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Galois coverings of one-sided bimodule
problems

Vyacheslav Babych, Nataliya Golovashchuk

Abstract. Applying geometric methods of 2-dimensional cell complex
theory, we construct a Galois covering of a one-sided bimodule problem satis-
fying some structure, triangularity and finiteness conditions. Each bimodule
problem A from the considered class is endowed with a quasi multiplicative
basis. The main result shows that for a finite dimensional problem from the
considered class having schurian universal covering A, either A is schurian,
or its basic bigraph contains a dotted loop, or it has a standard minimal
non-schurian bimodule subproblem.

Amnoranisi. 3acTOCOBYIOYM I€OMETPUYHI METO/AM TEOPil ABOBUMIPHMX KJIi-
THHHHUX KOMILJIEKCIB, B poOoTi OymyeTbea HakpurTda ['asya ogHOCTOPOHHBOI
6iMo/TyIbHOT 3a/adi, sIKa 33/I0BOJIBHSE JesKi YMOBH CTPYKTYDPHOCTi, TPHKY-
THOCTI Ta ckinuenHocti. Koxua GiMomynbHa 3amada A 3 pos3risiyBaHOTO
KJIACY HaJlJieHa KBa3iMyabTUILUIKATUBHUM OasncoMm. OCHOBHUIT pe3yJibrar
IIOKa3ye, IO JJjId CKIHYEeHHOBUMIDHOI 3a/1adi 3 PO3IVISIyBaHOIO KJIACY, KA
Ma€ IIypiBChKe yHiBepcajbHe HAKPUTTS A, a6o A cama € Iy piBCBKOIO, abo i1
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INTRODUCTION

An idea to use geometric technique for solving a range of problems that
arise naturally in algebra finds more and more applications ([5,9,16]). In
particular, geometric language has a number of advantages for a finiteness
problem solution for various algebraic structures in representation theory |7,
10,11,15,19]. These methods are similar to those used in geometric group
theory ([18]), and include a useful tool called “covering method” (|8]) which
is especially effective in the case when the basis of algebraic structure is
multiplicative, i.e. the composition of two composable basic elements is
either zero or a basic element too (|21]).

We apply covering technique to investigate representation category for
a class of bimodule problems which are pairs consisting of a category and
a bimodule over it ([1]). From the representation theory point of view, it
is important to describe the classes of problems having a correspondence
between the associated Tits quadratic form and the representation category.
In the simplest cases (when the problems are schurian) the dimensions
of indecomposable representations correspond to the positive roots of the
Tits form ([13,17]). For this reason, we need to determine the minimal
non-schurian subproblems, and the proposed covering technique allows to
solve this problem effectively for a considered class of so called one-sided
bimodule problems (see section 3.3, [4]).

We introduced a quasi multiplicative basis generalizing the notion of a
multiplicative one ([4]). Existence of such a basis makes it possible to apply
geometric technique to investigation of bimodule problem representation
category properties. Following [6], we define standard minimal non-schurian
one-sided bimodule problem and use the result of [3| stating that minimal
one-sided non-schurian bimodule problem with weakly positive Tits qua-
dratic form is standard. A similar result was obtained by the authors for
another class of bimodule problems in [2]| previously.

We associate a 2-dimensional cell complex with a faithful one-sided bi-
module problem in order to construct a corresponding Galois covering. In
the case of a bimodule problem of finite type, a Galois covering induces
a covering of corresponding representation category with the same funda-
mental group ([11,12]). This fact allows to describe representation category
of the initial bimodule problem using “simpler” representation category of
the constructed Galois covering.

The main result (Theorem 4.7.1) states the existence of standard mini-
mal non-schurian subproblem for a finite dimensional non-schurian bimod-
ule problem having weakly positive associated Tits quadratic form and
schurian universal covering. After [3,4], this is the next step on the way
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of characterization of representation type for finite dimensional bimodule
problems from the considered class.

