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Heegaard diagrams and optimal Morse

flows on non-orientable 3-manifolds of
genus 1 and genus

Christian Hatamian, Alexandr Prishlyak

Abstract. The present paper investigates Heegaard diagrams of non-
orientable closed 3-manifolds, i.e. a non-orienable closed surface together
with two sets of meridian disks of both handlebodies. It is found all possible
non-orientable genus 2 Heegaard diagrams of complexity less than 6. Topolo-
gical properties of Morse flows on closed smooth non-orientable 3-manifolds
are described. Normalized Heegaard diagrams are furhter used for classifi-
cation Morse flows with a minimal number of singular points and singular
trajectories.

Amnoranis. B pobori mocmikyoTbes miarpamMu Xeropa HEOPIEHTOBHUX 3-
muOroBu/iB. KoxkHa Taka JiarpaMa € HEOPI€HOBHOIO 3aMKHEHOIO ITOBEPXHEIO
3 aBoma HabopaMy MepuiaHiB Ha Hiil. TakoxK pO3IIAIAI0THCS Tak 3BaHi HOP-
MaJIi30BaHi JiarpamMu, gKi He MICTATh KPUBOJIIHIMHUX JBOKYTHHUKIB, YTBODe-
Hux Mepugianamu. OnucaHo ajropuTM, 1o JO3BOJISE€ BUBHAYUTH, YU € HOD-
MaJIi30BaHa Jiarpama jiarpaMmor Xeropa JegKoro 3-MHorosuzy. [liarpamm
Xeropa pomy ABa po30UTO HA TPU THUIX Ta OTPUMAHO TOIOJIOTIIHY Kaacudi-
KaIlil0 BCIX HEOPIEHTOBHUX TPUBUMIPHUX MHOTOBHJIIB POy JBa 1 CKJI&JIHOCTI
me Buire 1'aru. Koxken Taknit MHOroBH, 1 roMeoMOpdHNUI 3B’ s13Hil cyMi JIiH30-
BOT'O IIPOCTOPY i Kocoro nobyTKy 2-cdepu Ha KOI0. Bigbin Toro, 3naiimeno 3-
MHOT'OBH/ CKJIAITHOCTI IiCTh, AKUil He ToMeoMopdHuit Takiit cymi. Hopmauri-
30BaHi giarpamu Xeropa TakoK BHKOPHUCTAHO It KJyacudikaril onTumasib-
Hux moTokiB Mopca Ha MHOTOBH/IaX POMAY JBa CKJIAIHOCTI HE BHUIIE I ATH.
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1. INTRODUCTION

A Heegaard diagram is a common and convenient method for repre-
senting a closed connected 3-manifold. Heegaard diagrams and Heegaard
splittings are closely related. Handlebodies, Heegaard splittings and Hee-
gaard diagrams have been studied by Y. Matsumoto in [8]. The structure
of genus 2 Heegaard diagrams of orientable closed 3-manifolds has been
largely discussed by S. Matveev in [9]. A simple algorithm for enumeration
of orientable closed three-dimensional manifolds whose genus do not exceed
two has been proposed by S. Matveev and A. Fomenko in [1]. A classifi-
cation of decomposition of non-orientable 3-manifolds into 3 handlebodies
with disjoint boundaries has been presented by V. Nunez, J. C. Gomez-
larranaga, W. Heil in [3]. A classification of Heegaard diagrams of genus
3 has been conducted by F. Korablev in [5]. The existence of a unique
non-orientable manifold of genus 1 is a consequence of W. B. R.. Lickorish’s
result in [6]. However, in this paper, we present a certain reformulation of
Lickorish’s result in terms of Heegaard diagrams. Our main purpose is to
investigate if there exists any non-orientable 3-manifold distinct from man-
ifolds of type L, ,#S* % S2. Given a Heegaard diagram H of M there exists
a polar Morse flow X (only one source and only one sink) whose associated
diagram is H. Morse flows (Morse-Smale flows without closed orbit) on
manifolds with boundary have been studied by A. Prishlyak in [12, 13] and
A. Prishlyak and A. Prus in [14], A topological classification of Morse-Smale
flows on closed surfaces has been presented by M. Peiksoto in [11], V. Sharko
and A. Oshemkov in [10]. Furthermore, Morse flows on three-dimensional
manifolds have been studied by Ya. Umanskii in [17], A. Prishlyak in [7],
Clark Robinson in [15].

