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On the geometry of
Diff(S!)-pseudodifferential operators
based on renormalized traces

Jean-Pierre Magnot

Abstract. In this article, we examine the geometry of a group of Fourier-
integral operators, which is the central extension of Diff(S') with a group
of classical pseudo-differential operators of any order. Several subgroups
are considered, and the corresponding groups with formal pseudodifferential
operators are defined. We investigate the relationship of this group with
the restricted general linear group GL,cs, we define a right-invariant pseudo-
Riemannian metric on it that extends the Hilbert-Schmidt Riemannian met-
ric by the use of renormalized traces of pseudo-differential operators, and we
describe classes of remarkable connections.

Awnoranisa. B janiit pobori Mu BUBYaEMO reOMETPII0 IPyIH iHTErPAJIbLHAX
3a Pyp’e oneparopis, sfKa € NEHTPAJBLHUM posmuperHsM rpymu Diff(.S 1) 3a
JIOTIOMOTOIO TPYIHU KJIACHIHUX TICEBIOAM(EPEHITIAJIbHIX OIIEPATOPIB BCiX MO~
pankiB. Po3rngHyTo AekisibKa TiArpyn Ta BU3HAYEHO BiANOBiMHI rpymu 3
dopMaIbHIMU TICEBAOAM(EPEHITIAJILHIMA OorepaTopaMu. Mu T0cimKyemMo
B32€MO3B 30K IIET Ipynu 3 0OMEXKEHO 3araibHOI0 JHIHHOW TPYHOI0 GlLyes,
BU3HAYAEMO Ha Hilf mMpaBO-iHBapiaHTHY IICEB/IO-PIMAHOBY METPUKY, STKa PO3-
muproe piMmanoBy merpuky ['inpbepra-IlIminTa 3a momomMorow nepeHopMoBa-
HUX CJIIB IICEBI0-An(MEPEHITIAIbHAX OMEPATOPIB, 8 TAKOXK OIMHCYEMO JIEAKi
iKaBl KJIaCU 3B’ A3HOCTEH.
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1. INTRODUCTION

In the mathematical literature, the introduction of infinite dimensional
Lie groups is very often motivated by the use that can be done of such ob-
jects which intrinsic properties are difficult to catch. For example, symme-
try groups arise in the theory of ordinary differential equations and partial
differential equations. Groups of diffeomorphisms arise in the basic theory
of differential manifolds, dynamical systems, and have applications in a
wide range of examples such as knot theory, stochastic analysis. Manifolds
of maps, current groups and gauge groups have their own applications in
various models in physics while their intrinsic properties are deeply related
to homotopy theory.

The aim of this paper is the description of a family of infinite dimensional
Lie groups, derived from a natural interplay between classical pseudodif-
ferential operators and diffeomorphisms, which can be found in the remark
first in [33] and in [23], specializing the study when the base manifold is S*.
Motivations for the introduction of these groups are different in the two
works. In [33] the motivation is the full description of a possible structure
group for infinite dimensional principal bundles where a Chern-Weil theory
can be stated. In [23], the motivation comes from the need of description of
the structure group of the space of non-parametrized space of embeddings
of a smooth compact boundaryless manifold M to a smooth finite dimen-
sional Riemanian manifold manifold N. In both descriptions, the group
under consideration is the central extension of a group of diffeomorphisms
by a group of classical pseudo-differential operators.

More precisely, the group under consideration in a central extension
of the group of diffeomoprhisms Diff(S!) by the group CI*(S!,V) of in-
vertible elements of the algebra C1(S', V) of non-formal, classical, maybe
unbounded pseudo-differential operators acting on a trivial n-dimensional
Hermitian bundle S x V over S'. In such an object, one can derive many
infinite dimensional groups:

(1) the loop group C*(S*, SU,)
(2) the group of orientation preserving diffeomorphisms Diff, (S1)

(3) the group generated by L?-orthogonal symmetries related to L2
orthogonal projections on a finite dimensional vector subspace of
Co(8h, V)

But beside these examples of groups of bounded operators, which are all
subgroups of the restricted unitary group U,..s described in [34], we also wish
to recover here some non-formal versions of the spaces of elliptic injective
classical pseudo differential operators, and in particular the square root of
the Laplacian, in order to state results in a framework as general as possible.
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Due to the presence of unbounded pseudo-differential operators, and in par-
ticular differential operators of order 1, the Lie algebra of this group cannot
be embedded in a group of bounded operators acting on the space of sec-
tions C*(S1, V), but only represented in it. As a technical remark, we have
to say that we have here an example of non-regular infinite dimensional Lie
group, as given in Remark 2.31 adapting a remark from [27|. But another
technical feature is that this group does not seem to carry atlas, for the
same reasons of presence of unbounded operators, as first described in [2]
in the context of formal pseudo-differential operators. But one can anyway
consider this group as an “infinite dimensional group” in the way of [12],
or as a so-called Frolicher Lie group, see e.g. [27] and references therein,
in order to make safe the notion of smoothness. In the section dedicated
to the preliminaries, we describe this groups and some of its remarkable
subgroups, we recall classical properties of the (zeta-)renormalized traces
of pseudo-differential operators, describe useful splittings of the algebra of
formal pseudo-differential operators from existing literature, and fully de-
scribe the space of formal Diff(S')-pseudo-differential operators. This last
description is, to our knowledge, not given before this work.

In Section 3, we compare this group with the restricted general linear
group and develop the index 2-form A on it. Indeed, by considering only S!
as a base manifold, this enables us to describe more deeply the algebraic and
geometric structures derived from the Dirac operator D, or more precisely
its sign (D), which defines a polarization on L?(S', C¥), splitting this space
into eigenspaces of positive and non-positive eigenvalues. This polarization
is described in e.g. [34], is shown here to generalize to unbounded operators
in an elegant way, generalizing the remarks initiated in [18,21] on one hand
and some geometric constructions using the Lie group of bounded operators

GLyes(S", C*) = {u € GL(L*(S",C"))
such that [e(D), u| is Hilbert-Schmidt}

with Lie algebra
L(S',CF) = {ue L(L*(S*,C)) such that [e(D), ] is Hilbert-Schmidt}.

on the other hand. This Lie group has a central extension, and the cor-
responding central extension of its Lie algebra is given by the Schwinger
cocycle, first found by J. Schwinger in [36]. This 2-cocycle was known as
a cocycle on Lie algebras of bounded operators (see e.g. [5,28]). In [21,22]
we proved that the Schwinger cocycle can be extended naturally to the
algebra PDO(S',C¥) of (maybe non classical, maybe unbouded) pseudo-
differential operators. Moreover, we gave its relations with a pull-back cf
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of the Khesin-Kravchenko-Radul cocycle on formal symbols [15, 35], us-
ing an appropriate linear extension of the usual trace of trace-class ope-
rators. cf and %cg have the same cohomology class. On loop groups,
this (Lie algebra)-cocycle pulls back to the central extension of the loop
algebra [5,18,34], while it enables to recover the Gelfand-Fuchs cocycle on
Vect(S1), [21]. We extend here the Lie-algebraic considerations of [21] to
the group under consideration.