1. PRELIMINARIES

1.1. Quadratic forms. For a set I and the set P; of all its 2-element
subsets, a polynomial

q(x) = qux? + Z qijTiZj
iel {i.j}ePs
in the variables x; with coefficients ¢;; = ¢j; € Z, 1,5 € I, is called an
integral quadratic form. If g;; = 1 for all i € I, then ¢(z) is called unit. We
call ¢ locally finite whenever for every i € I there are finitely many j € 1
such that ¢;; # 0. For an element « = (x;);er € 7', the set

suppz = {i €l |z; # 0}

is called the support of . An element x is called positive if x; > 0 for any
i € supp . We write > 0 in this case, and = > y for z,y € Z' if x —y > 0.
An element x > 0 with finite support satisfying condition g(x) = 1 is called
a (positive) root of the form ¢. The set of all positive roots of ¢ will be
denoted by ?R;. A basic element e; such that (e;); = 6;5, 4,j € I, is called
a simple root.

A quadratic form ¢ is called weakly positive or WP if g(x) > 0 for any
positive z with finite support. Denote by WP the set of all weakly positive
locally finite quadratic forms.

For J c I, define the restriction of a vector © = (z;);er € Z! from I to J
by the linear map

Z' 3 (zi)ier =5 (2i)ies € 27
and an extension of a vector by 0 on I by
77 sz r—I> ol ez!
such that (z!); = 2 and (:L'I)I\J = 0. A restriction q; of a quadratic form
q on J is defined by the equality

qs(x) = q(acl), reZ’.

The form ¢y is called a subform of the form ¢q. If J # I, then the subform
qy is called proper.

For a quadratic form ¢, we denote by (,) or (,), the corresponding sym-
metric bilinear form

(z,y) = (¢(z +y) — q(x) — q(y)) /2.
Obviously,
(z,2) = (¢(22) — 2q(x))/2 = q(x).
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Let ¢ be integral form in finitely many variables, i.e. |I| < 00. Then ¢
is WP if and only if [R]]| < oo ([20]). A root x of ¢ is called sincere if
suppx = I. If ¢ has a sincere positive root, then ¢ is called sincere.

Lemma 1.1.1. Let q(x1,...,2,) € WP be an unit form, n > 2, x € %;‘
and |supp x| > 1. Then for any i € supp x:
(1) 2(61'733) € {_1707 1}7
(2) T — 2(ei,x)ei € %3—
Proof. (1) We have that
2(ei,z) =q(x +¢€) —q(x) —qle;) = qlx +¢€;) —2 > =2,
2(es ) = q(@) +qlei) —q(x —ei) =2 —q(z —€;) < 2.
(2) Since = — 2(e;, x)e; > 0, we obtain

a(z — 2(ei, x)es) = q(@) + (e, v)es) — (2eqx))® = q(z) =1. O

1.2. Critical forms. A unit integral form ¢(z1,...,2,) with n > 3 vari-

ables is called critical if it is not WP, but every proper subform of g is WP.

The following facts are well known (see [15,20]).

= For a critical form ¢, there exists a minimal sincere positive integer vector
p (a critical vector) such that ¢(p) = 0, and ¢(y) > 0 for any positive
y < p. Besides, (u,e;) = 0 and q(p + 2) = ¢(z) for every i € {1,...,n}
and z € Z". If q(v) = 0 for v > 0, then v = kpu for some positive integer
k.

» If an unit integral quadratic form ¢(z1,...,x,) in n > 3 variables is not
WP, then ¢ contains either a critical subform or a subform .%‘22 + :c? +
gijrivj, where ¢;; < —2,1<i<j<n.

Lemma 1.2.1. Let q(x1,...,x,) be a critical form, p its critical vector,
Y€ 9‘33‘ a sincere root such that y < p, and iy,is € suppy = {1,...,n} =1,
11 # 1. Then the following statements hold.

1) 2(ei,y) € {—2,—1,0,1} for anyie I.

2) There exists j € I such that z =y —ej € %; and 11,12 € SUPP 2.

3) There is non-sincere x € §R;} such that x <y and i1,12 € supp .

