’a -I—I[(;J)r’g])(gi) < ¢} is finite for any ¢ € R and for
any [C] e U.

Namely, we have

NS, o(R) = [ AL, (R). (3.3)
[CleU

Let n; be a 1-periodic family of closed 1-forms in the same cohomology

class. Denote by @ZJEW} the symplectic flow on M that is generated by
the time-depending symplectic vector field X; defined by i(X;) = 1, with
b~ id.
The definition of a smaller variant Floer-Novikov cochain complex in [12]
extends to any connected component of LM as follows.

——k . ra
CFNy ({ee}, R)" = {Z ail[vi, vi, pilllai € R, [, vi, pi]] € CritAf,

satisfying the following finiteness condition

for any [¢] € U and the degree of [[y;, vi, pi]] equals k‘}

The finiteness condition for [(] € U is that the set

{z [ai # 0, Ay a1, (i vis pil]) < C}

is finite for any c € R.
In [12], we proved that, if [(] is sufficiently small, we can arrange a repre-
sentative ¢ such that .A?d){g}o% increases along solutions of (2.7). Namely,
t
Proposotion 3.3. (cf. [12, page 558|) Let § be the boundary operator de-
fined in (2.9). Then, for a sufficiently small U, the boundary homomor-
phism § preserves the finiteness condition for each [(] € U. In particular,

S(CFNG ({i}, R)™) = CFNy, ({1}, R)“.

Remark 3.4. In [12] the second author stated the proposition in the case
a=0¢€m(LM)and R = Q, but the same argument works for any con-
nected component of LM . In [8] the first author considered another subring



106 H.-V. Lé, K. Ono

of AY , containing A q.u for U containing the segment |1 — 1, 75 — 1] with

RAN )

coefficients in R = QQ as follows

AV (R):=A°  (R)nA?_ (R). (3.4)

w,n(T1,72) W, T17) w, T2
Then she defined a subcomplex CFNS:I’TQ)({%}, R), which is nothing but
CFNWJ%U({QOt}; R) ®Ag,n,U(R) Ag,n(ﬁ,m) (R)

She called this chain complex reduced Floer-Novikov chain complex.

In what follows we shall compare smaller variant of Floer-Novikov chain
complexes associated to symplectic isotopies of different fluxes. Firstly, we
prepare the following lemma. Pick and fix a norm on the finite dimensional
vector space H'(M;R). Let {y1,...,7n} be the set of all 1-periodic orbits
of {X;} and ¢ € H}(M;R). For each t, pick contractible neighborhoods,
say a smooth family of embeddings of geodesic balls U,(v;(t)) around ~;(t)
with a sufficiently small radius p for some Riemannian metric on M. Then
we have the following!"

Lemma 3.5. For any e > 0, there exists § > 0 with the following property'".
Let ||| g1 be a norm on the real vector space H(M;R). If |c| g < 6, there
exists a smooth 1-periodic family {0;} of closed 1-forms on M such that
0] = ¢, 0, vanishes on U,(v;(t)), j = 1,...,N, for each t and the C'-
norm of 0; is less than e.

Since all periodic orbits of {¢;} are non-degenerate, there is dg > 0 such
that

max d(y(t),7'(t)) > dy for distinct 1-periodic orbits ~, «'.

Note also that, for any r > 0, there exists §; > 0 such that
| Xe(o(t)) —o(t)] > o1,

if a loop o satisfies max; d(o(t),y(t)) > r for any 1-periodic orbit v, see [9,
Lemma 5.2].

Let Xy, be the vector field defined by i(Xg,)w = 6; and 9%} the symp-
lectic flow generated by {Xj, }.

""When the dimension of M is bigger than 2, all 1-periodic solutions may be assumed
to simple closed curves by peturbing symplectic vector fields {X;} keeping the time-one
map and the cohomology classs [i(X;)w], hence for any closed 1-form is exact on tubular
neighborhoods of null-homotopic 1-periodic orbits. When the dimension of M is 2, we
cannot argue in a similar way. Lemma 3.5 here works in both cases and for all 1-periodic
solutions, which are not necessarily null-homotopic.