2. HEEGAARD DIAGRAMS

Let M7 and My be compact three-dimensional manifolds with homeo-
morphic boundaries and let h : M7 — dMs be any homeomorphism. Glu-
ing the manifolds M; and Mj together along this homeomorphism gives a
topological space M = Ma| JM;.

h

Definition 2.1. An orientable handlebody H of genus ¢ is a 3-manifold

homeomorphic to a boundary connected sum of g copies of solid tori: H =
g

# (Sl X D2)7,

i=1

Definition 2.2. A non-orientable handlebody H of genus g is a 3-manifold

homeomorphic to a boundary connected sum of g copies of solid Klein
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bottles:

7 el 12
i=1
Definition 2.3. A splitting of a 3-manifold M into a union of two handle-
bodies without common interior points is called a Heegaard splitting. The
genus of the splitting is the genus of the corresponding handlebodies.

Definition 2.4. Two Heegaard splittings of a 3-manifold M are called
equivalent if there exists a self-homeomorphism of the manifold M carrying
one splitting into the other.

Let H U H' be a Heegaard splitting of a 3-manifold M, FF = 0H = 0H’
the common boundary of genus g of the two handlebodies, © = {u1,...,ug}
the set of meridians of the handlebody H, and v = {v1,...,v4} the set of
meridians of the handlebody H'.

Definition 2.5. The triple (F,u,v) is called a Heegaard diagram for the
manifold M.

Conversely, let F' be a closed non-orientable surface of genus g (Heegaard
genus g) and u = (ui,...,uq), v = (v1,...,74) be two sets of simple closed
curves on I’ such that u; nu; = @ and v;nv; = & for ¢ # j. Then the triple
(F,u,v) is a Heegaard diagram of a certain 3-manifod iff the complements
F\u and F'\v are homeomorphic to 2-sphere with holes.

Definition 2.6. Two Heegaard diagrams (F,u,v) and (F,u/,v") are called
isotopic if there exists an isotopy ¢; : F' — F such that o9 = 1, @1 (u) = o’
and ¢ (v) =,

Definition 2.7. Two Heegaard diagrams (F,u,v) and (F,u/,v") are called
semi-isotopic if there exist isotopies ;,1; : F' — F such that g = ¢ =1,
p1(u) = o' and 1y (v) = .

Both operations of isotopy and semi-isotopy of Heegaard diagrams does
not change the underlying 3-dimensional manifold M as well as its Heegaard
splitting of M into handlebodies H and H’. Such operations only replace
in H and H' the meridional disks by isotopic ones.

Let (F,u,v) be a Heegaard diagram and let 5 be a simple curve joining
the meridians u; and us of the diagram and having no other common points
with the curves of u. Let C be a closed neighborhood of the union u; UusU g
homeomorphic to a disc with two holes and intersecting no other curves of
u. The boundary component of this neighborhood which is not isotopic
to the curve u; or to the curve uo, will be denoted by ui;# us. The set
{u1# u2,ug, ..., uqs} will be denoted by .
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Definition 2.8. We will say that the diagram (F,u,v) is obtained from
the diagram (F,u,v) by adding uz to uy along j.

The operation of adding curves from the set v is defined similarly. Notice
that addition of curves from the set u to curves of the set v and of curves
from the set v to curves of the set u is not allowed. The addition of one
curve of a set to another curve of the same set fails not only to affect the
corresponding manifold, but also its Heegaard splitting. The handlebodies
of the splitting remain unchanged, and it is only their sets of meridional
discs that are altered.

Definition 2.9. The diagrams (F,u,v) and (F,u’,v") are called equivalent
if we can pass from one to the other using homeomorphisms, semi-isotopies
and operations of adding one meridian to another.

Proposition 2.10. If Heegaard diagrams are equivalent then the Heegaard
splittings corresponding to them are equivalent.