Proof. 1) Since gy +¢;)) =0if y+e; =p, and gy +¢;) >0if y+¢e; < p
by definition of critical vector, we have

2(eisy) = qly +ei) —qy) —qle) = qly +ei) —2 = —2.

Similarly, since y —e; > 0,

2(es,y) =2 —qly —e;) < 2.
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2) The equality
n

2=2q(y) = 2(y,y) = Y. 2(ei, v)ui
i=1

implies one of the statements: either

(1) there exists j # i1, i2 such that 2(e;,y) =1, or

(2) there is j € {i1, 72} such that 2(ej,y) =1 and y; > 2, or

(3) 2(eiy,y) = 2(€ip,y) = 1, yiy = Yi, = 1 and (ej,y) =0, j € I\{i1,ia}.
In the first two cases the vector z = y — ¢; is a positive root of ¢ since y is
sincere and q(y — e;) = 1 and ;1,43 € supp z. The third case is impossible
since (pu,y) = 0 for a critical vector u, but, on the other hand,

n
(May) = Z Mi(eiay) = Hiy (eiuy) + Hiz(eiwy) = (Mil + /‘LiQ)/2 = 1.
=1

Statement 3) follows from 2). O

1.3. Basic roots and singular vertices. Let ¢(z1,...,2,) € WP be an
unit form, n > 2. A sincere z € %;“ is called a basic root, if there exist
i1,92 € I = {1,...,n} such that 2(e;,,z) = 2(e;,,z) =1, x;; = x4, = 1 and
2(e;,z) =0, i € I\{i1,i2}. We will call i1, i the singular vertices of x.

Lemma 1.3.1 ([3, Lemma 1]). Let q(z1,...,2,) € WP be an unit form,
n=3, letxe 8‘%;[ be sincere mon-basic root, and let i1,i0 € I, 11 # i2. Then
there exists non-sincere root y € %q* such that y < x, and 11,12 € SUpPpy.

1.4. Bigraphs. A directed bigraph
Y= (207 217 S, €, deg)

is given by a set X of vertices, a set 31 of arrows, two maps s,e : X1 — X
defining an initial and a terminal vertices of an arrow, and the degree
deg : 31 — {0,1} indicating a type of an arrow. For X Y € X, let

$1(X,Y)={ze X |s(x) =X, e(x) =Y}.

Here ¥ = X9 U %1, where %} = deg (i), i = 0,1. The arrows from X!
(21) are called solid (dotted). If

Y= (%), %), ¢, deg’)
is another bigraph, then a morphism
f:u—-Y

of bigraphs is a pair f = (fo, f1), where fo : X9 — X{, f1 : ¥1 — X}
such that fos = s'f1, foe = €' f1, and deg’ fi = deg. A bigraph ¥ is called
connected (0-connected) if there does not exist a partition £y = $§ X2 into
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nonempty subsets such that s(a) € X} implies e(a) € X for every a €

(aeX?),i=1,2. A connected bigraph is called:

= a loop, if [Xo] = |X1] = 1;

» a cycle Gy, if |So| = |Z1] = n = 2, and |e 1 (A)| + [s71(A)| = 2 for any
Ace 20;

= a chain, if there are X1, Xy € X such that |e71(X;)| + |s7H(X;)| = 1,
i=1,2, and [e7}(A)| + [s71(A4)| = 2 for every A € Xo\{X1, Xo}.
A bigraph ¥ is called locally finite if each X € ¥ is incident to finitely

many arrows, and finite provided Yy and ¥ are finite.

1.5. Paths and walks in bigraph. For a bigraph
Y = (%o, %1, s, 6,deg)
let X7 ! be the set of the elements z 1 for all z € ¥4, and let S be the
blgraph such that Eo = Eo, 21 Yiu Xy L The maps s, e : 21 — ZO and
deg restricted on ¥ < El coincide with those for 3, and
e(z71) = s(z), s(z7!) = e(x), degz™! = deg .
A walk (respectively a path) on ¥ of the length m is a sequence
W= 2T1X2...Tm

of arrows x; € f)l (respectively x; € ¥1), 1 < ¢ < m, such that

s(xi) = e(wit1)
for all 1 <7 < m. We assume that
s(w) =s(zm),  e(w) = e(x),
and for every X € ¥ there exists a unique (¢rivial) path 1x of the length
0 such that s(1x) = e(1x) = X. The composition ww’ of the walks w and
W’ is naturally defined if s(w) = e(w’).