"Since H'(M;R) is finite dimensional, this property (after changing § > 0, if necessary)
does not depend on the choice of the norm.
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If c e HY(M;R) is sufficiently close to 0, we can take §; in Lemma 3.5 so
that | Xy, | < 61/3 and | X; — o1 (X})| < 61/3.

Then, in the same way as in Section 3.2 in [12], ¢ and 193 o o, have
the same 1-periodic orbits and all of them are non-degenerate.

Take {6;} representing ¢ as in Lemma 3.5 and compare CEN*({p;}; M)
and CFN*({¢{%} o o, }; M) as in [12, Proposition 4.7]. Here we do not
assume c is proportional to [n]. The following lemma in [9,12] was proved
in the case of a = 0 (contractible loops), but the same argument works for
any a.

Lemma 3.6. (|9, Lemma 5.4], [12, Lemma 3.2]) If the closed 1-forms 6,
satisfy ||0¢| < 01/3, then we have the following energy estimate for solutions
of (2.12):

E(u) <3 (A (", v" 2T = Ay (v p71])

Roughly speaking, we proved that the functional A, increases along
solutions of (2.12). The proof of [9, Lemma 5.4] yields the slightly stronger
statement as follows.

Lemma 3.7. Let {(;} be a 1-periodic family of closed 1-forms such that ¢
vanishes on U,(y(t)) for each 1-periodic solution v of X; and (; represents
a class ¢ € ker(r* : HY(M;R) — H'(M;R)). Suppose that ||G;| < 61/6.
Suppose also that {0;} in Lemma 3.6 satisfies ||0;| < 61/6. Then, for a
solution u of (2.12), we have

B(u) < 3 (A e, (000 D) = A e, (707, 07TD)
Remark 3.8. If 6, = 0, the estimate above holds for solutions of (2.7).
Note that, for any € > 0, if we can take U, a sufficiently small neighbor-
hood of the origin in V', the following condition (*.) holds:
(#¢) For any c € U, there exists {6} as in Lemma 3.5 and |0t < e.
Using Lemma 3.7 we obtained the following

Proposotion 3.9. ([12, Theorem 4.6]) Let € be a sufficiently small positive
real number. Pick a neighborhood U of 0 in V', which enjoys the property

(%¢). For ce U, pick {0} as in (x¢). Then }TFT\T[*]({%}) is isomorphic to
HFN;}/({w{et} o @i}) as Ay = Ay pte,ur-modules, where

U'={a—c|aeU}.
The ranks of HFN*({;}, M)® and HFN* ({){%) 0 5, }; M)® are compared

using the isomorphism in Proposition 3.9, see [12, page 560]. Namely, we
have
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Proposotion 3.10. [12, Proposition 4.7] Under the situation of Theo-
rem 3.9, we have

ranky oo HEN*({p}, M) =
= ranky - HFN*({@ZJ{Qt} o pt}; ]Tf)a

w,n+ec,M—M

Here the ground ring R is Q, in general and an integral domain in the case
of semi-positive symplectic manifolds.

Remark 3.11. For a # 0, i.e., a component of non-contractible loops, there
are no non-contractible 1 periodic orbits for C''-small symplectic vector field
X. Therefore HEN*({¢;}, M)® = 0 if the flux [n)] of {¢¢} is sufficiently small.
Then Proposition 3.10 ensures that

ranky HFN*({¢;}, M)* = 0.

n,M—

Taking M as the covering associated with ker Iy(,l), we find that

—~ %
rankﬁwm HEN ({¢})* = 0.
On the other hand,
rankAgmHFN*({got})a

may not vanish!?> when [n] # 0 is not so small. Note also that, for a
Hamiltonian isotopy {7},

HEN*({pf}))* =0 for a 0.
Remark 3.12. When the flux of {¢;} varies in H!(M;R),
—~ %
ranky  HFN ({ee})

may not be constant as in the jumping phenomenon of the Novikov-Betti
numbers of Novikov cohomology [1, Theorem 1.41 (Sikorav)|. For an example,
see Example 4.3.

§3.3. Proof of Theorems 3.1 and 1.4. From Proposition 3.10, we de-
rived the following proposition.

