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Smooth approximations and their
applications to homotopy types

Oleksandra Khokhliuk, Sergiy Maksymenko

Abstract. Let M, N the be smooth manifolds, C"(M, N) the space of C"
maps endowed with weak C" Whitney topology, and B < C"(M, N) an open
subset. It is proved that for 0 < r < s < o0 the inclusion BN C*(M,N) c B
is a weak homotopy equivalence. It is also established a parametrized variant
of such a result. In particular, it is shown that for a compact manifold M, the
inclusion of the space of C® isotopies [0,1] x M — M fixed near {0,1} x M
into the space of loops Q(D"(M),idas) of the group of C" diffeomorphisms
of M at idjs is a weak homotopy equivalence.

Amnoranisi. Hexait M, N — rnagxi muorosumm, C" (M, N) — npoctip C" Bino6-
pasKeHb HATIIeHH BiAmoBiIHOIO cabkoro Tomosorieo Yiatii B < C" (M, N)
— BigkpuTa mijgMuoKuHA. B poboTi moBeeno, mo st 0 < 7 < s < 00 BKJIIO-
genns B N C°(M, N) € B € cjiabkoio roMOTONIYHOKO €KBIBaJIEHTHICTIO.

Takoxk BCTaHOBJIEHO MMapaMETPUIHUN Ta BiIHOCHUIT BapiaHTH IIie€l Teope-
mu. Hexait L — e ogun ronaakuii muaorosun, B < C(L,C" (M, N)) — Binkpura
BiJTHOCHO KOMITAKTHO-BIJIKPUTOI TOMOJIOTII I IMHOXKWHA B TIPOCTOP1 HETepe-
pesHux Bimobpaxens 3 L B C"(M,N), E: C*(Lx M,N) — C(L,C"(M,N))
Binobpaxkenns, o 3amaerbea dhopmynowo E(F)(v)(z) = F (v, x). Toxni obme-
wenna E: E7(B) — B e c1abKoio TOMOTOIIYMHOIO eKBiBaTeHTHICTIO.

3okpeMa, 3 OTPUMAaHUX Pe3yJIbTATIB BUILIUBAE, IO JJIsT KOMITAKTHOTO MHO-
ropugy M Brimodenusi npocropy C° izoromiit [0,1] x M — M mepyxomux
6ins {0, 1} x M B pocrip neress Q(D" (M), idas) rpynu C™ mudbeomopdizmin
M B TOTOXKHOMY BimobparkenHi idys € c1aOKO0 TOMOTOINIYHOKO €KBiBAJIEHT-
HICTIO.
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1. INTRODUCTION

Let M, N be two smooth manifolds. Then for each r > 0 the space
C"(M,N) of C" maps M — N can be endowed with the C" weak Whitney
topology which we will denote by W”, e.g. [20, Chapter 2|, [32, Chapter 8.
In fact,

e WO is the same as the compact open topology,

e W’ for r < o0 arises as the induced compact open topology from the
natural inclusion C"(M, N) < C°(M,J" (M, N)) (called r-jet prolon-
gation), where J" (M, N) is the space of r-jets of maps M — N, and

e W is generated by all topologies W" for 0 < r < o0.

In particular, we get a sequence of continuous inclusions
C*°(M,N) ¢ --- ¢ C"(M,N) c C""Y(M,N) c --- < COM,N) (1.1)

that are not topological embeddings, since each topology W" is stronger
than the induced W™—! one.

It seems to be known that each of the above inclusions is a weak ho-
motopy equivalence, but the authors did not succeed to find its explicit
formulation in the available literature, though it was proved in [35, The-
orem A.3.7 & Remark A.3.8| for the case when M is compact and N is
a Lie group (even a Fréchet-Lie group), and there are discussions, claims
that it is true in general, and ideas of proof in some internet mathematical
resources, see e.g. [11, answer by Ryan Budney| and [6]. However, after
posting to arXiv the initial version of the present paper Prof. Helge Glock-
ner kindly informed us that such a statement follows from his (currently
yet unpublished) paper [14, Proposition 6.1]|, see Remark 7.5 for details.
That weak homotopy equivalence is a consequence of C* approximation
theorems and extends [36, Theorems 12, 16, 17| and [49] about homotopy
types of open subsets of locally convex topological vector spaces.

Remark 1.1. If M is compact, then by [31, Corollary 2| (being simply
a combination of results by J.H.C. Whitehead, O. Hanner, and K. Ku-
ratowski), the spaces in (1.1) have homotopy types of countable CW-
complexes, and therefore all the above inclusions are in fact homotopy
equivalences.

The aim of this paper is to give elementary and thorough proofs that
several kinds of natural inclusions between spaces of differentiable maps,
including inclusions (1.1), are (weak) homotopy equivalences as well, see
Theorems 1.5, 1.8, and 8.1.

The obtained results are thus partially contained in [14]. We work in not
such a generality as in [14], but we additionally cover

e the inclusions BNC*(M, N) c B, where B is an open subset of C" (M, N);
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e the “relative” case of spaces of maps M — N that coincide with some map
@ : M — N on a closed subset X < M, e.g. groups of diffeomorphisms
fixed on some tubular neighbourhood of a submanifold, and in particular
on a collar of the boundary of a manifold, Corollary 1.11;

e the “parametrized’ case of spaces of continuous maps of a manifold L
into the space of C" maps M — N, and in particular, show that certain
spaces of smooth isotopies are weakly homotopy equivalent to the corres-
ponding loop spaces (consisting of continuous maps), Theorem 1.9 and
Corollary 1.10.

The latter case is quite in the spirit of the fundamental paper [5, Chapter 4]
by J. P. Cerf treating the topology of the spaces of “smooth families of
smooth maps”’, see also Remark 5.12.

The obtained results seem to be useful and applicable for concrete com-
putations of the homotopy types of certain spaces of smooth maps, in par-
ticular, groups of diffeomorphisms preserving a smooth function or leaves
of a foliations. They could probably be extended to a more general context
of manifolds modeled on infinite-dimensional topological vector spaces.

A good survey on the homotopy types of spaces of smooth maps can
be found in [43], see also [19, 40, 42, 1, 16|, and |7, 44, 45, 24, 46| for the
topology of loop spaces.

Main results. Let M, N be smooth manifolds possibly with corners (see
e.g. [29, Chapter 1]), 0 < r < s < o0, B < C"(M,N) an open subset with
the topology W™, and A := BN C*(M, N). Endow A with the topology W?.

Moreover, for a subset X < M and a continuous map ¢ : X — N define
the following subspaces of B and A with the induced topologies:

B, x :={9eB|g=¢on X},
.A@’X = B%X M CS(M, N) =An Bap,X-
In particular, we get two inclusions
i Ac B, it Ay x € By x. (1.2)

Definition 1.2. Let X < M be a closed subset with non-empty interior
and p € C°(M,N), 0 < s < o0. We will say that a pair of C* isotopies

P:[0,1] x M — M, Q: [0,1] x N — N, (1.3)

stabilizes ¢ near X, whenever
(a) PO = idM, Q() = idN,
(b) P¢(X) = IntX for 0 <t < 1, or equivalently X < Int(P; *(X));
(¢) Q¢ oo Py = on some neighbourhood of X (which may depend
ont)for 0 <t<1.
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Remark 1.3. Let (1.3) be a pair of isotopies stabilizing ¢ near X, and
Q¢ o ¢ o Py = ¢ on some neighbourhood U; of X for ¢t € (0,1]. Let also
g€ C"(M,N) be a map such that g = ¢ on X, and g4 := Q; 0 g o Ps. Then
it easily follows from conditions (a)-(c) that for 0 < ¢ < 1, g = ¢ on the
neighbourhood U; n Int(Pfl(X)) of X, see Lemma 7.2.1. In particular,
gt is C® near X. Thus, existence of such isotopies allows to deform (by
arbitrary small perturbation, i.e. for arbitrary small ¢ > 0) any C" map g
coinciding with ¢ on X to a map ¢g; which is C® near X. This property is a
principal technical feature allowing to prove relative variants of our results,
see Theorem 1.5(2).

Example 1.4. Let B € M be a submanifold, X a closed tubular neigh-
bourhood of B, so there exists a smooth retraction p : X — B having a
structure of a locally trivial fibration with a fibre being a closed disk of di-
mension dim M — dim B. Fix any C*® isotopy P: [0,1] x M — M such that
Po =idas and P(X) < IntX for all ¢ € (0,1]. Let also Q: [0,1] x M — M
be the isotopy consisting of inverses of P, that is Q; = P, 1. The latter
implies that Q; oidas o Py = idyy, i.e. this pair of isotopies stabilizes the
identity map ¢ = idps near X.

Theorem 1.5. (1) The inclusion i: A < B is always a weak homotopy
equivalence. If M is compact, then by [31, Corollary 2|, A and B have
homotopy types of CW-complexes, and therefore v is in fact a homotopy
equivalence.

(2) If there exists a pair of isotopies (1.3) stabilizing ¢ near X, then the
inclusion i: Ay, x < By x is a weak homotopy equivalence as well.

Notice that part (1) is a particular case of (2) for X = &. Moreover,
Theorem 1.5 is a particular case of Theorem 1.8 below.

For the convenience of the reader we recall a list of useful open sets of
C" maps.

Lemma 1.6. (see e.g. [20]) Table 1.1 below contains a list of open subsets
of C"(M,N) in the topology W", r = 1. Hence, by Theorem 1.5(1) the
inclusion G* < G" (r < s < ) of the topological spaces from the same line
of Table 1.1 is a homotopy equivalences.

Proof. For C"(M, N) the statement is trivial, and the spaces Imm’ (M, N),
Sub”(M, N), Emb),(M,N), D"(M, N), and Morse” (M, N) are open in the
strong topology S" on C"(M,N), see respectively [20, Chapter 2, Theo-
rems 1.1, 1.2, 1.4, 1.6] and |20, Chapter 6, Theorem 1.2]. But that topology
coincides with W” for compact M, whence the above sets are also open in
W".
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Set G" Description Condition
for openness
C"(M,N) all C" maps always
D" (M, N) diffeomorphisms M is closed
Sub” (M, N) | submersions M is compact
ImmY (M, N) | maps f: M — N being immersions on a sub- | K is compact and is
set K c M contained in IntM

Emb% (M, N) | maps f: M — N being embeddings on some
neighbourhood U (depending on f) of a subset
KcM

N M, N; L) | maps which are transversal on a subset K <
M to a closed submanifold L ¢ J" (M, N)
Morse” (M, N) | Morse (i.e. having only nondegenerate critical | r > 2, M is a closed
points) maps M — N manifold, N is either
R or the circle S*

TABLE 1.1. Open sets

Finally, the sets ImmY-(M,N), Emby (M, N), and h}{M,N;L) with
compact K are open due to [20, Chapter 2, §1, Exercises 13, 14] and |20,
Chapter 3, Theorem 2.8|. O

Remark 1.7. In [20, Chapter 3, Theorem 2.2] it was introduced a notion
of the so-called “rich” class of C" maps M — N which constitute an open
subset of C"(M, N). See also exercises in [20, Chapters 2 and 3] for other
examples of open subsets of C" (M, N).