The walks and the paths on X form the categories denoted by Walksy,
and Pathsy, respectively, both with the set of objects ¥g. For any X,Y € ¥
the set Walksy (X, Y') (Pathsy(X,Y)) contains all the walks (the paths) w
in 3 such that s(w) = X, e(w) = Y. There exists an obvious inclusion
functor

1 : Pathsy, — Walkssy.

We denote by Wy, the groupoid of walks on 3,
WE = Walksz/(x o J}_l = ]]-e(x)a T e 21),

and by
rsy Walksz — WE

the canonical projection.
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A morphism
f= o, fr): =%

of bigraphs naturally induces a functor
Walksy : Walksy, — Walksyy,
namely

ObWalksy, = £ 3 X — fo(X) € Ob Walksyy = X,

Walksy (X, Y)sw=x21...2p —
— w' = fi(z1)... fi(zn) € Walkssy (fo(X), fo(Y))
for any X,Y € Ob Walksy.

1.6. Reduced walks. A walk w on a bigraph ¥ is called reduced if it does
not contain a subwalk zz~! for some z € f]l, and reducible in opposite case.
The operation

wla:wflwg — W1W9

will be called a reducing of the walk (by the pair zz~!).

If w = wyws is a cyclic walk, then w’ = wowy is cyclic as well, and we say
that w and W’ are cyclically equivalent. A cyclic walk w is called cyclically
reduced whenever every cyclically equivalent walk is reduced. A class (w)
of cyclic equivalence containing the cyclic walk w is called a cycle. Denote
by Cyclesy, the set of all cycles on ¥, and by RWalksy, (RCyclesy) the set
of all reduced walks (cyclically reduced cycles) on .

A bigraph morphism f = (fo, f1) : ¥ — ¥’ induces a map

Cycles
Cyclesy, 3 {w) &esf<Walka(w)> € Cyclesyy

in a natural way.

1.7. 2-dimensional complex over a bigraph. An (abstract) 2-dimensi-
onal complex (shortly, complex) £ is defined by:

= a bigraph X = (X, X1, s, e, deg) which vertices £y = X are considered as
0-dimensional cells, and arrows £1 = X1 are considered as 1-dimensional
cells;

m aset £9 = {4, € I(£)} which elements are called 2-dimensional cells
or 2-cells;

= a boundary map 0 = d¢ : Lo — RCyclesy,.

We say that A € £y (z € )51 = f)l) belongs or is incident to A\; and
write A € A; (z € /\; respectively) provided A (at least one of z, 21
respectively) is incident or belongs to some element of d(4;).
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A morphism £ — £ of complexes is a triple f = (fo, f1, f2) such that
(fo, f1) is a morphism of the underlying bigraphs (denoted by the same
letter f) and fa: £9 — £ is a map satisfying the equality

Cyclesf&g = &Qlfg.

A morphism f is called a monomorphism (epimorphism) provided all f; are
monomorphisms (epimorphisms).

The notion of subcomplex of a complex is defined in a standard way. If
S < L£ou Ly u Lo, then we will denote by [S] the subcomplex in £ generated
by S, i.e. the minimal subcomplex in £ containing S. For S < Y denote
by Xg and £g the corresponding restrictions of 3 and £ to S.

Let £ be a complex. We will say that the complex 91 together with a
morphism p : 9 — £ form a complex over £. A morphism

£ (O, p) — (M, p')
of complexes over £ is a morphism of complexes f : 9 — 9 such that
p=prf

1.8. Quotient complex. Let £ be a complex, and ~ be an equivalence
relation on £¢ L £1 such that A # a for any A€ ¥y, a € X1, and if a ~ b
for some a,b € ¥, then degy,(a) = degs(b), s(a) ~ s(b), e(a) ~ e(b). A
quotient bigraph ¥/ is defined by the set £/~ of vertices, the set £;/. of
arrows, and correctly induced maps e, s and deg.