Proof. The proof is similar to the proof of [1, Proposition 5.3]. As well as
in the orientable case, the equivalence of Heegaard diagrams implies the ex-
istence of a homeomorphism between the corresponding Heegaard surfaces,
which can further be extended to a homeomorphism between meridional
disks, and then to a homeomorphism between 3-manifolds. U

Let (F,u,v) be the Heegaard diagram of a manifold M corresponding to
a Heegaard splitting M = H u H'. The collections of curves u and v split
the surface F' into several parts.

Suppose that a certain part is not homeomorphic to a disk. Then in
this part (and, therefore, in the surface F') there exists a non-trivial simple
closed curve [ intersecting neither the meridians v of the handlebody H’
nor the meridians u of the handlebody H. Hence, this curve bounds discs
in each of the handlebodies H and H’. The union of those disks a 2-sphere
S which either splits the manifold M into a connected sum or gives rise to
a summand S? x S1. In both cases, the examination of the diagram reduces
to the examination of one or two diagrams of lower genus.

Such a situation is therefore of no interest for us. In what follows we will
assume that the curves u and v split the surface into disks. This happens
if and only if the union u U v is a connected graph. Such diagrams will be
called connected.

So, let (F,u,v) be a connected Heegaard diagram. The regions home-
omorphic to disks, into which the graph v U v cuts the surface F' will be
interpreted as curvilinear polygons whose vertices are intersection points of
meridians from different sets. Each polygon has, of course, an even number
of sides.



Heegaard diagrams and Morse flows on non-orientable 3-manifolds 37

Definition 2.11. The Heegaard diagram (F,u,v) is called normalized if
among the regions into which the meridians split the surface there are no
lunes.

3. AN ALGORITHM TO DETERMINE HEEGAARD DIAGRAMS

Let (F,u,v) be a normalized diagram. Curring the surface F' along
the meridians v = {u1,...,u4}, we will obtain a sphere with 2g holes
Dq,...,Dy. The holes can be naturally divided into pairs so that each
pair Do;_1, Do; consists of the two holes corresponding to the meridian ;.
The meridians v will then be cut into arcs joining the holes in various ways.

To recover uniquely the Heegaard diagram from such a picture, we should
know how the boundary of each hole D»; is glued with the boundary of its
companion hole Dy; 1. It is convenient to enumerate the points at which
the meridian u; intersects the meridians v in the order they are met when
traversing the meridian wu;, and to retain these numbers in the cutting. The
total number of those crossing points is called the Heegaard complezity.

We take the boundary orientations of glued holes into account by as-
signing a plus sign to the orientedly glued holes and a minus sign to the
ones that are glued non-orientedly. In order to define the gluing maps
w;: 0D9; — 0D9;_1, i = 1,2,..., g, we introduce topological symmetries
S; (9D22 - (3D2i_1 and topological rotations Ty - (9D2i_1 - (9D2i_1, for
1=1,2,...,g by the following rules:

(a) s; takes dDg; () Uvz to 0Dg;i—1) UvZ so that the endpoint of each

arc joining Do; to DQl 1 is taken to the other endpoint of the same
arc;

g g
(b) r; shifts each point of Dg;—1 (1) |Jv; to the next point of Da;—1 () | vi.
=1 =1
Then an algorithm to determine Heegaard diagrams of closed 3-manifolds
can be suggested as follows.

(1) An equal number of arcs should join Dy; and Dg;_;.

(2) To determine how the boundaries of the holes are identified we need to
enumerte the endpoints of the arcs on each of them in the cyclic order.
In the case of orientedly glued holes, Do; and Ds; 1 have opposite
orientation, whereas in the case of non-orientedly glued holes, Ds; and
Ds;_1 have the same orientation.

(3) The surface F' should be orientable. To verify that, we construct a dual
graph for u curves in F'\v. The vertices of the graph represent disjoint
regions in the plane divided by the arcs of the diagram. The edges of
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FIGURE 4.1. The genus 1 Heegaard diagram of a non-
orientable closed 3-manifold

the graph represent the intersections of the glued holes and the regions.
We assign a plus sign to each edge representing the intersection of
orientedly glued holes and a minus sign to the other edges representing
intersection of the ones that are glued non-orientedly. If the graph
contains no cycles with odd number of minus signs, then the surface
will be orientable.