In Section 4 we construct the extension of the Hlibert-Schmidt Hermitian
product

(a,b) — tr(ab®)

to the Lie algebra CI(S',V) x Vect(S!) by replacing the usual trace of
trace-class operators by one of its linear extensions, the zeta-renormalized
trace tr® described in the preliminaries. The first difficulty comes from the
fact that tr® is not tracial, i.e.

3(a,b) € CU(SY, V) :  tr2([a,b]) # 0.

Surprisingly, we obtain a non-degenerate sesquilinear form (-,-)A on
CI1(S, V), which gives rise to a non-degenerate bilinear form fRe(-,-)a on
CI1(St, V) x Vect(S1). We also show that these forms are not positive, and
multiplication operators are isotropic vectors. These two forms then gen-
erate, by right-invariant action, pseudo-Hermitian and pseudo-Riemannian
metrics on C1*(S!, V) and FC’lgiff(Sl)(Sl, V') respectively.

Due to the presence of a pseudo-Hermitian metric, one can ask whether
there exists pseudo-Hermitian connections. This is the aim of Section 5,
where families of pseudo-Hermitian connections are described. However,
there exist some technical difficulties to pass in order to describe the whole
family of pseudo-Hermitian connections for (-,:)a, due in particular to
the actual lack of knowledge on the linear maps acting on CI(S!, V). We
restrict our investigations to connection 1-forms that read as composition
by a smoothing operator. Our results are mostly based on the remark that
[a,e(D)] and sas™, when s is smoothing, are smoothing operators.

We finish this work by giving some specialization remarks. We describe
how Diff(S1) acts on the polarization, we give another interpretation of
the Schwinger cocycle in terms of the curvature of one of our smoothing
connections defined in Section 5, we show that a Levi-Civita type exists
for PRe(-,-)a on the group FCl;"e’Diff(Sl)(Sl, V) and that it fits with classi-
cal formulas for the Levi-Civita connections in finite dimensional settings,
and we finish with a blockwise decomposition of Re(-,-)A on the group of

bounded, even-even class operators F ClgzDiff( Sl)(S Lv).
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2. PRELIMINARIES ON OPERATORS ON S!

In this section, we make a moderate use of the notion of diffeology, notion
which is not among the main goals of this paper. A classical presentation
on diffeologies can be found in [10], and the necessary material is already
reviewed in many publications of the author. We refer to [26] and references
therein for an updated review of the necessary notions to understand in-
depth technical properties of the present paper, and to [23] for a preliminary
work about the same objects. When precise notions and properties will be
necessary, precise citations will be given. For a superficial reading, the
reader can replace diffeologies by a «natural differentiation» on operators.

2.1. Basics on pseudo-differential operators. An exposition of basic
facts on pseudo-differential operators can be found in [8]. In this section,
we only review the definitions and tools that are necessary for this note.
We set St = {2 € C||z| = 1}. We shall use for convenience the smooth

atlas A of S! defined as follows:

A = {po, 1};

on @ x € (0;21) — @ <« S for n e {0;1}.
Associated to this atlas, we fix a smooth partition of the unit {sg;s1}. We
identify each of these functions with its associated multiplication operator

when necessary. An operator A : C*(St, C) — C®(S!, C) can be described
in terms of four operators

At f > 8m o Aos, for (m,n) e {0,1}>
A scalar pseudo-differential operator of order o is an operator
A:C*(SC) - C™ (st C)
such that for all (m,n) € {0,1}2,

meﬂ:f €012, €) (50 ) (€)dE

(0;2m)

where o, , € C°((0;27) x R, C) satisfies the following inequality:
¥(a,8) €N, |DEDLomn(x,8)| < Cap(l+ €))7

(In these formulas, the maps f, s, and A,,,(f) are read on the local
charts g, ¢1, but we preferred to only mention this aspect and not to give
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heavier formulas and notations, since the setting for S'-pseudo-differential
operators is rather more simple than for manifolds of higher dimension).

Let E = S' x C* be a trivial smooth vector bundle over S'. Let also
s € R. An operator acting on C* (S, C") is a pseudo-differential operator if
it can be viewed as a (n x n)-matrix of scalar pseudo-differential operators.
A pseudo-differential operator A of order o extends to a linear bounded
operator on Sobolev spaces H*(S!,C") — H*~°(S!,C"). In particular, an
order 0 pseudo-differential operator is a bounded operator on H*(S!,C").

A pseudo-differential operator of order o is called classical if and only if
its symbols o, , have an asymptotic expansion

Um,n(ﬂf,f) ~|€]—>+o0 Z (O—m,n)j(xvf)7

j=—c0

where the maps (o) : St x R* — C, called partial symbols, are j-
positively homogeneous, i.e. for all t > 0 and (x,£) € St x R*¥,

(Um,ﬂ)j (.I’, tf) = tj (Um,n)j (ZU, 5) .

We also define log-polyhomogeneous pseudo-differential operators. A
pseudo-differential operator is log-polyhomogeneous if and only if there ex-
ists o’ € N such that its symbols o, , have an asymptotic expansion

Tmn(2,€) ~eloior D, D, (Omn)i(z, &) (log(€])F,

J=0k=—00

where the maps (opmn); : ST x R¥ — C are classical partial symbols of
order 5. The number o is called the logarithmic order of the pseudo-
differential operator. Of course, classical pseudo-differential operators are
log-polyhomogeneous pseudo-differential operators of logarithmic order 0.