Let p = (po,p1) : ¥ — X/. be the natural bigraph epimorphism. If
Cycles,(d¢(A)) is cyclically reduced for any 2-cell A € £9, then we set

(£/~)2=2£2 and J¢; = Cycles,de
which defines the quotient complex £/. and the morphism

p= (po,p1,p2): £ — £/~

where py = 1g,.

1.9. Homotopy relation. A structure of 2-dimensional complex £ over
bigraph ¥ induces the homotopy relation on Walksy. For any w,w;,ws €
Walksy; the following transformations of walks:

1) w1z twy ~> wiwy or wiwg ~ wixx twe for any r € Xq;

2) wiwy ~ Wiwwg Or wWiwws ~> wiwe such that (wy = (A), A € Lo;
are called elementary homotopies.
Two walks w,w’ on X are said to be homotopic provided there exists a
sequence F = (Fy,..., Ex) of elementary homotopies such that

E. B, Ey
W=wy~>wi ... Swy=w, N=>0.
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In this case, we write w LW orw~ w and say that E is a homotopy
between w and w'.
We indicate the simple properties of homotopies:
1) the relation ~ is an equivalence;
2) if w ~ W', then s(w) = s(w'), e(w) = e(W);
3) if w; ~ Wi, wy ~ wh, then wiwy ~ wjwy provided one of the compo-
sitions is defined.

For a walk w we denote by [w] the homotopic class of w. Once the
composition ww’ of walks w, w’ is specified, the composition of their classes
is correctly defined by the equality [w] - [w'] = [ww']. We will denote by
Hotg the quotient category of homotopic classes of walks on 3,

Hote(X,Y) = Walksy(X,Y)/~.
Note that Hotg is a groupoid.

1.10. Fundamental group of a complex. A cyclic walk on £ is called
contractible if it is homotopic to a trivial walk. For any B € £, we define
the fundamental group G(£, B) of £ with the base vertex B as Hotg(B, B).
If £ is connected, then the fundamental groups with different base vertices
are isomorphic (|22]), which allows to define the fundamental group G(£)
of the connected complex £.

1.11. Covering of a complex. An epimorphism p : £ gof complexes

is called a covering morphism (or covering of £) with the base £, if:

= for every w € Walksg(X,Y) and X € po - (X) (Y e po "(Y)), there exist
an unique Y € £ ()Nf € EO) and a unique walk & : X — Y such that
Walksp (@0) = w (the property of the uniqueness of lifting of walks, [22]);

= for every A € £, A € £ such that A € (A) and A € py'(A) there

exists unique A € £, such that A e 0(&) and pg(A) = A\ (the property
of homotopy lifting uniqueness, [22]).

Coverings with a fixed base £ form the subcategory in the category of

complexes over £. An object p : £ — £in this category is called a universal
covering of £ if every morphism f : p’ — p is an isomorphism.

1.12. Construction of the universal covering. We will now construct
the universal covering £ of a complex £ similarly to [1,11].

1) Fix B € £y and define the set Sg by uXegoHotg(B X).
2) The arrows in £ are the pairs ([w], ) of [w] € £, = € £ such that

s(z) = e(w), degg(([w], 2)) = dege(x),
s(([w], 2)) = [w]; e(([w]; 2)) = [zw].
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3) The covering morphism p : ¥ — ¥ on the underlying bigraphs is defined
by equalities
po([w]) = e(w), p1(([w],z)) = z.
Obviously, the constructed morphism p has a property of the uniqueness
of lifting of walks.
4) If A € £9 and (w) = dg(A), then every walk @ € Walks;l(w) is also
cyclic since w is contractible on £. Let

-1
0= Ak, Cycles,  (0g(4)).

Then we define £, by the set {Ag}g.g@, the boundary map in g by the
equality de(Ag) = 6, and p2(Lg) = A provided Cycles,(6) = 0g(AD).