Parametrized version of Theorem 1.5. Let L be another smooth ma-
nifold. Then each C" map F': L x M — N induces amap f: L — C"(M, N)
defined by f(v)(x) = F(v,z). The maps F' and f will be called adjoint to
each other. One can check (see Lemma 3.3 below) that f is continuous and
the correspondence F' — f is a continuous injective map

E: C"(L x M,N) — C%L,C" (M, N)). (1.4)

Conversely, every map f: L — C"(M, N) induces the adjoint mapping
F:LxM — N by F(v,x) = f(v)(x) which is C" on sets v x M for each
v € L. Moreover, continuity of f means that the “r-jet of F' along M” (i.e.
partial derivatives along M of its coordinate functions up to order r) are
continuous on L x M, (see Lemma 5.4 and Example 5.3). On the other
hand, F' is not necessarily differentiable in L.

Also notice that if P: L x M — L x M is a C® map, then the composition
F o P does not necessarily induce a map L — C"(M,N). The reason is
that F' is differentiable only along the sets {v x M},er. Therefore, if P
does not preserve the partition into those submanifolds, i.e. P(v x M) is
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not contained in some v’ x M, then the restriction F o P|,: v x M — N
might not be differentiable.

Let pr: L x M — L be the natural projection regarded as a trivial
fibration. Then a C" map P = (A\,u): L x M — L x M will be called a
morphism of the fibration p; whenever p; o P = X o pr. This means that
P(v,x2) = (A(v), u(v, z)), i.e. its first coordinate function A does not depend
on x € M and induces a C" map A : L — L. One easily checks that if P
is a morphism of pr, then F o P induces a continuous map L — C"(M, N),
(see Lemma 5.9). Thus, morphisms of the trivial fibration py, are the right
kind of C" self-maps of L x M acting on the space of continuous maps

L —C"(M,N).

Theorem 1.8. (1) Let0 <r < s <o, BcCYL,C"(M,N)) be an open
subset, and

A=EYB)~nC*(L x M,N)
be the set of C* maps L x M — N whose adjoint map L — C" (M, N) belongs
to B. Endow A with the topology W?. Then the inclusion E: A — B is a

weak homotopy equivalence.
(2) Let X ©¢ L x M be a closed subset, p € C*(L x M, N),

By x ={g€B|gv)(zx) = p(v,z) for (v,z) € X},
A, x =EYB,x)nC*(Lx M,N)={Ge A|G =y on X}.

Endow B, x with the induced compact open topology from Co(L,C" (M, N)),
and A, x with the topology W*. Suppose there exists a pair of C* isotopies

P=O\,pu):[0,1] x Lx M — L x M, Q: [0,1] x N — N,

stabilizing ¢ near X and such that each Py consists of morphisms of the trivial
fibration pr, i.e. its coordinate function X : [0,1] x L x M — L does not
depend on x € M. Then the inclusion E: A, x — B, x is a weak homotopy
equivalence.

(3) Statements (1) and (2) hold if we replace C"(M,N) with the space
CgMﬁN(M, N) of C" maps f: M — N such that f(OM) < ON.

Again part (1) is a particular case of (2) for X = @. Moreover, all
the Theorem 1.5 is a particular case of Theorem 1.8 for L being a point.
Statement (3) will be proved in Section 8 (Theorem 8.1).

Few applications of Theorem 1.8. Let r > 1, M be a smooth manifold,
I=10,1], J =[0,0.1] U [0.9,1], and

QD" (M)) := C3y 1, (I, D" (M))
= {yeC'(I,D"(M)) | ¥(0) = ~(1) = idn},
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Q(D"(M)) := Cjq,, (I, D" (M))
={veQ;(D"(M))|~(t) =idys for all t € J}.
Thus, Q(D"(M)) is the loop space of the group of C" diffeomorphisms D" (M)
of M at idys, and Q;(D"(M)) is the subspace consisting of loops that are
constant on J, i.e. “at the beginning and at the end of a path”. It will be

shown in Lemma 3.4 below that the inclusion Q;(D"(M)) < Q(D"(M)) is
a homotopy equivalence. Let also

D" (I x M) ={heD (I xM)|proh=prand hljcy = idyxar}

be the group of C" diffeomorphisms of I x M which are fixed on J x M and
leave each set ¢t x M invariant, i.e. preserving the projection py: I x M — 1.
Thus, each F € ﬁGxM(I x M) is given by F(t,z) = (t,n(t,x)) for some C"
isotopy n: I x M — M such that i, = idy, for t € J. Hence, ﬁgxM(IxM) is
homeomorphic with the set of all such isotopies endowed with the topology
W”. Tt also follows from definitions that E(]Sf]xM(I x M)) < Qy(D"(M)).

Theorem 1.9. If M is compact, then for 1 <r < s < o the inclusion
E: D5, (I x M) — Q (D" (M)) (1.5)
is a weak homotopy equivalence. Hence, (by Lemma 3.4) the inclusion
E: D5 (I x M) — Q(D"(M))
18 a weak homotopy equivalence as well.

Proof. Since M is compact, D"(M) is open in Cjy; 53, (M, M), whence the
set B := C%(I,D"(M)) is open in CO(I,CgMjaM(M, M)). Let X = J x M,
o: I x M — M, p(v,x) = x, be the natural projection, and

B = Q(D7(M)), Apx =D (I x M),

where A, x is regarded as the space of isotopies I x M — M. Fix a
C® function p: [0,1] — [0,1] such that ©[0,0.1] = 0, ©[0.9,1] = 1, and
o is strictly monotone on [0.1,0.9]. Define further the following isotopies
P:[0,1] x I x M —1IxMand Q: [0,1] x M — M by

P(t,v,2z) = ((1 — t)v + tu(v), z), Q(t,y) = v.

One easily checks that those isotopies stabilize ¢ near X. Indeed, notice
that for t € (0, 1]

P.([0,0.1] x M) < [0,0.1) x M,  P.([0.9,1] x M) < (0.9,1] x M,
whence Py(J x M) < Int(J x M). Moreover,
QtopoPi(v,z) =2 = p(v,x).
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Hence, due to Theorem 1.8 the inclusion (1.5) is a weak homotopy equi-
valence. ]

Corollary 1.10. Let M be a connected compact surface distinct from S?
and RP?. Then every connected component ofﬁgxM(I xM),1<r<oo,is
weakly contractible (i.e. all of its homotopy groups are trivial) with respect
to the topology W".

Proof. Notice that for £ > 1 we have the following isomorphisms of homo-
topy groups:

Wk(ASXM(I X M),id[xM) = ﬂ'k(Q('DT(M)),CidM) =
> 7pp1 (D7 (M), idr) = Tps1 (D* (M), idwr),

where ¢q,, : I — D"(M) the constant map into the indentity diffeomor-
phism idys of M, the first isomorphism is established in Theorem 1.9, the
second one is well known, e.g. [48, Proposition 4.3 & Corollary 4.8|, and
the third one follows from Lemma 1.6 since D" (M) and D (M) are weakly
homotopy equivalent. But if M is neither S? nor RP?, then all path compo-
nents of D* (M) are homotopy equivalent to one of the following aspherical
spaces: point, St or St x S!, e.g. [41, 9, 10, 18]. Hence, the above groups
vanish. O

Another application of Theorem 1.9 is based on Example 1.4:

Corollary 1.11. Let 1 < r < s < o0, B be a closed submanifold of a
compact manifold M, X a tubular neighbourhood of B, and D% (M) the
group of C" diffeomorphisms of M fixed on X. For example B can be non-
empty collection of boundary components of M and X a collar of B. Then,
due to Example 1.4, the inclusion D5 (M) < D% (M) is a weak homotopy
equivalence. ]

Structure of the paper. In Section 2 we give a characterization of weak
homotopy equivalences which are injective maps (Lemma 2.1). Section 3
contains a list of basic properties of compact open topologies (Lemma 3.2),
and the proof of exponential law for non-Hausdorff spaces (Lemma 3.3).
In Section 4 we discuss Whitney topologies on the spaces of smooth maps
between manifolds.

In Section 5 we consider the set C%"(L x M, N) of adjoint maps to con-
tinuous maps from C°(L,C"(M,N)), and similarly to [2, 13, 1], endow
the space C%"(L x M, N) with a topology (denoted W%") induced from
C°(L,C" (M, N)). We prove continuity of the compositions for maps from
CO"(L x M,N) (Lemmas 5.8 and 5.9), an exponential law (Lemma 5.6),
and also formulate analogues of smooth approximation results.
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In Section 6 we establish the main approximation Lemma 6.2, and in
Section 7 prove statements (1) and (2) of Theorem 1.8. Finally, in Sec-
tion 8 we show how to extend the obtained results to opens subsets of the
spaces of preserving boundaries maps Cg,, 5 N(M,N), e.g. to groups of dif-
feomorphisms of manifolds with boundary (Theorem 8.1). In particular,
this will prove statement (3) of Theorem 1.8.

2. WEAK HOMOTOPY EQUIVALENCES

In this section we present a simple characterization of injective continu-
ous maps being weak homotopy equivalences. Such a question is discussed
in [14, §6] for a special type of spaces, see Remark 7.5.

Let D**! be the unit k-dimensional disk in R¥t1, S¥ = 9D*+1 the k-
dimensional sphere, and ¢ = (1,0,...,0) € S*. Let also (B, 7) be a topolo-
gical space, A a subset of B endowed with the induced topology 74, h € A,
and i: A c B the inclusion map. Then it is easy to see that the following
conditions are equivalent:

(1) for each k£ > 0 the induced homomorphism iy : (A, h) — 7 (B,h)
of the corresponding homotopy groups is an isomorphism (bijection of
sets for k = 0);

(2) for each k > 1 the corresponding relative homotopy sets are trivial, i.e.
(B, A, h) = 0;

(3) every continuous map of triples 3: (D1, S* ¢) — (B, A, h) is homo-
topic as a map of triples to a map into A;

(4) every continuous map of triples 5: (D*+1, 8% ¢) — (B, A, h) is homo-
topic as a map of pairs (D**1, S*) — (B, A) to a map into A.

If either of these conditions holds, then i: A < B is called a weak homotopy
equivalences.

Suppose now that A is endowed with some other topology o. Then
i: (A,0) < (B,7) is still continuous if and only if o is stronger than 74.
Thus, suppose that 7 is continuous. Then a continuous map of pairs

B: (D, 8%) — (B, A)

will be called o-admissible!, if the restriction B|gr: S* — A is still con-
tinuous into the topology o of A. More formally, there should exist a
continuous map a: S¥ — A such that B|gr = i o, and so we get the

'This property is very close to the notion of a compactly retractable topological space
defined in [14, Definition 3.2].
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following commutative diagram of continuous maps:

(A,0) — (B, )

S

Sk: C Dk—l—l

A homotopy of pairs H: [0,1] x D*¥*1 — B will be called o-admissible

whenever H([0,1] x S¥) = A, and the restriction H: [0,1] x S¥ — A is

continuous into the topology o. In particular, each map H; is o-admissible.
The following lemma is a simple exercise in homotopy groups.