The notion of symbol and partial symbol appear local (dependent on the
charts of the atlas) in view of these definitions. However, in this very special
case of atlas on S', where the changes of coordinates are translations, one
can see (with the formulas of change of coordinates given in e.g. [8]) that
the partial symbols of a pseudo-differential operator can be defined globally
by

95 = Z (Omn);-
(m,nef{0,1}2

There is another way to define globally the partial symbols of an operator
is in [4], see e.g. [39], using linearizations of the manifold. This second way
to define the formal symbol is more useful when one works with manifolds
more complicated than S!.
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Now, define the sets of smooth maps

S(s',ch) = s,

oeR
with
So(st, ck) =
- {a e C*(T*S", M,,(C)) such that for all (a, 8) € N? :
D5 Do, )] < Cas(1 + )
and

ST(SY,CR) = () 8°(8*, Ch).
oeR
The set S(St,C*)/S~*(S1, CF) can be understood as the set of asymptotic
expansions when ¢ — +00 up to rapidly decreasing maps in the £ variable.
Then, we define the following multiplication rule some equivalence classes

of maps ¢ and ¢’ in S(S*!,CF)/S~* (S, CF):

goo’ = Z (Z') DgoDyo’. (2.1)
(a)eN )

Notations. We note by CI(S',C*) classical pseudo-differential operators
acting on smooth sections of E, and by CI1°(S!, CF) the space of classical
pseudo-differential operators of order o.
There is no isomorphism between the set of symbols and the set of
pseudo-differential operators. Notice that the intersection
ClI=*(S',Ch) = [ cio(sh,ch),
0

is a two-sided ideal of CI(S',C¥), and we define the quotient algebra
FCU(ST,CF = cl(st,CcFy/ci= (s, CF),

called the algebra of formal pseudo-differential operators. That algebra
FCI(S',CF) is isomorphic to the set of formal symbols [4], and the iden-
tification is a morphism of C-algebras, for the multiplication on formal
symbols defined before.

2.2. Renormalized traces. Assume that F is equipped this an Hermitian
products {-, -), which induces the following L?-inner product on sections of
E:

Vu,ve C2(S, ), (u,v)p2 = Ll<u(:r:),v(:c)>da:,

where dx is the Riemannian volume.
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Definition 2.3. An operation @) is a weight of order s > 0 on E if and only
if Q is a classical, elliptic, self-adjoint, positive pseudo-differential operator
acting on smooth sections of E.

Recall that, under these assumptions, the weight ) has a real discrete
spectrum, and that all its eigenspaces are finite dimensional. For such a
weight @ of order ¢, one can define the complex powers of @, [38], see
e.g. [5] for a fast overview of technicalities. The powers Q™ of the weight
() are defined for Re(s) > 0 using a contour integral,

Q%= J A (Q — Nd)td,
I

where I' is a contour around the real positive axis. Let A be a log-
polyhomogeneous pseudo-differential operator. The map

C(A,Q,s) =seC—tr (AQ_S) eC

defined for Re(s) large, extends on C to a meromorphic function [17]. When
A is classical, (A, @, -) has a simple pole at 0 with residue %resWA, where
resyy is the Wodzicki residue ([40], see also [11]). Notice that the Wodzicki
residue extends the Adler trace [3] on formal symbols. Following text-
books [32,37] for the renormalized trace of classical operators, we define

Definition 2.4. Let A be a log-polyhomogeneous pseudo-differential ope-
rator. The finite part of ((A,Q,s) at s =0 is called the renormalized trace
tr®A. If A is a classical pseudo-differential operator,

1
QA _ 1 ey L
tr A—lm(l)(tr(AQ ) qsreSW(A)).

If A is trace class acting on L?(S',CF), tr9(A) = tr(A). The functional
tr? is of course not a trace. In this formula, it appears that the Wodzicki
residue is resy (A).

Proposition 2.5. (1) The Wodzicki residue resy is a trace on the

algebra of classical pseudo-differential operators C1(S1, E), i.e. for
all A,B e CI(SY,V), resy[A, B] = 0.
(2) (local formula for the Wodzicki residue) Moreover, if A e C1(S1,V),

resWA——J J traledédx——EJ tro_1(x, &)dédx.
st Jlgl=1 £=+1
In particular, resy does not depend on the choice of Q).

Since tr€ is a linear extension of the classical trace tr of trace-class ope-
rators acting on L?(S°V), it has weaker properties. Let us summarize some
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of them which are of interest for our work following first [5], completed
by [23] for the third point.

Proposition 2.6. e Given two (classical) pseudo-differential operators A
and B, given a weight @),

tr?[A, B] = —%res(A[B,logQ]). (2.2)

e Given a differentiable family A; of pseudo-differential operators, given a
differentiable family Q¢ of weights ofconstant order q,

d d 1 d
pm (terAt) — tr@ (EAL) — Eres (At(a log Qt)) ) (2.3)

e Under the previous notations, if C' is a classical elliptic injective operator
or a diffeomorphism, #rC71QC (C’_lAC’) is well-defined and equals tr@ A.
o Finally,

trQ A = tr@* A*.

Since tr? is not tracial, let us give more details on the renormalized trace
of the bracket, following [19].

Definition 2.7. Let E be a vector bundle over S', let Q a weight and let
a € Z. We define:

AP = {BeCI(S',E) | [B,logQ] € CI*(S*, E)}.

Theorem 2.8. (i) A9 ~ CI°(S!, E) is an subalgebra of C1(S, E) with
unit.
(i) Let B e ElI*(S',E), B-'AYB = AL @B,
(iii) Let A € CI’(S',E), and B ¢ A?b_w then tr®[A,B] = 0. As a
consequence,

V(A,B) e Cl=®(SY, V) x CI1(SY,V), tr%[A4,B] =0.

When needed and appropriate, other properties of renormalized traces
will be given later.

2.9. Splittings of FCI(S', V).

2.9.1. The polarization operator. The operator D = —id% splits C® (S, C™)

into three spaces:

- its kernel Ej, built of constant maps

- E, the vector space spanned by eigenvectors related to positive eigen-
values
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- E_, the vector space spanned by eigenvectors related to negative eigen-
values.

The L?-orthogonal projection on Fy is a smoothing operator, which has
null formal symbol. By the way, concentrating our attention on the formal
symbol of operators first, we can ignore this projection and hence we work
on F. @ E_. The following elementary result will be useful for the sequel.

Lemma 2.10. [18,21]

(1) o(D) =¢.

(2) o(ID]) = [¢]-

(3) o(e) = %, where ¢ = D|D|™ = |D|7'D is the sign of D.
)

(4) Let pg, (resp. pg_) be the projection on E (resp. E_), then

o(pp,) = . (Id + é) o(pp_) = (Id - %)

Remark 2.11. The operators D and e are operators acting on L?(S*, C)
while L and ie are operators on L?(S!, C) which leave invariant L?(S!, R).

Let us now give a trivial but very useful lemma:
Lemma 2.12 ([18]). Let f : R* — V be a 0-positively homogeneous func-

tion with values in a topological vector space V. Then, for any n € N*,
) =0 where f) denotes the n-th derivative of f.

Corollary 2.13. Let A€ FCI(S', C") such that o(A) = 0¢(A). Then
o(Ao B)=09(A).0(B) (pointwise multiplication).

2.13.1. The splitting with induced by the connected components of T*S*—S*.
In this section, we define two ideals of the algebra FCI(S*, V), that we call
FCIl, (S, V) and FCI_(S1,V), such that

FCISY, V) = FCl (SL, V)@ FCI_(S', V).