The fundamental group G = G(£, B) acts on £ as follows:
if [wp] € G(L, B), [w] € £o, then [w][wp] = [wwp] € Lo.

The structure maps of £ commutes with the action of G, hence a quotient
complex

£/G = (GLy, GL1,GL)
is defined, and the morphism p induces an isomorphism of the complexes
£/G and £.

2. BIMODULE PROBLEMS

2.1. Main definitions. Let k be an algebraically closed field. Unless oth-
erwise stated, all the categories we consider are the categories over k, all
morphism spaces are finite dimensional, and all functors are k-linear.

A category K is called local provided for every X € ObK the endomor-
phism algebra K(X, X) is local, and regular, if, in addition, every invertible
morphism is automorphism.

A category K is called fully additive or Krull-Schmidt category if K is
a category with finite direct sums and every idempotent from K splits,
i.e. it has kernel and cokernel. We call an object X of additive category
indecomposable whenever X # X1 @ X, for any non-zero objects X7, Xo.

For a local category K and for every X € ObK, there exists the decom-
position K(X, X) = kil x @ RadX where RadX is the Jacobson radical of
the algebra K(X, X). If K is regular, then we denote by RadK the radical
of K, i.e. an ideal in K such that

RadK(X,Y) = K(X,Y) for X #Y,

and
RadK(X, X) = RadX, X,Y € ObK.
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Let V be a K-bimodule ([1]). A category K (a bimodule V) is called
locally finite dimensional, if the spaces

@ KX, Y)and & K(Y,X)

YeObK YeObK
(resp. @ V(X,Y)and @ V(, X))
YeObK YeObK

are finite dimensional for any X € ObK, and finite dimensional provided
|ObK| < o0, and the spaces

® K(X,Y) (resp. @ V(X, Y))
X,YeObK X,YeObK

are finite dimensional.

Definition 2.2. A pair A = (K,V) consisting of a category K and a K-
bimodule V is called a bimodule problem over K or shortly bimodule problem.
Given two bimodule problems A = (K, V) and A" = (K',V’), a morphism of
bimodule problems 0 : A — A’ is a pair 0 = (6y,61) where 6y : K —> K’ is a
k-functor, and 01 : V — V' is a K-bimodule morphism with the K-bimodule
structure on V' induced by 0y ([1]).

A bimodule problem A is called (locally) finite dimensional provided
both K and V are (locally) finite dimensional.

A locally finite dimensional bimodule problem A over a regular category
K will be called normal. All the bimodule problems we will consider are
assumed to be normal.

Given some S < ObK denote by Kg the full subcategory of K with
ObKg = S, and by Vg the subbimodule Vg = KgVKg. A bimodule problem
As = (Kg, Vg) is called a restriction of A to S.

For a category K, we denote by add K an additive hull of K, 4.e. a minimal
fully additive category which contains K. For a K-bimodule V, we denote
by addV and by add.A4 the corresponding add K-bimodule and bimodule
problem (add K, add V) respectively.

Let V be a K-bimodule. We say that = € RadK(X,Y) annihilates the
bimodule V if za = 0, bx = 0 for any a € V(Z,X), be V(Y,Z), Z € ObK.
The ideal of K consisting of all elements annihilating the bimodule V is
called the annihilator of V and is denoted by AnnkV. A bimodule problem
A = (K,V) is called faithful if AnngV = 0.

Let A = (K,V) be a bimodule problem, and V' < V be a subbimodule
of V such that V' # 0, V/ # V. Denote by > the minimal relation of
(strict) partial order on the set of bimodule problems such that A > A’
and A > A", where A" ~ (K,V'), A” ~ (K,V/V), and A > Ag for any
proper subset S < Ob K. Similarly we denote by ~ the minimal equivalence
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such that A ~ A7 = (K/Z,V) for every ideal Z ¢ AnnkV, and if A ~ B,
then A ~ B. The transitive closure of > and ~ defines a preorder on
the set of bimodule problems, which defines the strict order, denoted by >
again. The relations > and ~ are obviously defined on the set of isoclasses
of bimodule problems. If A > B for bimodule problems A and B, then we
say that B is a subproblem of A.