Lemma 2.1. Let (A, o) and (B, T) be path connected topological spaces and
i: A — B be an injective continuous map, so we can identify A with a subset
of B, but endow it with a stronger than T4 topology o. Let also h € A.
Then the following conditions are equivalent:

(1) i: A— B is a weak homotopy equivalence;

(2) every o-admissible map B: (D1, 8% q) — (B, A, h) is homotopic rel-
atively to S* to a map into A;

(3) every o-admissible map B: (D*T1, 8% q) — (B, A, h) is homotopic by
a o-admissible homotopy of triples (D*+1 S* ¢) — (B, A,h) to a map
into A;

(4) every o-admissible map 3: (D¥*1, S* q) — (B, A, h) is homotopic by a
o-admissible homotopy of pairs (D**1, S¥) — (B, A) to a map into A.

Proof. (1)=(3) Let 8: (D**1, 5% q) — (B, A, h) be a o-admissible map,
and a: S¥ — (A,0) the map such that 8|g« = i o a. In particular, we
see that ix([a]) = 0 in m;(B, h). Since iy is an isomorphism, [a] = 0 in
(A, h), i.e. there exists a homotopy A: [0,1] x S* — A such that Ag = «,
Ai(q) = h for all t € [0,1], and A;(S*) = {h}. Since the pair (D**1 SF)
satisfies homotopy extension axiom, the homotopy i o A: [0,1] x S¥ — B
extends to some homotopy B: [0,1] x D¥*! — B such that By = 8.

The assumption Bl gx = i © A means that the homotopy B consists
of o-admissible maps. Therefore, we can replace § with B; and assume
that 3(S*) = B1(S*) = {h}.

Thus, § is a map of pairs B: (D**1, S¥) — (B, {h}), and therefore it rep-
resents some element [5] of w11 (B, h). Since ix1 is an isomorphism as well,
3 is homotopic relatively S* (and therefore by a o-admissible homotopy)
to a map into A.

(2)=(3) If B: (D**1,S% q) — (B, A, h) is a o-admissible map, then any
homotopy of 3 relatively to S* is o-admissible.
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(3)=(4) This implication follows from the observation that every (o-
admissible) homotopy of triples (D**!,S* ¢) — (B, A,h) is also a (o-
admissible) homotopy of pairs (D*+1, S%) — (B, A).

(4)=(2) Let B: [0,1] x D*¥*! — B be a o-admissible homotopy such
that 8 = By and B (D) < A. In particular, B([0,1] x S¥) < A. Fix
any continuous map 7: [0,1] x D*¥*1 — [0, 1] x D**! having the following
properties:

(1) 7 is fixed on 0 x D*+1,
(2) n([0,1] x 2) = (0, 2) for all z € S¥;
(3) m(1 x D) = (1x D) 0 ([0,1] x 8%);

Then Bon: [0,1] x D**! — B is a o-admissible homotopy relatively S*
between By and a map into A.

(2)=(1) Surjectivity of ir. Let B: (D*, S¥=1) — (B, {h}) be a continuous
map. We have to show that S is homotopic as a map of pairs to a map
i o a for some map a: (DF,S¥71) — (A,{h}). Evidently, 8 can also be
regarded as a map of triples 8: (D¥,S*~! ¢) — (B, A, {h}). Moreover,
as B|gk: Sk=1 _ A is constant, it is also continuous into the topology o,
whence [ is a o-admissible map. Hence, by (2), 5 is homotopic relatively
to Sk (i.e. sending Sk to a point h) to a map i o« for some continuous map
a: (D¥, S 1) — (B, {h}). Then iy[a] = B.

Injectivity of i. Let a: (S*,q) — (A, {h}) be a continuous map such
that i 0 a: (S*,q) — (B,{h}) extends to a continuous map 3: D**! — B.
We have to show that then « itself extends to a continuous map D*t1 — A,

Notice that the assumption on o and 8 means that § is a o-admissible
map. Therefore, by (2), B is homotopic relatively to S* to a map i o ' for
some continuous map 3': D¥ — A. But 8'|¢« = B|gr = «, which means
that 3’ is a desired extension of a. O]

3. COMPACT OPEN TOPOLOGIES

Locally compact spaces. We will say that a (not necessary Hausdorff)
topological space M is locally compact whenever for each x € M and an
open neighbourhood U of x there exists a compact subset B < M such
that re IntBc Bc U.

Lemma 3.1. Let K be a compact subset of a locally compact topological
space M, and {U;}!"_, be a finite open cover of K. Then there exists finitely
many compact sets K1, ..., K, such that K; c U; for eachi=1,...,n and

n
K c ‘Ul Kz
1=
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Proof. For each x € K fix an element U;, containing z. By local compact-
ness of M there exists a compact subset B, such that x € IntB, < B, < U;,.
Then {IntB,},cx is an open cover of K, whence there are finitely many
. k .
points x1, ...,z such that K 'U1 IntB;;. Let K; = U By, be the union
j= by =1
of those B;; which are contained in U;. Then K; is compact, K; < U;, and
Kc U K, O
i=1

Compact open topologies. Recall, e.g. [12], that for any topological
spaces M and N the compact open topology on the space C°(M, N) of all
continuous maps M — N is the topology generated as a subbase by sets of
the form:

(X, V] ={heC’(M,N)|hX)cV},

where X < M runs over all compact subsets of M and V < N runs over
all open subsets of V.

In what follows we will always assume that the space C°(M, N) is en-
dowed with the compact open topology.

To make the paper as self contained as possible we will collect in the
following lemma several simple properties of compact open topologies. Most
of them are rather trivial and can be found in many sources. Emphasize,
that locally compact spaces in this lemma are not required to be Hausdorff.

Lemma 3.2. For three topological spaces L, M, N the following statements
hold true.

(1) Properties of subbase.
(a) [K, V1] n [K, Vo] = [K, V] n V3, _UA[K,V;] c [K, ‘UA%] for any
1€ 1€

compact K < M, open Vi,Vo < N and a family {V;}ien of open
subsets of N.

(b) For each open V. < N the space CO(M,V) is an open subset of
CO(M, N).

(c) Let U < V be open subsets of M such that U < V. Then for
any compact K < L we have that [K,U] < [K,V], ([34, §46,
Excercise 6]).

(2) Separation axioms. If M is a T;-space for some i = 0,1,2,3, then so is

Co(L, M).
(3) Composition of maps. For any continuous F: L — M and G: M — N
the maps
Gy: CO(L,M) — C°(L,N), G«(f) =Gof, (3.1)

F*:C%(M,N) — C°(L,N), F*(g)=goF, (3.2)
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are continuous. Moreover, if M is locally compact, then the composition
map

m: C°(L, M) x C°(M,N) - C°(L,N),  m(f,9)=go/,

18 continuous as well.

(4) For a point x € M let ¢, : L — M be the constant map into the point
x. Then the map c: M — C°(L, M), c(x) = ¢, is continuous.

(5) Suppose N is homeomorphic to a product | [, Ni of arbitrary family
of topological spaces. Let also pj: | [;cp Ni — Nj, j € A, be the natural
projection onto j-th multiple. Then the natural map

=11« O N) = TTCUM, Ny, 0(f) = {pi o fhien,
i€l IS
18 a continuous bijection. If either M 1is locally compact or each N; is a
T3 space, then 1 is a homeomorphism.

Proof. (1) Properties (1a) and (1b) are trivial.

(1c) Suppose K < L is compact, U,V < M are open, and U < V. For the
proof that [K,U] c [K, V] it suffices to show that if f € CO(L, M)\[K, V],
then f ¢ [K,U] as well, i.e. there exists a neighbourhood U of f such that
Un[K,U]=2.

The assumption f ¢ [K, V], i.e. f(K) ¢ V, implies that

B = f(K)n (M\V) + 2.

Therefore, A := Kn f~1(B) = Kmf’l(]\_f\V) is closed in K, and thus it is
compact. Moreover, f(A) ¢ M\V < M\U. In other words, U := [A, M\U]
is an open neighbourhood of f. Now for any g € U we have that

9(K) = g(A) =« M\U,

whence g(K) ¢ U, ie. g ¢ [K,U]. Thus, U n [K,U] = 2.

(2) Let f & g € C%(L, M), so there exists a point € L such that
f(x) # g(x). If M is Tp, there is an open neighbourhoods Uy (,) of f(x)
such that g(w) ¢ Ug(y). Then [{x}, Ug,] is an open neighbourhood of f
which does not contain g. Hence, C°(L, M) is a Ty space as well. The proof
of T1- and Ts-cases of M is similar, and we leave it for the reader.

Suppose M is T3. Let f € C°(L, M) and V be its open neighbourhood.
We should find another open neighbourhood U of f such that U < V.
Decreasing V if necessary, one can assume that V = Nl ;[K;, V;] for some
finite n, compacts K; < L, and open V; € M, i =1,...,n. Thus, f(K;) c
Vi fori=1,...,n. Since M is T3 space, and f(K;) is compact, there exists
an open U; « M such that f(K;) c U; c U; < V;. Put U = n_[K;, Uy
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Then f € U. Moreover by (1c),

U = }_%1[1(1-,@] - 61 [K;,Ui] < '}_1\1[KZ-,VZ-] = V.

1=

(3) Let [A, W] be a subbase open set of C°(L, N), where A < L is com-
pact, and W < N is open. Then it is easy to see that

(Go)THA W] = [A4,G7H (W), (F*)7HA, W] = [F(A), W],

so those inverse images are open in C°(L, M) and C°(M, N) respectively,
and therefore G, and F™* are continuous. For the proof of continuity of m,
see e.g. [27].

(4) Let [A, V] be the subbase subset of C°(L, M). Then ¢ ' ([4,V]) =V,
whence c is continuous.

(5) It is evident that n is a bijection. Moreover, it is continuous as a
product of continuous maps (p;)« of type (3.1).

Suppose that either

(5a) M is locally compact, or

(5b) each N; is a T3 space.
Let f € C°(M,N) and [K,U] be a subbase neighbourhood of f, that is
f(K) < U. We need to show that n([K, U]) is open in [ ;.5 C°(M, N;).