This decomposition is explicit in [11, section 4.4., p. 216], and we give an
explicit description here following [18,21].

Definition 2.14. Let o be a partial symbol of order o on E. Then, we
define, for (x,£&) e T*St — S1,

) ' 0 0 ) 0
7+(@,6) = {g(x " Z‘f Z 0 and 0-(z,¢) = {O’(LE £) Z‘g Z 0.

We define py(0) = o4 and p_(0) = o_.
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The maps

py s FCUSY, V) = FCU(SL, V),
p_: FCI(S', V) — FCI(S, V)

are clearly smooth algebra morphisms (yet non-unital morphisms) that
leave the order invariant and are also projections (since multiplication on
formal symbols is expressed in terms of pointwise multiplication of tensors).

Definition 2.15. We define
FCL(S',V) = Im(ps) = Ker(p-),
FCI-(8%,V) =Im(p-) = Ker(py).
Since p4 is a projection, we have the splitting
FCI(S', V)= FCl (S, V)® FCl_(S', V).

Let us give another characterization of py and p_. Looking more precisely
at the formal symbols of pg, and pg_ computed in Lemma 2.10, we observe
that

1 if¢>0, 0 if&>0,
ope) =4, ife <o, Mnd olpe) =9 if & <0,

In particular, we have that p; and p_ satisfy Corollary 2.13. Moreover,
their symbol do not depend on z. From this, we have the following result.

Proposition 2.16. Let Ae FCI(S',V). Then
p+(A) =o(pp,) o A= Aoco(pe,),

p—(A)=o0c(pg_)oA=Aoo(pg ).

2.16.1. The “odd-even” splitting. Denote by o(A)(x,£) the total formal
symbol of A € FCI(S!,V). The following proposition is trivial:

Proposition 2.17. Define ¢ : FCI(S',V) — FCI(S', V) by
5(4) = 5 3 ou(A)(w, ) — (-1 or(A)(z, ~0).

keZ

Then this map s smooth, and

¥DO(S', V) = FCl,,(S',V) = Ker(¢).
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Following [37], one can define the even-odd class pseudo-differential ope-
rators

FCleo(S',V) =
= {ac Fau(s', V)| 3 ou( )@, + (~)ror( )@, ~&) = 0}.
keZ

Remark 2.18. Ine.g. [13,14], even-even class pseudodifferential operators
are called odd class pseudodifferential operators. By the way, following the
terminology of [13,14] even-odd class pseudo-differential operators should
be called even class. In this paper we prefer to fit with the terminology
given in the textbooks [32,37].

Proposition 2.19. ¢ is a projection and FCl.,(S1,V) = Img.
By the way, we also have

FCIUSY, V) = FClee(SY, V) @ FCloo(SH, V).

We have the following composition rules for the class of a formal operator

Ao B:

A even-even class A even class
B even-even class | A o B even-even class | A o B even-odd class
B even-odd class | A o B even-odd class | A o B even-even class

Example 2.20. ¢(D) and |D| are even-odd class, while we already men-
tioned that differential operators are even-even class.

Applying the local formula for Wodzicki residue, one can prove [5]:

Proposition 2.21. If A and Q lie in the odd class, then f(s) = tr(AQ™%)
has no pole at s = 0. Moreover, if A and B are odd class pseudo-differential
operators, trQ([A, B]) =0 and tr? A does not depend on Q.

2.22. Formal and non-formal Diff(S!)-pseudodifferential operators.
It follows from [6,31] that the group Diff, (S!) is open in the Fréchet mani-
fold C*(S1, S1). This fact makes it a Fréchet manifold and, following [31], a
regular Fréchet Lie group. In addition to groups of pseudo-differential ope-
rators, we also need a restricted class of groups of Fourier integral operators
which we will call Diff(S!)-pseudodifferential operators following [23, 25].
These groups appear as central extensions of Diff(S!) or Diff, (S!) by
groups of pseudo-differential operators. We do not state the basic facts
on Fourier integral operators here (they can be found in the classical pa-
per [9]). The pseudo-differential operators considered here can be classical,



Diff(S!)-pseudodifferential operators and renormalized traces 31

odd class, or anything else. Applying the formulas of “changes of coor-
dinates” (which can be understood as adjoint actions of diffeomorphisms)
of e.g. [8], we obtain that even-even and even-odd class pseudo-differential
operators are stable under the adjoint action of Diff(S1). Thus, we can
define the following groups [23|:

Definition 2.23. 1) The group FClEiff(Sl)(Sl,V) is an infinite dimen-
stonal group defined by
FOlfs1y(S', V) ={A=Bog|BeCl*(S',V) and g € Diff(5")} .

2) The group ]—"C’l%’;f(sl)(Sl, V') is an infinite dimensional group defined by

O’
F ClD;f(Sl)

(81, V)={A=DBog|BeCl®(5'V) and g € Diff(S")} .
3) The group .FCll*)iff(Sl)’ee(Sl, V') is an infinite dimensional group defined
by

fcz;iff(sl)ﬁe(sl, V)={A=Bog|BeCl:(S",V) and g € Diff(5")} .

07
4) The group FCZD;f(Sl),ee
by

]-"CZOD’i”;f(Sl)’ee(Sl, V)={A=Bog|BeCl2*(S" V) and g € Diff(S")} .

(S1, V) is an infinite dimensional group defined

Remark 2.24. This construction of phase functions of Diff(.S!)-pseudo-
differential operators differs from the one described by Omori [31] and
Adams, Ratiu and Schmid [1] for some groups of Fourier integral operators;
the exact relation among these constructions still needs to be investigated.

Remark 2.25. The decomposition A = B o g is unique [23], and the dif-
feomorphism appears as the phase of the Fourier integral operator.

Remark 2.26. The group Diff(S!) decomposes into two connected com-
ponents Diff(S!) = Diff, (S1) u Diff_(S?), where the connected component
of the identity, Diff, (S1), is the group of orientation preserving diffeomor-
phisms of S!. By the way, we can replace Diff(S') by Diff,(S') in the
previous definition.

Remark 2.27. We have, on these Lie groups, some difficulties to exhibit
an atlas especially when considering unbounded operators. One then can
consider “natural” notions of smoothness, inherited from the embedding
into C1(S1,V) for the pseudo-differential part, and from the well-known
structure of ILB Lie group [31] from the diffeomorphism (phase) component.
In order to be more rigorous, one can then consider Frolicher Lie groups
along the lines of [23,25] in this context, or in |24, 27] when dealing with
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other examples where this setting is useful. A not-so-complete description
of technical properties of Frolicher Lie groups can be found in works by
other authors [16,29,30] but this area of knowledge, however, still needs to
be further developed. This lack of theoretical knowledge is not a problem
for understanding and dealing with groups of Diff(S!)-pseudo-differential
operators.