Proposotion 3.13. [12, Proposition 4.8] Suppose that the fluz [n] of {p+}
belongs to V,

ranky oo HEN*({p:}; M)
is independent of the flux [n] e V.

2For example, consider the composition of the full rotation on the two-torus along
meridians and a Hamiltonian isotopies.
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Remark 3.14. When M is the covering space of M associated with
kern c m (M),

HEN* ({1 }; M) is equal to P/IFN*({%})

Proof of Theorem 3.1. Theorem 3.1 follows immediately from Proposi-
tion 2.12, Remark 3.14 and Proposition 3.13. []

Proof of Theorem 1.4. Theorem 1.4 follows from Theorem 3.1, Propo-
sition 3.2, since the cochain module CFN({p;}; Q) is freely generated over

me(Q) by the set of contractible 1-periodic orbits of {¢;}) which is regared
as a subset of Fix(pq). O

4. SYMPLECTIC FIXED POINTS AND CONTRACTIBITY OF ORBITS OF
LOOPS OF SYMPLECTOMORPHISMS

Let H € C*(R/Z x M) be a 1-periodic Hamiltonian function and {¢%;}
the Hamiltonian isotopy generated by H with go% = id. The proof of
Arnold’s conjecture for fixed points of Hamiltonian diffeomorphisms shows
the existence of null-homotopic 1-periodic orbits of { X, }, i.e., a fixed point
z of ¢l such that t — ¢! (x) is a null-homotopic loop. In particular, for
any p € M, the homomorphism

eVzy T (Ham(M, w),id) — w1 (M, )

obtained by evaluating Hamiltonian loops at x is trivial. On the other
hand,
EVgx + T (Symp(M,w), id) — T (M7 l‘)

is not necessarily trivial, e.g., the S'-action on a symplectic torus by rota-
tions. Note that the existence of a locally free S'-action implies that the
Euler characteristic x(M) of M is zero.

If the Euler characteristic x(M) of M is non-zero, and hence any diffeo-
morphism isotopic to the identity has a fixed point, we have

Proposotion 4.1. (Proposition 1.7 in §1) Let {¢:}i_, be an isotopy with
wo = id on a closed manifold M. If the Euler characteristic x(M) of M
15 non-zero, there is a fized point p of ¢1 such that the loop t — ; 1is
null-homotopic. In particular, the homomorphism

eVyy : w1 (Diff(M),id) — 71 (M, x)
15 trivial.
Proof. Suppose that all fixed points of ¢ are non-degenerate. Consider
the subset

I'={(tz)e[0,1] x M | ¢s(x) = x}

of [0,1] x M. By perturbing the isotopy ¢; such that
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o {¢i}5_ is generated by a vector field X for some small e. Moreover, all
zeros of X are non-degenerate.

e I" =T n[e 1] x M is an oriented embedded 1-dimensional submanifold
with boundary.

We may assume that € is so small that
t €[0,1] = pei(p) e M

is constant, especially, null-homotopic for any (e,p) € T.

Since M is a closed manifold, I is a compact manifold with boundary
IV~ {e} x M and TV n {1} x M. Thus I is diffeomorphic to the union of
circles and arcs with boundary on I'V n {e, 1} x M.

Taking the orientation into account and the assumption that x (M) # 0,
there must be at least one arc joining IV n {e} x M and TV n {1} x M.
Namely, there is a continuous (7,¢) : [0,1] — I" such that 7(0) = ¢ and
7(1) = 1. In particular, .4 (g (s)) g(s )

For s € [0,1], t € [0,1] = ©,(5)(9(s)) is a loop in M. Hence

t— pet(gle)) and ¢ — pi(g(1))

are homotopic as loops. Since t — @¢.4(g(€)) is null-homotopic, we find that
t — p¢(g(1)) is null-homotopic.
When gol may have degenerate fixed points, we take a sequence of iso-

topies {cpt }1_, isotopic to the identity such that {apt } converges to {¢¢}

(4)

and all fixed points of ¢~ are non-degenerate for each i. As we saw, there

exist p(¥) € M such that s — 908') (p®) is null-homotopic. Take a convergent
subsequence, we assume that p(* converges to p in M. Then we find a fixed

point p of 1 such that s — p4(p) is null-homotopic. H

Here is an easy corollary of Proposition 1.7. The flux group of (M,w)
is defined to be the image of 71 (Symp(M,w)) under the flux homomor-
phism, i.e., the subgroup of H'(M;R) consisting of the fluxes for all loops
of symplectomorphisms with g = ¢ = id.