(4) Every Heegaard diagram has exactly g closed curves or cycles. These
curves split the surface and give a sphere with 2g holes which implies
the surface F' is connected.

4. NON-ORIENTABLE HEEGAARD DIAGRAMS OF GENUS 1 AND GENUS 2

In the case of orientable closed 3-manifolds, there are infinitely many
orientable closed 3-manifold of genus 1, called lens spaces L, ,, whereas
in the case of non-orientable ones, the following theorem being a direct
consequence of results by W.B.R. Lickorish [6] holds. We will present a
proof based on Heegaard diagrams.

Theorem 4.1. ([6]) Every non-orientable closed 3-manifold of genus 1 is
homeomorphic to S'xS?, see Figure 4.1 for its Heegard diagram.

Proof. According to the algorithm every genus 1 Heegaard diagram has
exactly one cycle. Moreover, the surface F' should be orientable.

In the case of Heegaard complexity 1, there is only one possible diagram.
Although this diagram has exactly one cycle. As shown in Figure 4.2 the
resulting graph has a loop with a minus sign and thus the surface is not
orientable. Hence there is no genus 1 Heegaard diagram of complexity 1.

In the case of Heegaard complexity 2, there are two possible diagrams as
shown in Figure 4.3.

Diagram (a): if we move along the arc starting from (1, D2), then we will
return to the starting point, since D; is identified with Dy, i.e. (1,D2) =
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: A
|
FIGURE 4.2. The non-orientable genus 1 diagram of com-
plexity 1

(1,D1). This gives a cycle. Similarly, if we move along the arc starting
from (2, D), then we will return to the starting point as well, and thus we
will obtain another cycle.

Thus we get a diagram with two cycles, and according to the algorithm,
it is not a genus 1 Heegaard diagram.

Diagram (b): If we move along the arc starting from (1, D), then we
pass to (2, D) which means we have arrived at (2, D2). Then we get to
(1,D1) = (1,D2) and once again for the same reason we return to the
starting point. Thus, we ontain one cycle. As shown in Figure 4.4, although
the diagram has exactly one cycle, it is not a Heegaard diagram since the
resulting graph has a loop and an edge with minus signs meaning the surface
F' is not orientable.

1 1

Diagram (a)  Diagram (b)
FIGURE 4.3. Non-orientable genus 1 diagrams of complexity 2

The total number of cycles in a non-orientable genus 1 diagram can be
calculated using the following formula:
P+ L
2
where P is the complexity of the diagram and L is the number of single-arc
cycles in the diagram. If the complexity of a diagram is even, then it has

(4.1)
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O
I 1

FIGURE 4.4. The non-orientable genus 1 diagram of com-
plexity 1

either zero or two single-arc cycles depending on how the boundary of D,
is glued with the boundary of D;. In the other hand, if the complexity is
odd, then it has only one single-arc cycle as shown in Figure 4.5.

FIGURE 4.5. Non-orientable genus 1 diagrams

Formula (4.1) implies that if P > 3, then there are no diagrams with one
cycle. This completes the proof. U

Remark 4.2. In Lickorish [6] there was obtained a classification of isotopy
classes of simple closed curves on the Klein bottle K and proved that the
mapping class group of K is isomorphic to Zs X Zs. One can easily deduce
that any homeomorphism of a Klein bottle extends to a homeomorphism
of a solid Klein bottle, which directly implies uniqueness of non-orientable
closed 3-manifold of genus 1, i.e. Theorem 4.1.
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Definition 4.3. We will say that a Heegaard diagram (F,u,v) of genus 2
has type I, II or III as it is depicted in Figure 4.6 a, b or c, respectively.

a) type I b) type I, b,c > 0 c) type Il d > 0

FIGURE 4.6. Three types of genus 2 Heegaard diagrams

Every such diagram is determined by a 8-tuple (¢, a, b, c,d, e, f, g), where t
is the type of diagram, a, b, ¢, d are the arcs joining holes, and e, f determine
the gluing maps ¢; : dDg; — 0D9;—1, i = 1,2 and g is defined to be 0,1, 2,
and 3 representing (+1,+1), (+1,—1), (—=1,41) and (—1, —1) respectively.