From this remark, we deduce that the Lie algebra of F ClEiff( siy(S LV)
is CI1(S', V) ® Vect(S'), and we note that

(a,X)—a+ X

is a Lie algebra morphism with values in CI(S*,V). The same remark
holds for subgroups of F C’l]*)iff( 51)(5 L. V). Let us now define a relation of
equivalence “up to smoothing operators”.

Definition 2.28. Let (A, A’) e (fClEiff(Sl)(Sl, V)2, with A= Bog and
A" = B’ oqg' as before. Then

A=A s {g =9
B— B e Cl=*(SY V).
The set of equivalence classes with respect to = 1s denoted by
‘FFCll*)iff(Sl)(Sln V)
and is called the set of formal Diff(S')-pseudodifferential operators.

The same spaces of formal operators can be constructed using orientation-
preserving diffeomorphisms of S', even-even class pseudodifferential opera-
tors and so on. We do not feel the need to give here redundant construc-
tions, and obvious notations.

Theorem 2.29. Let
G— {A e CI%*(S, V)| A=1d+ B, Be 01—00(51,1/)}.

Then
e GG is a normal subgroup of .FCZI”‘)iff(Sl)(Sl, V), i.e.

G < FClEiff(Sl)(Sl, V),
o given (A, A') € fClEiff(Sl)(Sl, V)2,

A=A — AAleq



Diff(S!)-pseudodifferential operators and renormalized traces 33

which implies that
FFCLyy51(SY, V) = FCl sy (51, V) /G.
By the way, .FFC’ZI”Siff(Sl)(S , V') is a group. Moreover,
FFECly1y(SY, V) = FCOI*(S', V) » Diff(S*). (2.4)

Proof. Let (A, A") € FClfo(Sl)(Sl,V) with A = Bog, A’ = B'og in
the decomposition F'CIf, ff(Sl)(Sl V) = CI*(S',V) x Diff(S!). Then the
following conditions are equivalent:

(a) A=A

B—B' =—-ReCl=™(5,V)

(c) AA~1 =BB~!'=1d+ RB''eG.
Let A € FOUS 4 1y(S',V) and let Id + S € G with S € CI7*(S5*,C).
Then
A1 Id + S)A=1d + A7 1S A.
We have A = Bog with B € CI*(S,V) and g € Diff(S!). As an ope-
rator acting on L?(S!,V)-functions, composition on the right by a dif-
feomorphism is a bounded operator. As an operator from C® (S, V) to

C®(S!, V), composition on the right by a diffeomorphism is also a bounded
operator. A pseudo-differential operator of order o is a bounded operator
from L2(SY,V) to H=°(S1,V), and also from C®(S, V) to C*®(S, V).
Finally a smoothing operator is bounded from any Sobolev space H° to
C®. By the way,

A™1SA =g 'B71SBg € CI=®(S%, V).

Hence G < F Cllef( Sl)(S LV). Let us now examine the following diagram:

1 1
1—G——=CI*(S1,V) FOI*(SL, V) ——1

H |

1— G — FCI, ff(sl)(sl, V) — FFClhy51y(S', V) — 1
| |
Diff(S1) Diff(S1)

/ '
1 1
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The three squares commute, the two horizontal lines are short exact se-
quences as well as the central column. By the way, we also have that

1 — FCI*(S',V) = FFClfyg51)(S*, V) — Diff(S!) — 1
is a short exact sequence. [

Via identification (2.4), ]-"FCl]"Siff(Sl)(Sl, V') as a (set theoretic) product

can be equiped by the product topology of FCI*(S!, V) x Diff(S!). This
makes of it a smooth Lie group modeled on a locally convex topological
vector space, and we can state:

Proposition 2.30. There is a natural structure of infinite dimensional
Lie group on ]-"FCl]*)iff(Sl)(Sl, V), and its Lie algebra (defined by germs of
smooth paths) reads as

FCU(S', V) x Vect(S1).

Remark 2.31. It is proven in [23] that, in an algebra of formal pseudo-
differential operators that can be identified with FCl..(S!,C) in our con-
text, the constant vector field ¢ — % does not integrate to a smooth path
on the group, in other words

d
— CI%,(S',C)).
exp () # FCLE(S.0)

This shows that FCI*,(S,C), and therefore CI*(S',V) and also the
space FClEiff(Sl) (S1,V) are not regular in the sense of Omori [31], while the

same constant vector, understood as an element of Vect(S!), the Lie algebra
of Diff(S!), integrates to a rotation on the circle. This shows that one has
to be careful on which component the differential monomials of degree 1 are
considered while working with F Cl]":‘)iff( s1) (S1,V). Its Lie algebra cannot be
embedded but only represented in Cl, (S, V).

3. RELATION WITH THE RESTRICTED LINEAR GROUP

3.1. On cocycles on CI(S',C¥). Let us first precise which polarization
we choose on L2(S 1, Ck). We can choose independently two polarizations:
- one setting HS) = F4 and H(_l) =FEy®E_,
- or another one setting Hf) =FE, ® Ey and H(Z) = F_.

Since Ej is of dimension k, the orthogonal projection on Ej is a smoothing
operator. Hence,

o(pym) = o(pye) = leso
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and
o(pyw) = o(py@) = le<o-

We introduce the notation, for A € PDO(S', CF),
Ayt =py, Apnu,,

where H denotes HJ(:) or Hf), and we set €(D) = py, —pu_. We notice
that o(A4+4) = 04 (A), and recall the following result [21]:

Theorem 3.2. For any A € CI1(S',CF), [A,e(D)] e CI=®(S',CF). Con-
sequently,
c? 1 A,Be Cl(S',E) — itr(e(D)[e(D), Al[e(D), B]) = tr([A, e(D)]B)

is a well-defined 2-cocycle on PDO(S', CF). Moreover, c? is non trivial

on any Lie algebra A such that C*(S',CF) c A < CI(S!,CF).

Along this cocycle, we have to mention two others. First, the Kravchenko-
Khesin cocycle [15], defined on Adler series a = Y] ap™ and b= > b,,&™

n<k m<l
by
¢k i (a,b) = res (alb, log&])
which pulls-back on the algebra CI(S', C*), following a procedure first de-

scribed by Radul [35] to our knowledge, to a cocycle called Kravchenko-
Khesin-Radul cocycle in [20], defined in its polarized version by

ckir(A, B) = Pl ([Ay 4, B1y]) = goresw (A4 [Byy,log D)),
which is the pull-back, up to the constant %, of cx i through the map
Ae Cl(SH,CF) — o, (A).
Secondly, the index cocycle described in [34] and extended to CI(S*, CF)
in |21], defined by:
MA, B) = tr([Ar1, Byy] — [A, Bliy).