Lemma 3.2.1. In both cases (5a) and (5b) there exist

(i) finite subset of indices ¥ < A and s > 0,
(ii) open sets Vi j,...,Vs;j © Nj, je X,
(ili) compact sets K; < M, je X,

such that

S
Kcagz)lKa, f(K,) < H%JX H N, c U (a=1,...,s).
jex ieA\D

Proof. (5a) Since f(K) is compact, there exist finite subset of indices

Y c A, s >0, and open sets Vi ,...,Vs; < Nj, j € X, such that if we

denote V, = [[ Vay; x [] Ni, (e =1,...,s), then f(K) c SV, cU.
jex €A\ a=1

Hence, {f~1(V,)}_, is an open cover of K, and due to Lemma 3.1 there

are compact subsets K, c f‘l(Va) such that K c Cs)l K,.
a=

(5b) Again as f(K) is compact, and N is T3, there exist finite subset
of indices ¥ < A, s > 0, and open sets V1 j,..., Vs, Wi,,...,Ws; < Nj,
J € 2, such that

o VojcWyjforalla=1,...,sand j€e
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o if we denote V, = [[ Vo x [I Ni and W, = [[ Wa; x [] N,
JEX 1EA\X JEX 1EA\X
(a=1,...,s), then

f(K) < §1Va c kilea - §1Wa c U.

Hence, each K, = f'(V,) n K, (a = 1,...,5s), is a closed subset of the
compact K, and therefore it is compact as well. [

Assuming that conditions (i)-(iii) of Lemma 3.2.1 hold define the follow-
ing open subset

ﬁ(l‘[ [Ka, Vig] x [ €00, Ni)>

a=1 jeX 1eA\X

of [T,eo COUM, N;). If {gi}ien € U, and g = 7 ({gi}iea), then

9(K) < g( S U(HVMX [T~ o

a=1 jex 1iEA\D

that is 7! (g) € [K, U], and thus & < n([K,U]). In other words, n([K,U])
is an open neighbourhood of n(f). This implies that 7 is also an open map,
and therefore a homeomorphism. Il

Exponential law. We will present here a variant of the exponential law
for non-Hausdorff spaces which is usually formulated for Hausdorff spaces
only, see Lemma 3.3. The proof of that lemma is rather standard, however
to make the paper self-contained and to be sure that Hausdorff property
is avoided we present a detailed and elementary proof. Such a splitting of
exponential law into separate statements can be found e.g. in [38, pages
30-37], or |34, Theorem 46.11]. This is motivated by future applications to
computations of homotopy types of groups of diffeomorphisms and home-
omorphisms of foliations and their relations to the groups of homeomor-
phisms of the corresponding spaces of leaves. The latter spaces are often
non Hausdorff manifolds, see e.g. [15, 25, 26].

For two sets M, N we will denote by Map(M, N) the set of all maps
M — N. If L is another set, then there is a bijection

Er v n: Map(L x M, N) — Map(L, Map(M, N)) (3.3)

given by the following rule: if ' € Map(L x M, N), then the mapping
Er v n(F): L — Map(M,N) is given by Ep, y n(F)(t)(z) = F(t,z). We
will call this map an exponential map and often denote it simply by E
whenever the sets L, M, N are understood from the context.
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Lemma 3.3 (Exponential law). (cf. [34, Theorem 46.11|) Let L, M, N be
topological spaces and E := Er, s v be the exponential map (3.3). Then the
following statements hold.
(1) If F: L x M — N is continuous, then E(F): L — C°(M, N) is conti-
nuous as well, that is
E(C%(L x M,N)) = C°(L,C°(M, N)).
(2) The induced map
E: C°(L x M,N) — C°(L,C°(M, N)) (3.4)
18 continuous with respect to the corresponding compact open topologies.
(3) If M is locally compact then E(C%(L x M, N)) = C°(L,C°(M, N)), i.e.
the map (3.4) is a continuous bijection.

(4) If, in addition to (3), L is a Ts-space (again not necessarily Hausdorff),
then (3.4) is a homeomorphism. O

Proof. (1) Let F': L x M — N be a continuous map. We need to prove
that the map f = E(F): L — C°(M,N) given by f(t)(z) = F(t,x) is
continuous. Let ¢ € L and

[B,W] ={geC’(M,N)|g(B) = W}
be an open neighbourhood of f(¢) in C%(M, N). We need to find an open
neighbourhood U of ¢ in L such that f(U) < [B, W].

Notice that the assumption f(t) € [B, W] means that t x B < F~1(W).
Since B is compact, there exists an open neighbourhood U of t in L such
that U x B < F~1(W) as well. In other words, f(s)(B) = W for each
seU,ie. f(U)c [B,W].

(2) Let F € C°(L x M,N) and f = E(F) € C°(L,C°(M,N)). Let also
A c L and B € M be compact subsets, W < N an open set, and

[A, [B,W]] = {g: L — C°(M,N) | g(A)(B) =« W}

be an open subbase neighbourhood of f in C° (L,CO(M, N)) Then the set

[A x B,W] is an open neighbourhood of F in C°(L x M, N) such that
E([A x B,W]) c [A,[B,W]].

This means that E is continuous.

(3) Suppose M is locally compact and let f: L — C%(M, N) be a con-
tinuous map. We should prove that F = E7!(f): L x M — N, F(t,x) =
f(t)(x), is continuous. Let (¢,z) € L x M and W be an open neighbourhood
of F(t,xz) in N. We need to find neighbourhoods U < L and V < M of ¢
and x respectively such that F(U x V) c W.

As f(t): M — N is continuous, f(t)~!(W) is an open neighbourhood of
x in M, whence there is a compact B < M such that x € IntB < B c U.
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Then [B, W] is an open neighbourhood of f(t), and since f: L — CY(M, N)
is continuous at ¢, there exists an open neighbourhood U < L of t such that
f(U) c [B,W]. This implies that F(U x B) < W. In particular, one can
put V = IntB, and then we will have that F(U x V) c W.

(4) Suppose that M is locally compact and L is a T3 space, i.e. for each
point x € L and its open neighbourhood U there exists an open neighbour-
hood Z such that x € Z < Z c U. Let F e C°(L x M,N), f = E(F), and
[C, W] be an open neighbourhood of F, where C' = L x M is a compact
subset and W < N is open. We need to prove that E([C,W]) contains an
open neighbourhood of f in C° (L, CO(M, N))

Since C' is compact and F~1(W) is its open neighbourhood in L x M,
there exist finitely many open sets Uy,...,Ur < L, and Vq,...,Vp, € M,
such that

C c .fDlUixV; c FHW).
1=

Moreover, since L is T3 and M is locally compact, one can assume in
addition that

(a) each V; = IntB; for some compact B; € M and that
(b) C < _L_Ilei xV; < _QIExBi c F~Y(W).
Let p: L x M — L, p(t,_x) = t, be the natural projection. Then p(C) is

compact. Hence, A; := U; n p(C) is a closed subset of p(C) and therefore
compact. It then follows that

C c QIAZXBZ C F_l(W),

which also implies that _k_kjl [A;, [B;, W] < E([C,W]). O

Loop spaces. We will prove one simple lemma which was used in The-
orem 1.9. Let M be a topological space, x € M a point, I = [0,1],
J =10,0.1] u [0.9,1], and

(M, z) = Cor (I, M) = {7 € C°(1, M) | 4(0) = (1) = z},
Qr(M,z):= Cg’z(I,M) = {yeC'I,M) | v(t) =z for all t € J},
be “loop spaces” of M at x.
Lemma 3.4. The inclusion Qj(M,z) < Q(M,x) is a homotopy equiva-
lence.

Proof. Fix any continuous function 7: [0, 1] — [0, 1] such that n[0,0.1] =0
and 7[0.9, 1] = 1, and define the following homotopy:

H:IxCY(I,M)—CI,M), H(t~)(q)=7(1-1t)q+tn(g)).
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This map is continuous as the following composition:

H:IxC'I,M) (ty) — ((1=t)idr+tn, )

(¥yy) = youp

—CYI,I) xC°(I,M
( 7 )X ( ’ ) Lemma 3.2(3)

CO(I,M).

One easily checks that
(a) Ho = ideor,ay;
(b) H([0,1]xQ(M,z)) < Q(M,z) and H ([0,1]xQ;(M, z)) < Qs(M, z);
(¢) Hi(Q(M,z)) < Qs(M, ).
These properties mean that the restriction of H: I x Q(M,z) — Q(M, z) is
a deformation of Q(M, x) into Q;(M, ), which implies that the inclusion
Qy(M,z) < Q(M,x) is a homotopy equivalence. O

4. WHITNEY TOPOLOGIES

In this section we recall basic results on Whitney topologies, and refer
the reader for details to [20, Chapter 2|, [30, Chapter 4], or [32, Chapter §],
and to |29, Chapter 9| for manifolds with corners.

Manifolds with corners. The following subset of R"™:
RT: (xl,,xm)ERm|$Z>0)'L:1”m}

will be called a non-negative quadrant or simply a quadrant. A manifold
with corners is a Hausdorff topological space M having countable base and
such that for every point x € M there exists a neighbourhood U and an
open embedding ¢ : U — R into some quadrant. Such a triple (U, ¢, A)
is called a chart of M. Let ¢(x) = (x1,...,2m) € RY. Then the number
of zero coordinates of ¢(x) is called the indexr of x with respect to the
given chart and denoted by ind(z). In particular, x is an internal point iff
ind(x) = 0.

Then one can define in a usual way a notion of a C" atlas and a differen-
tiable structure of class C" on a manifold with corners for 0 < r < o0, see
for details [8] or [29, Chapter 1]. If 7 = 0, then a C° manifold with corners
is the same as a topological manifold with boundary. However, if r > 0,
then the indices of points are invariants of the corresponding C" structures,
and one can define the following subsets 0*M = {z € M | ind(z) = k} for
k=0,1,...,m, which are invariant with respect to C! diffeomorphisms of
M. For instance, IntM = °M, oM = uznzlﬁk]\/[, and a manifold with
boundary is the same as manifold with corners such that every point of M
has index < 1.

Due to Whithey extension theorem it is possible to prove all standard
results on manifolds with boundary for manifolds with corners, see [29].
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Jet bundles. Let M and N be smooth manifolds (possibly with corners)
of dimensions m and n respectively. If ¢: V' — R, ¢: W — R} be two
charts from the atlases of M and N respectively. Let also h: M — N be a
map such that A(U) € V. Then a local presentation of h in these charts is
the following map

R™ 5 ¢(U) 2070, (V) < R™. (4.1)

Let 0 <r <oo,ze M,and f,g: (M,z) - N be two germs of C" maps at
x. Say that f and g are r-equivalent at x if in some local presentation (4.1)
of f in the local chart containing = the Taylor polynomials of the corres-
ponding coordinate functions of f and g at x up to order r coincide. This,
in particular, means that f(z) = g(x).

The r-equivalence class at x of a germ f is called the r-jet of f at x and
is denoted by jr[f], the set of such classes is denoted by J" (M, N),, and
the following union

J'(M,N) = o J'(M,N),

is called the space of r-jets of maps M — N. In particular, it follows from

the definition that there is a natural identification J°(M, N) = M x N.
It is known that for r < oo the set J" (M, N) has a structure of a smooth

finite dimensional manifold?, and we have a sequence of vector bundles:

.ﬂi,jr(M’N) & JTY M, N) — -
B TY M, N) S J%(M,N)=M x N,

such that the fibres of ¢; can be regarded as the spaces of homogeneous
polynomial maps R™ — R™ of degree 7. In particular, the composition
pr=qro---oq-: J (M,N)— M x N is also a vector bundle, whose fibres
are the spaces of polynomial maps R”™ — R"™ of degree 1.