Example 4.4. Let us consider the 8-tuple (2,1,1,1,1,0,0,3) which repre-
sents a type Il non-orientable Heegaard diagram of complexity 6. First, we

FIGURE 4.7. The diagram represented by (2,1,1,1,1,0,0,3)

need to make sure that the diagram shown in Figure 4.7 has exactly two
closed curves.

If we move along the curve starting from (2, D9) in Figure 4.8, we get
o (4,D1) = (4,D2) and then (2,D;) = (2,D3). Again, we've ended up
exactly where we started. This means this curve is closed.

Similarly, if we move along the curve starting from (1, D2), we eventually
get to the starting point. Therefore this curve is also closed.

Having checked that the diagram has exactly two curves, we verify whether
or not the surface F' is orientable. To do so, we construct the required graph
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FIGURE 4.8. The cycles in the diagram represented by (2,1,1,1,1,0,0,3)

@ D

(=) /(&)
>
|
=

FIGURE 4.9. The dual graph of (2,1,1,1,1,0,0,3)

according to the mappings @1, 2 and the boundaries orientations of the
glued holes.

The resulting graph in Figure 4.9 contains no cycles with an odd number
of minus signs and hence F' is orientable.

Finally, we need to verify whether or not the two curves split the surface.
In order to do that, we construct the diagram illustrated in Figure 4.10 and
make sure that we have exactly four cycles. If we move along the arc starting

FIGURE 4.10. b-cycles of the diagram



Heegaard diagrams and Morse flows on non-orientable 3-manifolds 43

from the end of (b, D2), we get to the beginning of (a, D1) = (a, D2). Since
we have returned to the starting point we’ve got a cycle.

It is easy to see that the diagram in Figure 4.10 has three more cycles.
Therefore the 8-tuple (2,1,1,1,1,0,0, 3) is a Heegaard diagram representing
a certain closed non-orientable 3-manifold.

According to [2] one can often show that two spaces are not homeomor-
phic by showing that their fundamental groups are not isomorphic. The
fundamental group of the Heegaard diagram represented by the 8-tuple
(2,1,1,1,1,0,0,3) is

i (M3) ={a,b| a®,bab 'a™') = Zy®Z
whereas the fundamental group of Lo 1#S 1382 is
7T1(L271#51252) = ZQ * Z,

thus, m (M?3) # m1(Le1#S'%xS?). This example shows that there exists a
non-orientable Heegaard diagram of complexity 6 which is not homeomor-
phic to Lp’q#SliSQ.

Since every genus 2 Heegaard diagram of any type has an even number
of a- and d-arcs, the following formula holds true:

2(a + d) + b+ ¢ = Heegaard complexity. (4.2)

It can be shown that 933 non-orientable genus 2 diagrams of complexity
less than 6, most of which are homeomorphic or symmetric, satisfy the
equation (4.2). According to the algorithm, only 34 of them meet the
criteria and represent distinct non-orientable genus 2 Heegaard diagrams.
These diagrams are listed in Table 4.1.

Table 4.1: Non-orientable genus 2 Heegaard diagrams of com-
plexity less than 6

Ne 8-tuple Complexity | m (M d) Topological
type of M

1 ](1,0,0,0,0,0,0,1) 0 Z+7, S1x82451% 52

2 |(1,0,0,0,0,0,0,3) 0 Z+7. STxS2481% S?

3 1(1,0,1,0,0,0,0,1) 1 Z ST% 52

4 1(1,0,2,0,0,1,0,1) 2 Zo+7 Lo1#Stx S?

5 1(2,0,1,1,0,1,0,1) 2 Zo*7. Lo1#S'x S?

6 |(3,0,0,0,1,0,0,1) 2 Z+7 | ST x S2#ST%S?

7 1(3,0,0,0,1,0,0,3) 2 Z+7. ST x §24851% 52

8 1(1,0,3,0,0,1,0,1) 3 Z3+Z. L3 1#Stx S?