2.3. Basis of bimodule problem. A bigraph ¥(= X 4) is called a basis
of a normal bimodule problem A = (K,V) if ¥y = ObK, {(X,Y) is a
basis of V(X,Y), and 31 (X,Y) is a basis of RadK(X,Y), X,Y € ObK. A
bimodule problem is called connected, if its bigraph is connected.

2.4. Tits quadratic form of bimodule problem. A quadratic form q =
gs, of a bigraph ¥ is defined on x = (z4)4ex, € 7> by equality

g@)= ) (Bap+[ZH(A B)| = [EU(A, B))zazs
(A,B)EE()XEO

where ¢ is the Kronecker delta. By definition, the Tits quadratic form qa
of a bimodule problem A is a quadratic form ¢x,, of a basic bigraph X 4.

2.5. Representation category. For a bimodule problem A4 = (K,V), a
representation M of A is a pair

M = (Mg, Mv),

where Mk € ObaddV = Obadd K and My € add V(Mk, Mk). If M, N are
two representations of A, then a morphism f from M to N is a morphism
f € add K(Mk, Ng) such that Nyf — fMy = 0. The unit morphisms
and composition of morphisms in the representation category rep A and in
the category add K coincide. All indecomposable representations form the
subcategory in rep A which we denote by ind.A.

With a locally finite dimensional bimodule problem A = (K, V) we asso-
ciate the Z-lattice

dimy= @ Z
ObK

of elements © = (z4) acopk With finite support

suppr = {A € ObK | x4 = 0}.

The lattice dim 4 has the standard basis {ea, A € ObK} such that (e4)a = 1,
and (e4)p = 0 for B € ObK\{A}. Besides, dim 4 is endowed with the partial
product order: for a vector x € dim 4, we write x > 0 if and only if x4 > 0
for all A € ObK. For a representation M € rep A such that

M~ @ A
AeObK
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where almost all x4 = 0, a dimension vector of M is defined by equality
dim M = dimg M = (x4) acobk € dimy .

By definition, a support supp M of the representation M is supp dim 4 M
and is always finite.

The category rep A is Krull-Schmidt category. Bimodule problem A is
called of finite representation type provided rep A has finitely many iso-
classes of indecomposable objects, and of infinite representation type in
opposite case. A is called locally representation-finite provided for any
object A € ObK, there are finitely many isoclasses of indecomposable rep-
resentations M such that A € supp M.

A representation M € rep A is called sincere provided (dim M) 4 # 0 for
any A € ObK. A bimodule problem A is called sincere if there exists a
sincere indecomposable representation M € rep A.

A representation M € indA is called schurian provided it has only scalar

endomorphisms. A bimodule problem A is called schurian provided every
M € ind A is schurian ([14,17]).

Lemma 2.6 ([13,17]). Let A be a finite dimensional schurian bimodule
problem. Then A is representation finite, its Tits form q4 is unit integral
and WP, the map dimy : indA/~ — R} s a bijection, where indA/~
denotes the set of all isoclasses of indecomposable representations.

2.7. Covering of bimodule problem. A bimodule problem A = (R,\7)
together with a bimodule problem morphism p = (pg, p1) : A — A is called
a covering of a bimodule problem A4 = (K,V) provided pg is a surjection
on the objects and py, p1 induce the following isomorphisms for any A, B €
ObK ([11]):

@ K4,
Xepg ' (po(B))
@ K(Y,B) =~ K(po(
Yepg ! (po(A))
~ @ B V(AaX) = V(pO(
Xepg ' (po(B))
IR
Yep, ! (po(A))
In this case the bimodule problem A is called a base of the covering and p
is called a covering morphism.
The coverings with a fixed base form a category over A in a standard
way: a morphism of the coverings p : A— Aand p : A/ - Ais a morphism
of bimodule problems p : A — A’ such that p = p’p.

) ~ K(po(A), po(B)),
), po(B)),
), po(B)),

, B) ~ V(po(A), po(B)).