Let mpy: M x N — M and mn: M x N — N be the natural projections.
Then we get the following two locally trivial fibrations:

stcc=mpyopr: J (M,N)—> M, dest=nyop.: T (M,N)— N,
called respectively the source and destination maps. In particular, for r-jet
o=7jilfl € J"(M,N) represented by a germ f: (M,z) — (N,y), we have
that src(o) = z, and dest(c) =y = f(x).

Further recall that for every h € C"(M,N) one can define its r-th jet
prolongation

j'lhl: M — J"(M,N)

2|29, Proposition 9.1.7] for manifolds with corners.
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being a section of src. In particular, jO[h] = (z, h(z)), so j°[h] is just the
embedding of M into M x N as the graph of h. More generally, if we fix
some local presentation of h asamap h = (h1,...,hy): R? 2V — R” from
some open subset V' of R, then j"[h] has the following local presentation

§Ih]: U — U x RmAdmtm®+4m™) qofined by

i .=0,....,r, 7=1,....n
e o alhj 2 bl P J bl b
Jz1,.zm [h] - <ZC1, oy Ty {8xa1---8zai ’

at,...,a;=1,....m

Its coordinate functions are coordinates of the point = = (x1,...,2,) € U
and all partial derivatives up to order r of all coordinate functions of h.
Also notice that the above correspondence h +— j'[h], r < o0, gives an
mjection
j": C"(M,N) < C%(M, J" (M, N)), (4.2)

and thus one can identify C"(M, N) with its image in C°(M, J"(M, N)).
By [20, Chapter 2, Theorem 4.3], j"(C"(M,N)) is a closed subset of the
space CO(M, J" (M, N)).

Definition 4.1. Let 0 < r < o0. Then the weak topology W° on C°(M, N)
is just the compact open topology.

The weak topology W™ on C"(M, N) for 0 < r < o0 is the initial topology
with respect to the inclusion map j", see (4.2).

The weak topology W* on C*(M, N) is the topology generated by all
topologies W for 0 < r < c0.

Finally, the weak topology W' on C"(M,N) for i < r is the topology
induced from the inclusion C"(M, N) < C*(M, N).

The space C"(M, N) with the topology W?, 0 < i < r, will be denoted
by C"(M,N)'. If i = r, then we omit the index for the topology and thus
write C" (M, N) instead of C"(M,N)".

Since J*(M, N) is a Tz-space (in fact even a Hausdorff finite-dimensional
manifold), it follows from Lemma 3.2(1c) that C°(M, J*(M, N)) and there-
fore its subspace C" (M, N )’ is a T3 space as well. Moreover, as W is gen-
erated by T3 topologies W", 0 < r < o0, one easily checks that W is also
a T3 topology.

Lemma 4.2 (Composition of jets). ([30, Chapter 1, 1.4], [32, Proposi-
tion 8.3.2], or |29, Lemma 9.6.2| for manifolds with corners) Let L, M, N
be smooth manifolds and r < co. Then the following set

T (L,M) xpy T (M,N) =
={(o,7)e T (L, M) x J"(M,N) | dest(c) = src(7)}
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is a real analytic submanifold of J"(L,M) x J"(M,N). Moreover, the
“composition of r-jets” map v: J"(L,M) xpy J"(M,N) — J"(L,N)
v(glfls dpwlal) = dzlgo £,

18 continuous, in fact, even real analytic.

Corollary 4.3. (|20, Chapter 2, §4, Exercise 10]) The composition map
m,: C"(L,M) xC"(M,N)—C"(L,N), m.(f,9) =go f,
18 continuous.

Proof. Such a statement is usually formulated and proved for strong topolo-
gies and C" (L, M) is replaced with the space of proper maps Prop” (L, M),
see e.g. [32, Proposition 8.3.4]. We will present a “formal” proof of con-
tinuity of m, just to illustrate several typical formal arguments based on
Lemma 4.2 and elementary properties of compact open topologies described
in Lemma 3.2. Such kind of arguments will appear several times later in
the paper.
Due to the definition of topology W" it suffices to show that the map

C"(L, M) x C"(M,N) - C*(L,J"(L,N)),  mi(f,9)(v) =jilgo f].
is continuous. Consider the following composition of continuous maps:
) (f.9) = ("[f], £, 5"lg))

a: C"(L,M) xC"(M,N
(0,f,7) = (o, T0f)

= CL, J7 (L, M)) x COL, M) x CO(M, J7(M, N)) = o

— %L, J"(L,M)) x C°(L,J"(M,N N
C( ,j( ) ))XC( "‘7( ’ )) Lemma 3.2(5)

— CYL,J"(L,M) x J"(M,N)).
Notice that
a(f,9)(v) = (olf], 35w le)) € T(L, M) xar (M, N) <
c J(L,M) x J"(M,N),

and voa(f,g) = j"[go f] = m'(v o «a). Therefore, @ can be regarded as a
continuous map

a: C"(L,M) x C"(M,N) — CYL,J"(L,M) xp J"(M,N)),
so that
m. =veoa:C' (L, M) xC'(M,N)2
— COL, (L, M) x 3 J"(M,N)) 25 (L, J7(L, N)).
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Hence, m/. and therefore m, are continuous for r < .
Let » = c0. Then for each s < o0 the map

Mo : CP(L, M) x C*(M,N) & ¢®(L, M)* x C*(M, N)* 2% ¢®(L, M)*

is continuous into the topology W?* of C*(L, N). Since the topology W* on
C*(L,N) is generated by all the topologies W* for s < 00, we obtain that
My, is also continuous into the topology W® of C*(L, N). O

5. JETS OF MAPS FROM DIRECT PRODUCTS

Let L be a smooth manifold (possibly with corners) of dimension I. We
will now describe in terms of jets partial derivatives along M of C" maps
LxM— N.

Let (v,x) e Lx M, and f,g: L x M — N be two germs of maps at (v, x).
Say that f and g are r-equivalent along M at (v, z) whenever the restriction
maps f,g: v x M — N are C" and those maps are also r-equivalent at
z. The corresponding equivalence class will be denoted by jj,(f)(v,x) :=
J2luen]):

Evidently, if two germs f,g: L x M — N are r-equivalent at a point
(v,z), then they also r-equivalent along M. This means that there is a
natural C* map

§:J(Lx M,N) - LxJ"(M,N),  &(yzlf]) = (v ip(f)(v,2)).
Notice that there is also the inverse C* map
o Lx T (M,N) = T (Lx M,N), (v, j3(F)(0,2)) = joslf o pudl,

where pys @ Lx M — M is the natural projection. Then 00§ = idp . 7 (m,n),
so L x J"(M,N) can be viewed as a retract of J"(L x M, N).
Moreover, we also have the following commutative diagram:

L x J"(M,N)— = J7(L x M,N) —= L x J"(M, N)

\ lsrcl / (51>
idp, xsrc 1d, xsrc

LxM

where src: J"(M,N) — M and src’: J"(L x M,N) — L x M are the cor-
responding r-jet bundles. In particular, all down arrows are fibre bundles.

By definition, the topology W" on C"(L x M, N) is obtained from the
identification of that space with a subset of the space of sections of the
middle arrow in (5.1) by the r-jet prolongation map (4.2). We will need
to consider continuous maps L x M — N which induce sections of the
left arrow in (5.1). Such maps are studied in many papers and in different
variations, e.g. [2, 13, 1]. Usually they are defined only for maps into locally
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convex vector spaces in order to develop differential calculus in those space.
For our purposes we need a “nonlinear” variant for maps into a manifold.

Definition 5.1. (e.g. |2, I1.6, page 91|, [13, §1.4], [1, Definition 3.1|). Let
L be a topological space, U = L x M an open subset, and 0 < r <
. A continuous map f: U — N is C%" along M, or simply C%" (if the
decomposition of the topological space L x M into a direct product is
understood from the context), whenever

(i) for each v € L the restriction f|y~wxar: U 0 (v x M) — N is C;
(ii) the map jj,;: U — J"(M, N) defined by j3,(f)(v,z) = j5[floxr] is
continuous;
That map f: U — N is C%® (along M) if it is C%" along M for all r < 0.
Denote by C%"(U, N), 0 < r < o0, the subset of C°(L x M, N) consisting of
CY" maps.

Remark 5.2. Let (v,x) € L x M. Choose local coordinates local coordi-
nates (x1,...,Zy) in M near x, and (y1,...,yn) in N near f(v,x), so f
can be regarded as a germ of a map f = (f1,..., fn): L x R — R’. Then
condition (ii) means that f and each partial derivative up to order r in
(z1,...,xm) of each coordinate function of f is continuous in (v, z). How-
ever, if L is a smooth manifold, then f is not necessarily even differentiable
in L.

Example 5.3. Consider the function
fiRxR—->R, f(v,z) = |v| cos(vx + 2?).

Then f is C%®, since it is C* in x and each of its partial derivatives in z is
continuous in (v, z). On the other hand, f is only continuous but not even
C!in (v,z) due to the presence of the multiple |v]| is the formula for f.

The following simple statement is not explicitly formulated in the above
works [2, 13, 1], though it gives a very important and useful characterization
of C%" property in terms of continuity of adjoint maps into compact open
topologies.

Lemma 5.4 (Characterization of C°" maps). Let 0 < r < o, L be a
topological space, and f: L — C"(M,N) be a map. Then the following
conditions are equivalent.

(1) f: L > C"(M,N) is continuous into the topology W™ of C"(M,N).
(2) The composition map

jofiL < CT(M,N) o CO(M,J"(M,N))
is continuous into the topology W of C°(M, J" (M, N)).
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(3) The map F: L x M — J"(M,N) defined by F(v,x) = j7(f(v))(z) is
continuous as a map from the standard product topology of L x M.

(4) Let F = (F,...,F,): LxRY? o LxV — R% be any local presentation
of the map F': L x M — N, F(v,x) = f(v)(x), where V. < RI" is an
open set. Then each partial derivative

0'F;

:LxV >R
0%q, - - 0q, *

in (z1,...,2m) € V up to order r of each coordinate function F; of F
18 a continuous function on L x V.
(5) The adjoint map F: L x M — N, F(s,x) = f(s)(x), is CO".

Proof. The equivalences (1)<(2) and (3)<(5) follow from the definitions
of the topology W™ and property C%" respectively.

Also by Lemma 3.3(1), we have the implication (5)=(3), and its inverse
(3)=(5) holds by Lemma 3.3(3) and local compactness of M.