Continued on next page
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Table 4.1 — Continued from previous page

Ne 8-tuple Complexity | m (M 3) Topological
type of M
9 1(2,0,2,1,0,1,0,1) 3 Y/ L3 1#Stx S?
10 | (3,0,0,1,1,0,0,1) 3 Z+7 | S' x S?#S1xS?
11 | (1,0,4,0,0,1,0,1) 4 L4+ Ly1#StxS?
12 | (2,0,3,1,0,1,0,1) 4 Ly Lyi#StxS?
13 | (2,0,2,2,0,1,0,1) 4 Zy+7 Ly1#Stx S?
14 | (1,2,0,0,0,0,0,3) 4 7 ST 52
15 | (3,0,1,1,1,3,0,1) 4 Zx7 | ST x S?#S51%S?
16 | (3,0,2,0,1,1,0,1) 4 Z+7 | ST x §2#STXS2
17 | (3,0,2,0,1,2,0,1) 4 Zx7 | S x S?2#S51%S?
18 | (3,0,0,0,2,1,0,1) 4 Z+Z | ST x §24#S5TX 52
19 | (3,0,0,0,2,1,0,3) 4 Z+7 | S x S?2#S51%S?
20 | (3,0,1,1,1,1,0,3) 4 Z+7 | ST x S2#S51% 52
21 | (1,0,5,0,0,1,0,1) 5 VY L5 1#S'x S*
22 [ (1,1,0,1,1,1,0,2) 5 Z STX 52
23 | (1,0,5,0,0,3,0,1) 5 Zs+Z L 0#Sx S*
24 [ (2,0,4,1,0,1,0,1) 5 Zs+Z L5 1#Stx S?
25 [ (2,0,4,1,0,2,0,1) 5 Zs+7 L 2#S % S?
26 | (2,0,3,2,0,2,0,1) 5 Zs+Z L5 1#Stx S?
27 1(2,0,3,2,0,3,0,1) 5 Zs+. L5 2#51% 52
28 | (3,1,0,1,1,1,0,2) 5 7Z S1% 52
29 | (3,0,3,0,1,1,0,1) 5 Z+7 | ST x §24#S5TX 5?2
30 | (3,0,3,0,1,2,0,1) 5 Z+7 | ST x S?2#S51%S?
31 (3,0,2,1,1,4,0,1) 5 Z+7 | ST x S2#S5T% 52
32 | (3,0,1,2,1,4,0,1) 5 Z+7 | S x S?2#S51%S?
33| (3,0,1,0,2,1,0,1) 5 Z+7 | ST x S2#S51% 52
34 | (3,0,1,0,2,2,0,1) 5 Z+7 | ST x S?#S'xS?

Theorem 4.5. If the Heegaard complexity of a closed non-orientable 3-
manifold M is < 5, then M is homeomorphic to Lpﬁq#,Sﬂ;SQ.

Proof. Table 4.1 gives information about each genus 2 Heegaard diagram
of complexity less than 6.

We present the proof only for Heegaard complexity 1 as the other cases
2 < complexity < 5 can be proved analogously.

In this case, using formula (4.2) we have

2(a+d)+b+c=1.
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Here are the possible 8-tuples which satisfy formula (4.3)

{(1,0,1,0,0,0,07 1), (1,0,1,0,0,0,0,2), (1,0,1,0,0,0,0,3),
(1,0,0,1,0,0,0,1), (1,0,0,1,0,0,0,2), (1,0,0,1,0,0,0,3)}.

Since clearly
(1,0,1,0,0,0,0,1) = (1,0,0,1,0,0,0,1),
(1,0,1,0,0,0,0,2) = (1,0,0,1,0,0,0,2),
(1,0,1,0,0,0,0,3) = (1,0,0,1,0,0,0,3),

it’s enough to consider the diagrams represented by

(1,0,1,0,0,0,0,1), (1,0,1,0,0,0,0,2), (1,0,1,0,0,0,0,3).

As Figure 4.11 indicates, the resulting graph of the diagram represented
by (1,0,1,0,0,0,0,1) has no cycle with minus sign and thus the surface
F' is orientable. Moreover, the diagram has two closed curves. Therefore
(1,0,1,0,0,0,0,1) represents a Heegaard diagram.