Corollary 4.2. Let (M,w) be a closed symplectically aspherical manifold,
i.e., I (7r2( )) = 0. If the Euler characteristic of M is not zero, the flux
group zs {0}.

Proof of Proposition 1.6. We observe that {¢;} has a contractible 1-

periodic orbit, if the rank of Novikov cohomology of the flux of {¢;} is

NON-Zero.
Let [n], (resp. [']) € HY(M;R) be the flux of {¢}, (resp. {¢}}). Let

M" — M be the covering space associated with ker [ [(771]) Proposition 3.13
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implies that

ranky HEN({p;}: M")° = ranky HFN({@}} : M")°,

,T],MWHM ,T/,,MnHM

whenever [n],[7] € V. We take {¢}} so that [n'] = €[n] for a sufficiently
small € > 0. Then, by Proposition 2.12, we see that if

HN*([n]; Q) = HN*([']; Q) # 0,
then
R —~——k
rankAwm,ﬁn_)MHFN*({@;}éMn)o = rankxwm”HFN ({¢i})? # 0.

Then Proposition 3.13 yields that the rank of ﬁF\’N*({gpg})O is not zero,
hence the existence of contractible 1-periodic orbits of {(;}. Then the rest
goes as in the case of Hamiltonian diffeomorphisms. [

Example 4.3. Let X, (resp. T') be an oriented surface of genus g > 2,
(resp. 1) equipped with an area form. Denote by p : ¥, x T" — 3, the
projection to the first factor. If the flux [n] of a symplectic isotopy {¢:}
with g = id belongs to

Imp* ¢ HY(S, x T;R),
i.e., [n] = p*[0] for [] € H1(X,;R), then we have
HN*([n]) = HN*([0]) ®q H*(T).

Since the alternating sum of ranks of HN*([f]) is the usual Euler characte-
ristic of X, the rank of HN*([n]) is non-zero. Thus, Proposition 1.6 implies
that such a {(;} has contractible 1-periodic orbits. For [n] ¢ Im p*, there is
{¢} with the flux [n] without contractible 1-periodic orbits. For example,
for [n] ¢ Im p*, there is a symplectic isotopy of the form

>
{or =0y x o'}

with the flux [n]. Here {Lptzg}, (resp. {®f}), is a symplectic isotopy on %,
(resp. T). We may take {(]} as a family of rotations on T, which has
no contractible orbits as long as its flux is non zero. Hence there are no

contractible orbits of such {y;}. In particular, I:IFI\_I;‘({%}) = 0. By the
invariance under Hamiltonian isotopy, we find that

HEN*({¢1}) = 0

whenever {p;} ¢ Im p*.
When the flux of {y;} is [n] = p*[f], we take a symplectic isotopy {1}
on Y, with the flux [0]. We find that

HFN* ({p1}) = HFN* ({11}) ® H*(T).
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Since the alternating sum of ranks of ﬁ?l\—ﬁ‘({zpt}) is equal to the Euler
characteristic of ¥,, HFN*({t/;}) is non-zero, when g > 1. Thus the rank
of HEN*({«4}) jumps along the space of symplectic isotopies with flux in

Im p*.

Appendix by Kaoru Ono. Erratum on Lemma 5.1 in [12]. The
second author take this opportunity to correct an inaccurate point in [12].
Lemma 5.1 in [12] states that the degree zero part A%, , ¢ of Ay, is a
principal ideal domain'®, but it is not correct, although it is an integral
domain. (A, is a subring of Kw’,ﬁg for ( € U. When ( € U is generic,
/N\wm% coincides with A, ¢, the degree zero part of which is a principal
ideal domain whenever the ground ring is so.) Since this lemma was used
in the proof of Theorem 5.2 therein, we give an argument independent of
it. Theorem 5.2, hence also Theorem 5.3'4) holds when the flux of {¢;} is
generic in the sense of [12, Remark 4.2|. For general {(;} such that all fixed
points of ¢; are non-degenerate, we replace the conclusion in Theorem 5.3
by that the number of fixed points of ¢, is at least the sum of Novikov-Betti
numbers. This statement reduces to the one in the case of generic flux as
follows.