(3)<(4). Notice that continuity of F, that is condition (3), is equivalent
to continuity of each of its local presentations. Moreover, given a local
presentation

(Fy,...,F,): LxV —>R"
of F' one can define a local presentation of

i L x V o Re(bHmmbetm)

A

of F' by

; .=0,...,7, 7=1,....n
~ 6lF'(v,a7) 2 yeesTy ] yeey
F(v,z) = (x7 {6%1]'--53:% } .

ai,...,a;=1,....m

Then F' is continuous iff so is every of its coordinate functions being par-

tial derivatives up to order r of coordinate functions of F', that is when
condition (4) holds. O

Corollary 5.5 (Characterization of C%® maps). Let L be a topological
space, and f: L — C®(M,N) be a map. Then the following conditions are
equivalent.

(1) f: L - C®(M,N) is continuous into the topology W* of C*(M, N).

(2) The map F: L x M — N, defined by F(s,z) = f(s)(x), is C>®.

(3) Let ' = (Fi,...,F,): LxRY? o LxV — R% be any local presentation
of the map F: L x M — N, F(v,z) = f(v)(x), where V < RT is

an open set. Then each partial derivative axa%: LxV — R in
al a;
(21,...,2m) €V of each order of each coordinate function F; of F' is a

continuous function on L x V. [
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Topology W%". Let L be a topological space. Notice that the map

Jhas COT(L X MyN) = COL x M, J"(M,N)),  f > ju(f),
is injective. Endow C°(L x M, J"(M,N)) with topology W°. Then the
induces topology on C%" (L x M, N) will be denoted by W°.
Lemma 5.6. Let L be a T3 topological space and 0 < r < o0. Then the
exponential map E = Ep pn: CO7(L x M,N) — C°(L,C" (M, N))

E(F)(v)(z) = F(v,z), (5.2)

1s a homeomorphism.

Proof. Notice that we have the following commutative diagram:
COr(L x M, N) M CO(L x M, J"(M, N))
El ;lEL,M,JT(M,N)

COL, €7 (M, N)) 0" €O (L, CO(M, 77 (M, N))

in which horizontal arrows are by definition topological embeddings, right
arrow is a homeomorphism by Lemma 3.3, and the left arrow (i.e. our map
E) is a bijection. Hence, it is a homeomorphism. O

Corollary 5.7. Let L be locally compact and D be a T5 topological space.
Then we have the following homeomorphisms:

C(D,C™ (L x M,N)) ‘= ¢(D,c(L,c™(M,N))) ‘&

(52)

ot

~ CY(D x L,C"(M, N)) CO"((D x L)y x M,N). O

The following two lemmas are analogues of Lemma 3.2(3) for C%" maps.

Lemma 5.8. (1) Let F: Lx M — N be a C®" map, Q a smooth manifold,
and ¢: N — @ a C" map. Then the composition po F: L x M — (@ is
CO" as well.

(2) Moreover, if L is a Ty space, then the multiplication map
m: CO"(L x M,N) x C"(N,Q) — C*"(L x M,Q), m(F,¢)=doF,
18 continuous.

Proof. (1) Since the property C%" is local and says about coordinate func-
tions of F, it suffices to consider the case when M < R, and N < R’} are
open subsets, and Q) = R.
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Letve L, x = (z1,...,2x) € M, y = (y1,...,yx) € N, and
F=(F,...,F,): LxM— NcR"

be the coordinate functions of F. Then ¢o F|,xpr: v x M — R is C" which
proves condition (i) of Definition 5.1.

Also, ¢ o F' is continuous, and this proves (ii) for » = 0. Moreover, if
r > 1, then

oo F) (v,2) = Z g_yi(F(va»a_j(Uax)v g=1...,m, (5.3)

0z; i=1

is continuous in (v, z) due to continuity in (v,x) of g—i, gf;, and F. This
proves (ii) for r = 1.

If » > 1, then differentiating further (5.3) in & we will see that all partial
derivatives of ¢ o F' up to order r are continuous in (v,z) as well.

(2) Now let us prove continuity of the map m. By Lemma 3.2(4), we

have a continuous map c: C"(N, Q) — C°(L,C"(N, Q)) defined so that c¢(Q)
is the constant map L — {G} to the point G € C" (N, Q). Then m coincides
with the following composition of continuous maps:

EL,M,N X C
(5.2)

CO"(L x M,N) x C"(N, Q)

— CY%L,C"(M,N)) x C°(L,C"(N,Q)) =

Lemma 3.2(5)

Corollary 4.3
_—

— C%L,C"(M,N) x C"(N,Q))
— C°(L,C"(M,Q)) = C*"(L x M,Q).

Notice that T3 property of L is used for continuity of the first arrow. The
second arrow is continuous due to Lemma 3.2(5) and T3 property of spaces
of C" maps. O

C%" morphisms of trivial fibrations. Let
pa: AXx B — A, pr: Lx M — L

be trivial fibrations, i.e. projections to the corresponding first coordinates.
Then a morphism between these fibrations is a pair of continuous maps
P:Ax B —- L x M and A\: A — L making commutative the following
diagram:

P

Ax B LxM (5.4)

) |-

A L
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which just means that P(a,b) = (A(a), u(a,b)), where u: A x B — M is a
continuous map. In this case we will write P = (A, p).

If in addition B, M are smooth manifolds and € C"(A x B, M) i.e. it
is CO" along B, then P will be called a C%" morphism.

Thus, the following topological product

CY" (A x B,L x M) :=C%A,L) x C"(A x B, M)

can be regarded as the space of C%" morphisms between trivial fibrations
pa and pr.

Lemma 5.9. Let A, L be topological spaces and B, M, N be smooth mani-
folds.

(1) Let P = (\, p) € C2"(A x B,L x M). Then for any C%" along M map
F:Lx M — N the composition FoP: Ax B — N is C%" along B as

well.
(2) If A and L are T3 spaces, then the following composition map

m: CO"(Ax B,M x L) x C*"(Lx M,N) — C%(Ax B,N),
m(\, i, F)(a,b) = F(\(a), p(a,5))
18 continuous.
Proof. (1) The proof is similar to Lemma 5.8. Notice that F' o P is con-
tinuous, and we get from (5.4) that P(a x B) < A(a) x M for each a € A.
Hence, the map
(Fo P)a =Fo P’axB = (F‘)\(a)xM> © (P‘axB)

is C". Moreover, it is evident that the partial derivatives of order r of
(F oP), along B in local coordinates are polynomials of partial derivatives
of F' along M and P along B of orders < r. But the assumption that
F and P are C%" means that the latter derivatives are continuous on the
corresponding products A x B and L x M. This implies continuity of the
r-jet of ' o P along B. We leave the details for the reader.

(2) Notice that m is the composition of the following continuous maps

m: CY"(Ax B,M x L) x C®"(Lx M,N)=
=:C%A,L) x C""(A x B, M) x C®"(L x M, N)
(¢, 1, F) = (a—>na, ¢, v Fy)
(5.2)
— C%A,C"(B,M)) x C°(A,L) x C°(L,C"(M, N))
(amna, ¢ v Fy) = (a-na, a Fy(q))

(3.4)
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— CY(A,C"(B,M)) x CY(A,C" (M, N))

(a—na;, a—> Fyay) = (a—>Ma,Fya)))

Lemma 3.2(5)
— CYA,C"(B,M) x C"(M,N))

(a—(a,Fg(a))) = (@ Fy(ayon)

Corollary 4.3
— C%A,C"(B,N)) ~C""(A x B,N). O

Description of the topology W%" in terms of norms. There is a well
known description of Whitney topologies W” in terms of norms | - |, x,
see [20, §2.2]. We will need a similar description of the topology WO,

Let L be a topological space, Y < L x R™* an open subset, K < Y a
compact set, r < o0, and F = (Fi,...,F,): Y — R a map being cor
along R'". Define the C%"-norm of F on K by the following formula:

O'F;
|EorK = sup 1 (v,2)|,
(v,x)eK, j=1,...,n, amCL1 T aﬂjai
1=0,...,r, a1,...,a;=0,....m
where x = (21,...,2y,). It is an analogue of the usual C"-norm | F, g but

only in coordinates in R™, see |20, §2.2].

Let U < L be an open subset, ¢: V — R and ¢: W — R” two charts
from the atlases of M and N respectively, and F: L x M — N a C%" along
M map such that F(U x V) € W. Then a local presentation of F in these
charts is the following map

LxR}?>Ux ¢(V) F, Y(W) c RY,
F(v,2) =4 o Ft, ¢~ (x)).

Therefore, if K < U x V is a compact subset, then one can define the
CO"-norm | F g,;pK of F on K with respect to charts (¢,1)) by

| F Efij = || Florx-

Given F € C%"(L x M, N) such that F(K) = W and ¢ > 0 denote
N(E, K, W,,1,¢)={G € CO (L x M, N) | G(K) < W, |F - G

The following statement is an analogue of definition of the topology W”"
from [20, §2.1, Eq.(1)] or [32, Prop. 8.2.8]. The proof is almost literally the
same as in [32, Prop. 8.2.8] and we leave it for the reader.

g,’;p,K <e}.

Lemma 5.10. The sets N(F, K,W,¢,1,e) constitute a subbase of the
topology WO on the space CO"(L x M, N). O
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Lemma 5.11. (cf.[20, Chapter 2, Theorem 2.3(c)| and [29, Lemma 10.1.13]
for manifolds with corners) Let F: R}, x RT > U — R" be a C%" along R
map, r < 00, and K < U be a compact subset. Then for each € > 0 there
exists a C* map G: U — R} such that

|G = Flosr <e.

Moreover, if F(0U) < 0R, then one can also assume that G(0U) < JR"}
as well.

Proof. Again the proof almost literally repeats the proof of [20, Chapter 2,
Theorem 2.3(c)| for arbitrary maps, and [20, Chapter 2, Lemma 3.1] (resp.
[29, Lemma 10.1.13]) for maps between manifolds with boundary (resp.
with corners) sending boundary to boundary. The map G should be taken
in the form of convolution #* F' with some C® function # : R' x R™ — [0, o)
having a sufficiently small support and satisfying §;, pm 6 = 1. Due to |20,
Chapter 2, Theorem 2.3(a),(b)] the convolution uniformly approximates not
only the initial map but each of partial derivatives of each of its coordinate
functions, and this is enough for achieving the inequality |G — F|o, x < €.
Also in the cases of sending boundary to boundary, one should choose # in
a special form of a product of functions depending on separate coordinates,
[20, Chapter 2, Lemma 3.1| [29, Lemma 10.1.13]. We leave the details for
the reader. O

Remark 5.12. In the literature there are different approaches to the de-
finition of the “right” category for the maps belonging to the image of the
embedding

Erymn: C' (L x M,N) < C°(L,C"(M, N))

For instance, in the paper [5, Definition 4.1.1] by J. P. Cerf the adjoint
map Ep y n(F) for F € C"(L x M, N) is called r-admissible>. Moreover,
map ¢ : A — As between subsets A; < C"(M;, N;) of spaces of C" maps
between smooth manifolds is called r-differentiable whenever it induces a
map C"(L x My, N1) — C"(L x Ma, N3), i.e. when

O(Bram,nN (CT(L x M1, N1))) < Bp v, (C(L x Ma, Na)).
Also, in [37] the space C*(L x M, N) is denoted by C*(L,C*(M, N)).