+ —_—

F1GURE 4.11. The dual graph of (1,0,1,0,0,0,0,1)

The resulting graphs of the diagrams represented by (1,0,1,0,0,0,0,2)
and (1,0,1,0,0,0,0,3) are identical and both have a cycle with minus sign
which implies that the surface F' is not orientable. Therefore they do not
represent Heegaard diagrams. O

5. OPTIMAL MORSE FLOWS ON 3-MANIFOLDS

A vector field (and the corresponding flow) on a closed manifolds is called
a Morse if the following conditions hold true:

(1) it has finitely many singular points which are non-degenerate;
(2) stable and unstable manifolds of singular points intersects transversely;
(3) a- and w-limit sets of each trajectory are singular points.
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Let M be a smooth closed 3-manifold. We construct a Morse flow diag-
ram which is in the form of a surface and two sets of circles embedded into
it.

A surface F' is the boundary of the regular neighborhood of the union
of sources and stable manifolds with singular points of Morse index 1. On
the surface F' we choose the following sets of closed curves:

(1) curves u, which are intersections of unstable manifolds with singular
points of Morse index 1 and the surface F;

(2) curves v, which are intersections of stable manifolds with singular
points of Morse index 2 and the surface F'.

By a surgery on F' along u we obtain a 2-sphere with holes which its
boundary component corresponds to the boundary of singular points, i.e.
one source and several saddles.

A Morse flow diagram on a three-dimensional manifold is the 3-tuple
(F,u,v) consisting of a surface F' and two sets of simple closed curves u
and v on it.

Two Morse flow diagrams are said to be equivalent if there is a surface
homeomorphism that maps sets of curves into sets of curves of the same
type.

According to [12], two Morse flows on 3-manifold are topologically equiv-
alent if and only if their diagrams are isomorphic.

A Morse flow is called optimal if it has the least number of singular points
and trajectories between the saddles.

Lemma 5.1. A Morse flow is optimal if and only if it contains only one
sink and one source.

Proof. A proof of this theorem in dimension 2 can be found in [4|. For
arbitrary dimension greater than 1, it can be proved by the correspon-
dence between Morse flows and Morse functions discussed in [16] and the
well-known fact from Morse theory that any Morse function on a closed
connected manifold with minimal number of critical points has one local
minimum and one local maximum. U

An optimal (polar) Morse flow diagram on a closed 3-manifold is similar
to a Heegaard diagram.

Theorem 5.2. There exist

e a unique optimal Morse flow on S*X.S% up to topological equivalence,
e 2 optimal Morse flows on S'XS?#S1XS? up to topological equivalence,
e 2 flows on L2’1#5’1§52 up to topological equivalence,

e 2 flows on L3,1#Sl;52, which are not topologically equivalent,
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e 3 flows on L471#Sl§52,

e 3 flows on L571#31§52,

e 3 flows on L572#51§5’2.
There are no other optimal flows on closed non-orientable 3-manifolds of
complexity less than 6.

Proof. Optimal Morse flow diagrams on S % S? are of complexity 0. This
implies that diagrams 3, 14, 22, and 28 in Table 4.1 are not optimal. The
following diagrams in Table 4.1 give optimal Morse flows:
diagram 1 on S'XS2#S51%S?
diagram 2 on S'XS2#S51% 52
diagrams 4 and 5 on L271#51§5’2
diagrams 8 and 9 on L1 #S'%S?
diagrams 11, 12 and 13 on Lg1#S'xS?
diagrams 21, 20 and 26 on Lz 145 xS?
e diagrams 23, 25 and 27 on L572#51§52
All other diagrams from Table 4.1 give non-optimal Morse flows as they
have more intersections (saddle connections) than the above diagrams. [

6. CONCLUSION

We have shown that if the Heegaard complexity of a non-orientable closed
3-manifold M is < 5, then M is homeomorphic to Lp,q#S1 xS2.

It turns out that there exists a non-orientable Heegaard diagram of com-
plexity 6 which is not homeomorphic to L, ,#S 1%82.

Our findings indicate that there is a bijection (up to homeomorphism)
between Heegaard diagrams and polar Morse flows on 3-manifolds (up to
topological equivalence).
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