Let M = M" — M be the covering space associated with

ker [1) < i (M).

For a generic real number ¢ # 0, we have im I [(j]) N im I(E[ln)] = {0}. Then

c[n] is generic in the sense of [12, Remark 4.2, i.e.,

(2) (1) _ (2) (1)
kerI[w] +Ic[n] = kerI[w] N kerIc[n].

We may assume that ¢ = 1+ € is arbitrary close to 1. Let {¢} be a symp-
lectic isotopy with ¢p = id and the flux [n]. We may take a representative
n as a closed 1-form. We take a symplectic isotopy {¢;"} with flux en for a
sufficiently small € # 0, e.g., the symplectic isotopy generated by the vector
field X such that i(X) = en. If € is sufficiently small, the number of fixed
points of 17" o 1 and the one of ¢; are the same, since all fixed points
of ¢ are non-degenerate. We apply Theorem 5.2 valid for generic flux to
{1);" o 4} for a sufficiently small generic € # 0. Note that the degree zero
part of X[w],c[n] (Q) is a field, when ¢ = 1 + € is generic in the sense. Then
the rank of Floer-Novikov cohomology gives a lower bound for the number

BIn [12], Aw,y,v and A°, ;v are denoted by /A\w,n,u and //@w,n,Ua resspectively.
1 As for the estimate of the number of contractible 1-periodic orbits, we can also argue
as in the proof of Theorem 1.4.
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of contractible 1-periodic orbits of {1;" o ¢}. Thus we find the esired lower
bound for the number of fixed points.

Next, we show Theorem 5.2 for generic flux in the sense of [12, Re-
mark 4.2]. It is actually a consequence of [12, Proposition 4.7, Proposi-
tion 4.8, Theorem 4.9], which are cited as Proposition 3.10, Proposition 3.13
and Theorem 2.12 in this note, respectively, and Sikorav’s theorem for finite
dimensional Novikov theory. (In Appendix, we refer these results in [12]
as Proposition 3.10, Proposition 3.13 and Theorem 2.12.) The argument
goes as follows. Let {(;} be a symplectic isotopy with ¢y = id and the flux
[n] and M — M the covering space associated with ker I [(771]) c (M) as
above. We pick a representative n of the flux of {¢:} as a Morse 1-form.
By Proposition 3.13, we find that

rankAw — MHFN*({QOt},M) — raﬂk/\w o MHFN*({?ﬂfn},M)

n,M— n,M—

For a sufficiently small €, Theorem 2.12 implies that

ranky o HEN*({;"}; M) = ) ranky, HN?(M, [)).

n,M—
p

Combining them, we have
ranky o HEN*({}; M) = ) ranks, HNP(M, [n)).
p

Then as noted in the proof of [12, Theorem 4.9] (see also Remark 2.3 in this
note), (CEN*({p¢}; M), 6) (vesp. A, 37_,,s) coincides with CFN*({¢¢}), d)

(resp. Ay ), when the flux [n] is generic in the sense above. Hence, we have

ranky,, , HFN*({¢;}) = ) ranky, HNP(M;[n)).
p

Let pr : M — M be a covering space such that pr*n = 0. Pick a closed
I-form " on M such that prymi (M) = kern’. Then Proposition 3.13 and
Theorem 2.12 imply that

rank HFN* ({}; M) = Zrank HNP(M; [7]).

(1,)] c kerl(l), [1, The-

For closed Morse 1-forms n and 7’ such that ker I B ]

orem 1.41] (Sikorav) implies that
ranky ,HNP(M : [7']) < ranky, HNP(M : [n]).
Therefore we obtain

ranky,, HFN*({¢:}) > rankAwm’MHMHFN*({got}; M).
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