6. DIFFERENTIABLE APPROXIMATIONS

We prove in Lemma 6.2 below a variant of the standard (relative) ap-
proximation theorem about density of C* maps in W%" topologies for s > r.
We also establish existence of homotopies between the initial map and its

3 r-permise in French



Smooth approximations and their applications to homotopy types 97

approximation. This will be the principal fact for proving weak homotopy
equivalences.

Historical remarks. It is shown in the textbook [47, Section 6.7] by
N. Steenrod that every continuous section f: M — FE of a locally tri-
vial fibration p : E — M between smooth manifolds can be arbitrary close
approximated by a C® section f’: M — E for any s > 0. Moreover, if f is
already C® on a neighbourhood U of a closed subset X < M, then one can
assume that f’ = f on some smaller neighbourhood V' < U of X. Similar
technique was then described in another classical textbook [20, Chapter 2,
Theorem 2.5| by M. Hirsch for the proof that C*(M, N) is dense in C" (M, N)
for r < s with respect to either strong or weak corresponding topologies.
A generalization of that statement was also given in [35, Theorem A.3.1]
for the case when M is a finite-dimensional o-compact manifold and N is
a locally convex space topological vector space.

An additional observation which is not mentioned in textbooks [47, 20]
but is essential for our purposes is that the approrimation f’ is homotopic
to the initial map f. Probably the reason of not taking that homotopy to
account is that in general a homotopy does not induce a continuous path
into the space C" (M, E) endowed with strong topology. This kind of problem
was tried to avoid by J. P. Cerf |5, Chapter 4] by considering only smooth
homotopies, see Remark 5.12. For the continuity of that path one should
require, e.g. that the homotopy is compactly supported, e.g. [17, Chapter
2, §3, page 43|. These questions are usually considered for approximation
of maps between ANR’s in C° category, e.g. [21, Chapter IV, Theorem 1.1].
Existence of such homotopies is proved in the unpublished manuscript [22,
Proposition 3|, and in [50, Theorem 11| under wide assumptions on FE.
It is also expressed in [14] in a more general context via special subsets
convy(U) = {tx + (1 —t)y | =,y € U} of convex hulls of open sets U in
locally convex vector spaces, c.f. (6.1) below and Remark 7.5.

As an application of existence of arbitrary small homotopies to a smooth
approximation it is shown in [33, Corollary II.13] that if K is a Lie group
modelled on a locally convex space and M a finite-dimensional connected
manifold with corners, then each continuous principal K-bundle over M
is continuously equivalent to a smooth principal bundle. Moreover, two
smooth principal K-bundles over M are smoothly equivalent if and only if
they are continuously equivalent.

Let us also mention that the technical assumption that f must be C® on
a neighbourhood of X is presented in all mentioned above papers and it due
to gluing technique via partitions of unity. It prevents to directly extend
absolute case A < B to the relative case A, x < B, x and was the reason
of introducing a notion of stabilizing pair of isotopies, see Remark 7.3.
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In what follows let 0 < r < s < o, L, M, N be smooth manifolds,
X < L x M a closed subset, B < C%"(L x M, N) an open subset, and
B e B. For amap ¢ € C°(L x M, N) we also put

Box ={9eBlglx =¢lx},  Apx=Bpx n C(Lx M,N).

Definition 6.1. A map H: [0,1] x L x M — N is a (B, X, s)-preserving
homotopy of B, if

(a) H is C°" along M;

(b) Ho = B;

(c) for each t € [0,1] the map Hy: L x M — N, Hy(v,z) = H(t,v,x),
belongs to B and coincides with B on X;

(d) if B is C® on some submanifold W < L x M, then the restriction of
H to [0,1] x W is C*® as well.

Lemma 6.2. (cf. 20, Chapter 2, Theorem 2.5])

(1) The natural inclusion i: C*(L x M, N) < C%" (L x M, N) is continuous
from the topology W? to the topology WO,

(2) The subset C*(L x M, N) is dense in C®"(L x M, N) in the topology
wor,

(3) Suppose B € B is a map being C° on some neighbourhood of X. Then
there exists a (B, X, s)-preserving homotopy H: [0,1] x L x M — N of
B such Hy € C°(L x M, N).

Proof. (1) Notice that the inclusion i: C*(L x M, N) < C%"(L x M, N) is

a composition of two upper arrows in the following commutative diagram:

7

/ﬂ\\

C*(L x M,N) ——— C"(L x M,N) CO™(L x M, N)

.| |

CO(L x M, J"(L x M,N)) 2 (L x M, J" (M, N))

The first horizontal inclusion is continuous from topology W?* to topology
W" for s > r, and the second horizontal inclusion is continuous since the
vertical arrows are topological embeddings and the lower arrow is continu-
ous, see (5.1).

(2) The proof is similar to the standard approximation theorems, e.g. [20,
Chapter 2, Theorems 2.4-2.6] but instead of C" norms one should use C%"
norms and, in particular, Lemma 5.11 which allows arbitrary close appro-
ximations of C%" maps by C® maps with respect to C%" norms. We leave
the details for the reader.
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(3) The proof is a combination of proofs of [21, Chapter IV, Theorem 1.1]
and [20, Theorem 2.5]. One can assume that N is a submanifold of R” for
some large 7, see [29, Proposition 3.3.9| for manifolds with corners. Let V/
be a tubular neighbourhood of N in R” and p : V — N a smooth retrac-
tion*. Then by Lemma 3.2(1b), C%" (L x M, V) can be regarded as an open
subset of C%" (L x M,R") with respect to the topology W%". Moreover, by
Lemma 5.8, p induces a continuous map

ps: CO"(Lx M, V) —C® (L x M,N), v~ pou.

Let U be an open neighbourhood of X on which B is C*. Fix any C*
function A : L x M — [0,1] such that A = 1 on X and A = 0 on some
neighbourhood of M\U and define the following map

n:[0,1] x C%"(L x M,N) — C°"(L x M,R"),
n(t,a) = B+t(1 — X)(a — B).

One easily checks that the addition and multiplication by scalars in
CO"(L x M,R7) is continuous. This implies that 7 is continuous as well
with respect to the corresponding topologies WY . Hence, the following set
Y :=n"(C%" (L x M,V)) is open in the space [0, 1] x C®"(L x M, N), and
we get a well-defined continuous map ¢ = pyon: Y — C%" (L x M, N)

q(t,a) =po (B+t(l—A)-(a— B)). (6.1)

Evidently, ¢([0,1] x {B}) = {B}. Hence, ¢~!(B) is an open neighbour-
hood of [0,1] x {B} in Y and therefore in [0,1] x C®"(L x M, N). Due to
compactness of [0, 1], there exists a W -open neighbourhood W < B of B
such that [0,1] x W < ¢ }(B).

Now by (2) there exists a C* map w € WW. Hence, one can define the map
H:[0,1] x L x M — N to be the adjoint map of the restriction of ¢ onto
[0,1] x {w}, that is

H(t,?),.’L') = Q(t,W)(’U,JJ') =po (B + t(l o )\) ’ (w - B))(U,IL‘)
We claim that H is the desired (B, X, s)-preserving homotopy of B. Indeed,
since B is C%" along M and w is C%, the latter formula implies that
H is C%" along M map,
Hy = B,
Hy =B on X and Hy = q(t,w) € B for all ¢t € [0, 1],

if B is C® on some submanifold W < L x M, then the restriction of
H to [0,1] x W is C*® as well,

4If N is a manifold with corners, then existence of such an embedding N < R” is shown
in [29, Proposition 3.3.9], and existence of tubular neighbourhoods of N in R is proved
in [8, §5, Théoréme 1], see also [4, Theorem 2.7].
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i.e. all conditions of Definition 6.1 hold. Moreover, the latter map H; is
C?. O

Corollary 6.3. Let ¢ € C°(L x M,N) and 3: (D¥1,S%) — (B, x, Ay x)
be a continuous map of pairs such that its adjoint map
B: D" x L x M — N, B(z,v,z) = B(2)(v, x),

is C* on some neighbourhood of D1 x X. Then /3 is homotopic as a map
of pairs to a map into A, x.

Proof. Consider the following homeomorphisms being the compositions of
the corresponding “exponential laws”:

q:CO (Dk“,co”"(L « M, N)) %2 eo (Dk“,CO(L,CT(M, N)))

@
e 2

~ 0 (Dk“ x L,C"(M, N)) % CO”"((D’““ x L) x M, N) .

Then the adjoint map B to 3 is the image of ¢, i.e. B = q(f).

As B is open in C%"(L x M, N), we see that C°(D*™!,B) is open in
CO(DkH,CO’T(L x M, N)), whence U := q(CO(DkH,B)) is open in the
space CO7 ((D**! x L) x M, N). In particular, U is an open neighbourhood
of B.

Since by assumption B is C® on some neighbourhood D*T! x X, we get
from Lemma 6.2(3) that there is a (U, D**! x X, s)-preserving homotopy

G:[0,1]x D' x LxM—>N

of B such that GG is C®. In other words, G has the following properties.
(a) G is CO’” along M.

(b) G

(c) For each t € [0,1] the map Gy € U and coincides with B near D*+1 x X

(d) If B is C* on some submanifold W < D*+1x I, x M, then the restriction
of G to [0,1] x W is C® as well. In particular, since for each z € S* the
restriction B: z x L x M — N is C®, we obtain that the restriction of
G to [0,1] x 2 x L x M is C*® as well.

(e) GreC*(D*! x L x M,N).

Consider the adjoint map
v: [0,1] x DM - (L x M,N),  A(t,2)(v,z) = G(t, 2,0, ).
Then the above properties of G mean that

(a) ~y is continuous;

(b) 7(0) = B;
(¢) 7([0,1] x D¥1)y < B, x;
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(d) ([0,1] x S*) = Ap x;
(e) v(1 x DM = B, x nC*(L x M,N) = A, x.
Hence, v is the desired homotopy. [

7. PROOF OF (1) AND (2) OF THEOREM 1.8

As in Section 6 let 0 < r < s < o0, L, M, N be smooth manifolds,
X c L x M a closed subset, B < C%" (L x M, N) an open subset, and
A=B n C5(L x M,N). For a mapping ¢ € C*(L x M, N) we also denote
BKP,X = {g eB | g|X = §0|X} and -ALp,X = Bcp,X N CS(L X MvN)

First we reformulate Definition 1.2 more explicitly for the context of
Theorem 1.8.