We have to remark that, in order to have a well-defined formula, the opera-
tor [A44, B+4+] — [A, B]++ needs to be trace-class. When A and B are

pseudo-differential operators, this operator is smoothing and hence the
trace is well-defined. Following [21], we can state:

Proposition 3.3. On PDO(S*,CF),

1
)\ — 565.

Moreover, on any algebra A such that C*(S*,C*) = A < CI(S*,CF), the
cocycles cx kR, A and %cs are non trivial in Hoschild cohomology, and belong
to the same cohomology class.
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3.4. GL.es and its subgroups of Fourier-integral operators. Let us
now turn to the Lie group of bounded operators described in [34]:

GLyes(S',CF) =
= {u e GL(L*(S",C")) such that [¢(D), u] is Hilbert-Schmidt}
with Lie algebra
L£(St,Cck) = {ue L(L%(S',C*)) such that [e(D),u] is Hilbert-Schmidt}.

Proposition 3.5. (|23, Theorems 25-26])

FCl%i?f+(Sl)(S17 (Ck) — GLres(Sl, (Ck)

Let us now give a new light on an old result present in [34] from a
topological viewpoint, expressed by remarks but not stated clearly in the
mathematical literature to our knowledge. We choose here a new approach
for the proof, more easy and much more fast, and adapted to our approach
of (maybe generalized) differentiability prior to topological considerations.

Lemma 3.6. The injection map Diff, (S') <> GL,es(SY, CF) is not diffe-
rentiable.

Proof. Let us assume that the injection map Diff, (S!) < GLyes(St, CF)
is differentiable. The group GL,e(S', CF) is acting smoothly on L?(S!, C?)
and hence the Lie algebra of GL.(St, CF) is a Lie algebra of bounded
operators acting on L?(S',C"). The Lie algebra Vect(S!) is a Lie al-
gebra of unbounded operators acting on L?(S!,C") hence the injection
map Diff, (S') < GLs(St, CF) is not differentiable. O

From this Lemma, next theorem is straightforward:
Theorem 3.7. The injection maps FCl%i"f‘er(Sl)(Sl,Ck) <> GLs (ST, CF)
and DO®* (S, CF) x Diff; (S1) < GLyes(SY, CF) are not differentiable.

3.8. Index cocycle on FOIE

Diff(sl)(Sl,(Ck). Let us now recall a result
from [34]:

Proposition 3.9. Let us consider the right-invariant 2-form generated by

A on GLyes, that we note by A. Then X is a closed, non exact 2-form on
GLres-

Lemma 3.10. Let v : R — FC’l]’Siff+(Sl)(Sl,Ck) be a smooth path. Then
the path
te R+ [e(D),~(t)]
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1s a smooth path of smoothing operators with respect to any of these diffe-
rentiable structures:

e the differentiable structure of FCl]”:‘)iff+(Sl)(Sl,Ck)
e the differentiable structure of GLreS(Sl, Ck

Proof. The proof follows from
[Fcz;gm (s1y(5%,C"), E(D)} c CIm* (S, Ch)
as is stated in [23, Theorem 25|. O]
As a consequence, we get:

Theorem 3.11. )\ = %cs generates a closed, non exact 2-form on

FClEifer(Sl)(Sla Cck).

4. RENORMALIZED EXTENSION OF THE HILBERT-SCHMIDT HERMITIAN
METRIC

The vector space CI171(S%, V) is a space of Hilbert-Schmidt operators.
As a subspace, C171(S!, V) inherits a Hermitian metric from the classical
Hilbert-Schmidt inner product. The renormalized trace tr® extends the
classical trace tr of trace class operators to a smooth linear functional on
CI1(S1,V). We investigate here the possible (maybe naive) extension of the
classical Hilbert-Schmidt inner product to CI(S', V) via tr®.

4.1. Calculation of renormalized traces. Let (2*)icz is the Fourier
L?-orthonormal basis. Let us recall that there exists an ambiguity on €(D)
concerning its action on 2", which can be, or not, in the kernel of p_, or
in the eigenspace of the eigenvalue 1 or —1. Depending on each of these
three possibilities respectively, we set (k) as the eigenvalue of €(D) at the

eigenvector z*.

Lemma 4.2. Let X = u%,Y = v% be two vector fields over S*, and let
a,be C*(SY,C). Then

(1) tr®(ab) =0,
(2) tr®(XY*) =0,
(3) tr®(Xa) = tr®(aX) = 0.

Proof. We have here even-even class operators, so that the renormalized
trace is commuting in all items.



38 J-P. Magnot

(1) Following computations presented e.g. in [5], we compute for Re(s)
large enough first, with the convention 07% = 1:

Z((z”z_mzk),A_szk)Lz = 2(k2)_s(z"z_mzk,zk)p

keZ keZ
= M) )
keZ
0 if n #m,
B {1 + 23 e (K2) 75 if n=m.

By the way, taking the limit as s — 0 in the zeta-renormalization procedure
of the trace, we get, dividing the sum for k € Z into three parts: k € Z*,
k=0 and k € N*:

tr2(ab) = (€(0) + 1+ ¢(0))(a,b) 2 = 0(a, b) 2.

(2) Here the functions u and v are real-valued, which means that one
should consider the real Fourier basis for the summation. However, since the
real Fourier basis is a linear combination of the complex one, we investigate
first the renormalized trace with © = 2" and v = 2"*. Then

XY*(Zk) — (_(m . k)Q)Zn—m—H{:'
Then we adapt the previous computations:

DL XY FEE M) o = Y (= (m = k)P () T2 2R
keZ keZ

)0 if n # m,
o em? 23 e P2 e m2hT if = m.

By the way, passing from the complex Fourier Basis to the real Fourier
basis,

2 (XY*) = —2¢(=2)(u,v) 2 + (=1 = 2¢(0))(u, v) g3 = 0.

(3) Since a and X are even-even class, we thave that tr®(aX) = tr®(Xa).

Setting a = 2™ and X = u%, with v = 2™, we compute

Z k(K275 (2"2™ 2k 2F) . = Z 7 e CL L P

keZ keZ
L if n # —m,
| g ik kT2 =0 ifn=-m.

By the way,
tr®(aX) = tr™(Xa) = 0. O
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4.3. Extension of the Hilbart-Schmidt metric to FCI.

Theorem 4.4. The Hilbert-Schmidt definite positive Hermitian product
(A, B) g = tr (AB®)
which is positive, definite metric on C1=Y(S1, V) extends:
e to a Hermitian, non degenerate form on CI(S',V) by
(A,B) — (A, B)a = tr®(AB*);
e to a Hermitian, non degenerate form on Cl (S, V) by
(A, B) — (A, B)a = tr®(AB¥)
e to a (R—) bilinear, symmetric non degenerate form on
CIL(SY, V) @ Vect(Sh)

by
(A, B) = Me(A, B)a = Re (tr°(ABY)),
where A = a+u, B = b+v, with (a,b) € CI(S*,V) and (u,v) € Vect(S?).
Proof. We proceed set by set, following the order of the statement of the

Theorem.
On CI(S',V): The formula tr (AB*) gives obviously a sesquilinear form.

We prove first that the form is Hermitian: Let (A4, B) € CI(S, V).
tr2(BA*) = tr® ((AB*)*) = trA(AB¥).
Let us then prove that it is non-degenerate. Let
AeCl(SL, V), ueC®(S V)~ (ImA—{0})

which is the image of a function = such that ||x||;2 = 1, and let p, be the
L?-orthogonal projection on the C-vector space spanned by z. Then, let
(ex)ken be an orthonormal base with eg = x. For Re(s) = 2ord(A) + 2, we
observe, applying commutation relations of the usual trace of trace-class
operators, the following:

tr(A(py A)*A™%) = tr(AT/2A(Ap,)* A2
= tr((Apy)* A2 AT2A) = tr((Apy)* AT A).
By the way, the meromorphic continuation to C of
s — tr ((Apg)* AT°A)
exist and coincide with the meromorphic continuation of

S — tr (A (Apgz)* A_‘S) :

in particular at s = 0.
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tr ((peA) AT5A) = > ((p2A)* A7 Aey, )2 = > (A7 Aeg, Apgey) 2
keN keN

= (A% Az, Ax) 2 = (A7 20, A™5/%0) 5.

s/2

By the way, since lims_,g A™%/% = Id for weak convergence,

tr2 (A (Ap,)) = limn r (A (Apy)* A™%)
= lir%(A_s/Qu,A_s/zu)La = ||u|[32 # 0.
The operator Ap, is a smoothing (rank 1) operator, and hence is in
CI1(S', V), which ends the proof.
On C1,,(S*, V) and on CI(S!,V) @ Vect(S!): The same arguments as
before hold for non-degeneracy on both
Cl,(S', V) and CI(S',V)@® Vect(S").

The rest of the arguments follow from the inclusions

Cl,(S1,V)c Cl(S', V) and CI(S',V)+ Vect(S') =Ci(S', V). O

Remark 4.5. We remark that (-,-)a is bilinear, non degenerate but not
positive. Indeed, from relation (1) of Lemma 4.2, C®(St, M, (C)) is an
isotropic Lie subalgebra for (-,-)a which proves that this R-bilinear sym-
metric form is not positive.

From the Lie algebra CI(S',V) @ Vect(S'), we then span by right-
invariant action of FCI*(St, V) on TFCI*(S!, V) a right-invariant pseudo-
metric. For this goal, the Lie algebra elements are identified as infinitesimal
paths, and actions and Lie brackets are those derived from the coadjoint

action (and right-Lie bracket) of FCI*(S',V) on CI(S*,V) ® Vect(S!),
while we consider the trivial mapping defined by the sum

C1(S, V)@ Vect(S) — CI1(S', V) = CI(S', V) + Vect(Sh)
in order to compute fRe(-,-)a. The same constructions hold for the pseudo-
Hermitian metric (-,-)a on CI*(S*, V).
Definition 4.6. Let A € FCI%*(SY V) and a € CI°(S1, V) @ Vect(S1).
We denote by Ra(a) the (right-)action by composition

Rs(a) =ao A.

Then, identifying ToFC1%* (S, V) with Ry (CI1°(S*, V) @ Vect(S1)) we set
a smooth pseudo-Riemannain metric on TFCI%*(S', V) by defining for

(a,b) € (CI°(S", V) @ Vect(51))?,
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and hence for (Ra(a), Ra(b)) € (TaFCI%*(S1, V))2,
(Ra(a), Ra(b))a.a = (a,b)a.

5. IN SEARCH OF PSEUDO-HERMITIAN CONNECTIONS FOR (-, )A

There exists some difficulties in describing the whole space of connection
1-forms Q' (FClpyg1y(S, V), CIL(S', V) x Vect(S')). Indeed the space of
smooth linear maps acting on CI(S!,V) is actually not well-understood
to our knowledge. In particular, finding an adjoint of the adjoint map for
(-, -)a fails apparently due to the non-traciality of tr®. We consider here
a class of connections where this smooth linear endomorphism is defined
by composition by a smoothing operator. The resulting technical simpli-
fications enables us to get pseudo-Hermitian connections for (-, )a. Most
of them can be easily adapted to get pseudo-Riemannian connections for

9%6(- , ’)A-

5.1. A class of connections. Let us define now, for w € CI(S*,V) such
that V(a,b) € CI1(S1,V),

©;'b = bla, w].
Proposition 5.2. The curvature of OV reads as
Qo (a,b)c = [wbw, a] — [waw, b} + [wa, wb] — [wd, aw] — [[b, ajw]
for (a,b) € FOU(SY, V).
Proof. Let (a,b,c) € CI(SL, V).
Qe (a,b)c = [0, O] ¢ — O e = clb, wlla, w] — cla, w][b, w] — c[fb,a], ]
= clwbw, a] — clwaw, b] + clwa, wb] — c[wd, aw] — [[b, alw]. O

Let us analyze the connection O with w = ie(D).

Theorem 5.3. 0°“(P) js q C1=* (S, V)-valued connection.
Proof. It follows directly from the fact that [a,ie(D)] € CI=*(S1, V). O
5.4. Pseudo-Hermitian connections associated with a skew-adjoint

pseudodifferential operator. Let w € CI(S!,V) such that w* = —w.
For example, one can consider the example w = ie(D).

Lemma 5.5. For all a,w € CI(S',V) such that w* = —w, ©Y% is the
adjoint of ©3 for (-, )A.
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Proof. Let (a,b,c) € CI=®(S1,V)3. Then
(©¥b, c)) o = tr (bla, w]e*) = tr™ (b([a*, w])*c¥)
— tr (b(c[a®, w])*) = tr® (b(Ogxc)*). O
Let us now analyze

(a,b) € CI(S*,C)? — 0Yb = bla — a*,w] = (OY — ©%)(b).

a

Theorem 5.6. 6" is the connection 1-form of a pseudo-Hermitian con-
nection of (+,*)A-

Proof. Let (a,b,c) € C1(St,C)3. Then
(050, ¢)p = (O = Ogx)b, ) = (B4, ¢) o — ((Ogx)b; ¢) 5
= ((0,Ogxc)p — (b,05'c) o = — (b,0gxC) A -
Hence
Remark 5.7. #°(P) is C1=* (S, V)-valued as ©*(D) i,

5.8. On another class C1=*(S!, V)-connections. Motivated by the pre-
vious example of CI~®(S1, V), let us now give families of C1=® (S, V)-

connections which a priori do not include the connections 8°¢(P) and @#(D),
Let us define now, for s € C1=® and for all (a,b) € CI(S, V),

0%'h = sas*b, ©2"b = bsas®, 03l = [sas*,b].