Definition 7.1. We will say that a pair of C* isotopies
P=(\pw:[0,1] x Lx M — L x M, Q: [0,1] x N > N (7.1)

leafwise stabilizes ¢ near X whenever the following conditions hold:

(a) for each ¢ € [0, 1] the first coordinate function A: [0,1] x Lx M — L
of P does not depend on = € M, so each P; is an automorphism of
the trivial fibration L x M — L;

(b) Po = ideM and Q() = id]\];

(¢) P(X) cIntX for 0 <t < 1;

(d) Q¢ oo Py = ¢ on some neighbourhood of X (which may depend
on t) for each t € (0, 1].

The following theorem is just a reformulation of the first two statements
of Theorem 1.8 in terms of C%" maps.

Theorem 7.2. (1) The inclusion i: A < B is a weak homotopy equiva-
lence.

(2) Suppose there exists a pair of C® isotopies (7.1) which leafwise stabilizes
¢ near X. Then the inclusion i: A, x < B, x is a weak homotopy
equivalence as well.

Proof. Consider the following conditions.
(i) There exists a pair of C® isotopies leafwise stabilizing ¢ near X.
ii) Every continuous map 3: (D¥1, 8¥) - (B, x, A, x) is homotopic
®, @,
as a map of pairs to a map [ whose adjoint mapping

N

B: D' x L x M — N, B(z,v,z) = B(2)(v, x),

is C* on some neighbourhood of D*T1 x X
(ili) The inclusion i: A, x < By, x is a weak homotopy equivalence.
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We claim that (i)=>(ii)=(iii). This will imply statement (2).

Also, if X = @, then condition (ii) trivially holds since D*¥*! x X = &.
Therefore (iii) will also hold, that is the inclusion i: A = A, x < By, x = B
will be a weak homotopy equivalence, and thus the implication (ii)=>(iii)
gives a proof of (1).

(ii)=>(iii) By Lemma 2.1(4) it suffices to show that each W#®-admissible
map (: (D* S*) — (B, x, A, x) is homotopic via a W¥-admissible ho-
motopy of pairs to a map into A, x.

Condition (ii) says that such a map is homotopic as a map of pairs

(DEFL S%) — (By.x, Ay x) to a map 3 whose adjoint mapping is C* near
D+l x X. Then by Corollary 6.3,  is homotopic as a map of pairs to a
map into A, x.

(i)=(ii) Let B: D¥*! x L x M — N be the adjoint map of /3, so
B(z,v,x) = B(2)(v,z) = p(v,z) for (z,v,z) € D" x X, (7.2)

Let also (7.1) be two isotopies which leafwise stabilize ¢ near X. Then
it easily follows from Lemmas 5.8 and 5.9 that the following map

v 0,1] — CO’T<(D"’+1 x L) x M, N) ,
v(#)(z,v,2) = Qo B, o Py(v,x) = Q(t, B(z, Pt(v,a:)))

is well-defined and continuous.

Lemma 7.2.1. For each 0 <t < 1 there exists an open neighbourhood V;
of X in L x M, such that

v(t)(z,v,x) = (v, x), (z,v,2) € DL x V. (7.3)
In particular, ~(t) is C* near D*1 x X.

Proof. By assumption (d) of Definition 7.1, Q; o ¢ o P, = ¢ on some
neighbourhood U; of X for each ¢ € (0,1]. As Py(X) < IntX for 0 <t <1,
it also follows from assumption (c) that X < Int(P; '(X)). We claim that
Vi := Uy n Int(P; (X)) satisfies the statement of our lemma.

Indeed, if (z,v,2) € D*1 x IntPt_l(X), then P;(v,z) € X, and therefore
by (7.2)

B(Z, Pt(U,Jf)) = Bz o Pt(U,Jf) =@o Pt(vax)‘
Hence, if z € D**! and (v,2) e V; = U; n Int(P;l(X)), then
’}/(t)(Z,U,.CC) = Qt o Bz o) Pt(’U,ZC) = Qt o@o Pt(’lj,x) — QD(’U,.I'). ]
Consider another (continuous due to Corollary 5.7) adjoint map to ~

G:[0,1] x Dt = ¢O"(L x M,N), G(t,z)(v,z) = Qi 0 BoPz,v,z),
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being a homotopy of 3. As shown above, G([0,1] x D¥*1) < B, x. More-
over, since 3(S*) consists of C* maps and P and Q are also C*, it follows that
G((0,1] x S*) = A, x. Hence, for each & > 0 the restriction Glio,e]x prt1 18
the desired homotopy of 5 to a map y(e) such that its adjoint map G¢ is
C® near X. Theorem 7.2 is completed. ]

Remark 7.3. Let 3: (D*1, S%) — (B, x, A, x) be a continuous map and
B: DF1 x L x M — N be its adjoint map. Then the restriction of B to
DFF1 x X is given by

B(z,v,z) = f(v,z).

In particular, if X is a submanifold of L x M, then D*t! x X is a subma-
nifold of D¥*1 x L x M and B is C* on D¥*! x X. However, one can not
guarantee that B is C* on a neighbourhood of D*T' x X, and therefore can
not immediately apply Lemma 6.2(3) to approximate B by a C* map of all
of L x M which coincides with B on D**1 x X.

Moreover, by Whitney extension theorem we can extend B|prt1yx tO
a C® map, and by previous technique extend it further to a global map
B: D! x L x M — N, and even find a homotopy between B and B
relatively to D¥*1 x X. However, one can not guarantee that B and all
that homotopy is contained in B.

Example 7.4. Let B = {B € C}(R,R) | f/(0) > 0}, X = {0} = R, and
B € B be given by B(x) = z. Notice that B|x: X — R is the zero
function, and it extends for example to a function B € C*(R,R) given by
B(:c) — —z. Then B does not belong to B and can not be connected with
B by a continuous path in B.

This illustrates that the problem whether i: A, x < By, x is a weak
homotopy equivalence might essentially depend on f, B, X, r and s, c.f.
Lojasiewicz inequalities in |23, 28], and no narrow fjord condition in [39].

Remark 7.5 (Comparison with results of [14]). As mentioned above, the
statement that the inclusion i: C(M, N) < C"(M, N) is a weak homotopy
equivalence follows from a very general [14, Proposition 6.1].

Let @ be a topological space and (Qq)aca a directed family of subsets
such that Qy = UaeaQq is dense in Q. Endow each (), and Qo with some
topologies such that all the inclusions Qo — Qg for all a < 8, Qo — Qw,
and Qo — @ are continuous. Then [14, Proposition 6.1 claims that the
inclusion @, < @ is a weak homotopy equivalence, whenever () can be
covered by cores of well-filled charts and Q) is compactly retractive.

We refer the reader for details and precise definitions to [14] however
let us mention that in our case Q@ = C"(M,N), A = {a} consists of a
unique element, so Q, = Q« = C*(M, N), and property of being compactly
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retractive automatically holds. Moreover, a well-filled chart in () is a home-
omorphism Q > U -> V < E of an open subset U of @ onto an open subset
V of a locally convex topological vector space E such that there exists an
open subset V' < V satisfying

(i) tf+(1—t)ge V' for all f,ge V' and

i) tf+(1—t)geVy =V nnU n Qy) for all f,ge VL.
Then U’ = n~Y(V") is called a core of the well-filled chart 7.

Thus, by (i) any C" maps ¢, in the core U’ are “canonically” homotopic
in that core, in particular in the class of C" maps. Moreover, due to (ii),
if ¢, are C?, then that homotopy consists of C* maps. One can easily
check that if » > 1 then these properties hold for the inclusion C*(M, N) c
C"(M,N), since a neighbourhood of each f € C"(M,N) can be identified
with the space of sections of certain vector bundle over M. Then [14,
Proposition 6.1] implies that the inclusion is a weak homotopy equivalence.

Property (ii) play in the proof of [14, Proposition 6.1] the same role as
condition (d) of Definition 6.1 of (B, X, s)-preserving homotopy (which is
guaranteed by formula (6.1)), and expresses the same property as the last
sentence of [33, Lemma I1.4].

8. MAPS OF MANIFOLDS SENDING BOUNDARY TO BOUNDARY

For smooth manifolds M, N, their subsets Y ¢ M and Z < N, a topo-
logical space L, and a subset X < L x M put

Cy,z(M,N) = {feC"(M,N) | f(Y) = Z},
CY'4(L x M,N) := {F eC® (L x M,N)| F(X) c Z}.

If L is a T5 space, then the homeomorphism (5.2) of Lemma 5.6 induces a
homeomorphism

ErmnN: C%:aM,é’N(L x M,N) = C°(L,Chy on(M,N)).

Notice that if M #+ &, then the group D" (M) of diffeomorphisms of M
is not open in C"(M, M) though it is open in the subset C%, 5, (M, M)
consisting of self maps of pairs f: (M,0M) — (M,0M). Therefore, the
first two statements of Theorem 1.8 are not applicable for the proof that
for 0 < r < s < o0 the inclusion D*(M) < D"(M) is a weak homotopy
equivalence, and it would be desirable to have such type of results for open
subsets of Cpyr o (M, N).

We will briefly discuss how to extend the technique developed in the
previous sections to the situation of maps sending boundary to boundary.

The following statement shows that Theorem 7.2 holds if we replace

o CO"(L x M, N) with C)"" 51, an(L x M, N) and
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o C5(L x M,N) with €3 50; an(L x M, N)

We will just indicate the principal changes.

Let 0 < r < s < o, L be a smooth manifold possibly with corners,
X © L x M a closed subset, B < C%QaM,aN(L x M, N) an open subset,
and A=B n C°(L x M,N). For amap ¢ € C] s on(L x M, N) we also
denote as before 7

B¢7X:{g€B|g|X:<,0|X}, .A%X:B%XmCS(LxM,N).

Theorem 8.1. (1) Cj,ns on(L % M, N) is dense in C%;aM,aN(L x M, N)
in the topology WO,

(2) Let B € B be a map which is C* on some neighbourhood of X. Then
there exists a (B, X, s)-preserving homotopy H: [0,1] x L x M — N of
B such that H, € B for all t € [0,1], and Hy € A.

(3) The inclusion i: A < B is a weak homotopy equivalence.

(4) Suppose there exists a pair of C* isotopies (7.1) which leafwise stabilizes
¢ near X. Then the inclusion i: A, x < B, x is a weak homotopy
equivalence as well.

Sketch of proof. (1) The proof follows the line of approximation theorems
for maps of sending boundary to boundary by using Lemma 5.11.

(2) This is a variant of the statement (1) of Lemma 6.2. The proof is
literally the same, however one only needs to choose an embedding N < R”,
a tubular neighbourhood V of N, and a retraction p : V. — N so that
ON =N R and p~1(0N) = V AR7~L. Those conditions can easily be
satisfied. Then the formula (6.1) gives a well-defined map

— 0,r O,r
¢: Y =0 (Crlons,vepr—1 (L X My V) = Cplon oy (L x M, N)
which implies existence of the desired homotopy H.
The proof of statements (3) and (4) also literally repeats the arguments
of Corollary 6.3 and Theorem 7.2. We leave the details for the reader. [

In particular, statements (3) and (4) of Theorem 8.1 prove statement (3)
of Theorem 1.8.
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