Let us describe here their associated class of pseudo-Riemannian connec-
tions for (-,-)a along the lines of the previous section. Let s € CI=% (S, V)
be a smoothing operator. Let a,be CI(S1,V)? and let

00y = o3 — @Z;[]b = [s(a — a™)s*, 1],
05! = ©3!p — @Z’ib = s(a — a*)s™D,
0;" =0;"b—07:b=bs(a—a¥)s*.
Lemma 5.9. For all a e CI(S',V) and s € CI=®(S', V) we have that
o @Zi is the adjoint of o for (-, )A,
e Oy is the adjoint of O3 for (-, )a,
o @Z;[] is the adjoint of ©5" for (-, )A-
Proof. Let (a,b,c) € C1(St,C)3. Then
(051D, c)a = (sas*b,c)a = tr2(sas*bc*)

= tr®(bc* sas®) because sas* € C1=° (S, V)
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= tr®(b(sa*s*c)*),
which proves the first point. Furthermore,
(057b, ¢)a = (bsas®, c)a = tr™ (bsas™c*) = tré (b(esa™s*)*).
which proves the second point. The third pont is proved straightway by
the remark @Z’H — e e O
Theorem 5.10. Then 05U, 05! and 05", define three right-invariant pseudo-

Hermitian connections on FCL(S', V).

Proof. This follows from Lemma 5.9. ]

6. LAST REMARKS

6.1. Diff(St) versus Diff, (S1). The group of diffeomorphims Diff(S!) splits
into two connected components

Diff(S") = Diff, (S")| |Diff_(S")
where Diff_(S?) is the space of diffeomorphisms which reverse the orienta-
tion of S'. Among these diffeomorphisms, there is the conjugate map
zeSl—z
which induces an involution
Conj : (z — f(2)) e L*(8Y, V) — (2 — f(2)) € L*(S',V)
that decomposes blockwise in L2(S1,V)=E_® Ey® E, as

0 0 *
COIlj =10 IdEO 0
® 0 0

and in Hy @ H_, for any choice made for H; and H_ (see Section 3.1) as
. (Conj, . Conj, _
Conj = (Conj_+ Conj_ _

where Conj, , and Conj__ are finite rank, smoothing operators. We have
that

Diff_(S') = Conj o Diff, (S') = Diff, (S') o Conj.

By the way, given A € FClpigg1)(S 1 V), if the phase diffeomorphism g
of A is orientation preserving, then, under the blockwise decomposition

H—i-@H—)
_ (A A
=i ),
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A, _ and A_ are smoothing operators due to [23], and if g € Diff_(S!),
Ay, and A__ are smoothing operators.

6.2. The Schwinger cocycle and the connection ©. Let us make the
two following remarks

Proposition 6.3. Let (a,b) € CI1(S',V) x Vect(S!). Then
s(a,b) = —itr®(015) = tr (01 Oe(D)).
Proof. We compute independently
r2(040) = tr® (bla, ie(D)]) = itr®([a, (D)]b)
since [a, €(D)] € CI=*°(S, V), and
12(04 0} ¢(D)) = tr(e(D)[b, ie(D)][a, ie(D)])
= —cs(b,a) = cs(a,b). O
Remark 6.4. When defining a smoothing connection  on
CL(S, V) x Vect(Sh),
we define a map with values on the first component of the product
Cl(S', V) x Vect(S1).

Theorem 6.5. The Schwinger cocycle cs has the same cohomology class
as

i€ (a,b) € CL(SY, V)2 = Jtr™ (Q%(a,b)e(D))
where Q2 is the curvature of ©%.
Proof. We have, V(a,b) € CI(S', V)2
12 (0, b)e(D)) = —t2% (e(D) b, e(D)][a, €(D)] -
— e(D)la, e(D)][b,e(D)] — e(D)][[b, a], e(D)])
= —tr%(e(D)[b, e(D)][a, e(D)]) +
+ 12 (e(D)[a, e(D)][b, (D)]) ~ tr® (e(D)[[b, a], (D))
= ¢s(a,0) + ¢s(a,b) + (67)(a, b),

where 9§ is the coboundary operator and

v:aeCl(SY, V) — tr® (e(D)]a,e(D)]) = cs(a, e(D)). O
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6.6. On even-even Diff(S!)-pseudo-differential operators. Conside-
ring now

FClee,Diff(Sl)(Sl7 V) - Cl:e(‘sla V) a lef(sl)a

we remark that the renormalized trace tr® is tracial on its Lie algebra
Cl,.(S1, V) x Vect(Sh), i.e.

VY(a,b) € Cl_,(S*, V), trA([a,b]) =0

(representing CI,,(S*, V) x Vect(S!) in CI,_,(S',V) as in the rest of the
text). This enables to state the following property:

Proposition 6.7. For all a € Cl (S, V) the adjoint map
adg : b — ad,b = [b,al
has an adjoint map for (-,-)a given by
ad; = adgx.
Proof. Let (a,b,c) € Cl,.(S',V)3. Then
tr® ((adgb)c*) = tr2 ([b, alc*) = tr2 (bac*) — tr> (abc*)
= tr® (bac*) — tro (bc*a) = tré (b(ca®)*) — tré (b(a*c)*)
= tr2(b([e, a*])*). O
As a consequence, applying the arguments of [7] and especially those
leading to |7, Proposition 1.7] to right-invariant vector fields on
FClee pir(sy (S', V),

we get:

Theorem 6.8. The pseudo-Riemannian metric Re(-, - )A admits a unique
pseudo-Riemannian, torsion-free (i.e. Levi-Civita) connection V> that reads
as

1
VA = 5 (adab — adexb — adyra)

6.9. On bounded even-even Diff(S!)-pseudo-differential operators.
We finish our remarks with the group of (L?-) bounded even-even Diff(S*)-
pseudo-differential operators. Its Lie algebra

C1° (S, V) x Vect(Sh)
also reads as

CI (SY, V)@ DO (S, V)@ (Vect(S) @ Idy).
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and the pseudo-Riemannian product $Re(-,-)a decomposes blockwise as

Re(-, )pgg * =*
* 0 0],
* 0 0

where Re(-,-)gs = Re((-,-)ms) is the scalar product derived from the
Hilbert-Schmidt Hermitian product (-,-)us.
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