><1
O™

~h
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The functor
px =repp : rep A — rep A
between the representation categories induced by the morphism p : A — A
of bimodule problems is called the push-down functor, ([12]). It allows to
compare the representation types of bimodule problems A and A.

2.8. Galois covering. Let A = (K,V) be a locally finite dimensional bi-
module problem, let G be a group acting freely on K and V that means:

= there is given a group monomorphism
T:G — Auty (K, K)
which defines a free action
Ti : G % K — K

of G on K such that

G x ObK 3 (g, 4) —% gA = T(g)(A) € ObK;

= an action ) )
Ty:Gx V-V
of G on V is a family of k-isomorphisms
Ty(9)(A, B) : V(A, B) — V(gA, gB)
such that
Ty(9)(fivf2) = Tr(9)(f1) Ty(9)(v) Tz (9)(f2)

for any f1, f2 € K, v € V and g € G once the composition fiv fs is specified.

For a locally finite dimensional bimodule problem A= (R, \~/) and a group
G acting freely on K and \7, we construct the bimodule problem A = (K, V)
and a covering morphism p = (pg,p1) : A — A in a following way. Let the
set ObK be the set (ObK)/G of orbits, and the functor py be the natural
projection ObK — ObK on objects. For objects A, B € ObK, identify
an element ¢ € K(A, B) (a € V(A, B) respectively) with the corresponding
element of the sum

@XEPEI(PO(A))yepal(po(B’)) K(X,Y)
(resp. C—BXEPEI(PO(A))YGpgl(po(B)) V(X7Y)> )
For A, B € ObK, we define

K(A,B) =
( ) <Xep01(A),fVep01(B)
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Xepy '(A).Yepy |(B)
where K¢ (VG respectlvely) is the subspace generated by ¢ — g (a — ga)
provided ¢ (a) runs K(X,Y) (V(X,Y)) for all X,Y € ObK such that
po(X) = A, po(Y) = B, and g runs G. Denote the class of ¢ (a) by
Gye K(A,NB) (GaeV(A, B)).
For p e K(X,Y), v € K(gY Z), the composition of Gy and G is defined

by G(b(ga)), and the sum of Ga and Ge for ¢ € K(gX,gY) is G(ga + ¢).
Now we can define the functor pg on morphisms by the map

K(A,B) 3¢ — G eK(po(A),po(B)).

The K-bimodule structure on V and the map p; are defined similarly.

The bimodule problem A is called a G-quotient of A and is denoted by
.A/ G. The constructed morphism pg = p : A > A of bimodule problems
mapping an object X to GX and an arrow a: X — Y to Ga: GX — GY is
correctly defined, is a covering morphism and is called a quotient morphism
of the bimodule problems.

A covering isomorphic to the defined above covering pg : A — fl/ G is
called a Galois covering with the fundamental group G.

Theorem 2.9 ([12]). Let pg : A — A be a Galois covering of a bimodule
problem A with a fundamental group G, and let the covering A be locally
representation-finite. Then the push-down functor

rep pa : rep A — rep A

is a Galois covering of rep A with the fundamental group G, and A is
locally representation-finite. If A is finite dimensional, then A is of finite
representation type.

3. ONE-SIDED BIMODULE PROBLEMS

3.1. Triangled basis. Let A = (K,V) be a normal bimodule problem, ¥

be a basis of A. Assume that the radical R = RadK is nilpotent. The

integer N is called the nilpotence degree of A if RN =0, but RN~ # 0.
Denote by V; = RV, i =1,..., N. Then we have two filtrations

RDR23...DRN7130, VioVeo...oVyDO0.

Notice that all inclusions are strict here, and for a faithful A, V; # 0 for all
i=1,...,N.
The map h: RuV — N defined by

h(z) = max{ie N |z e R' UV}
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is called the height of an element. Then the set
(D sk A plG)i =1, N

is a partition of Z’f, k=0,1.
A basis X of a bimodule problem A will be called tm’angled (with respect
(O o ;

N—
to the filtration), whenever > Zl is a basis of R" and lu Y% is a basis

of V;, i =1,...,N. Every normal finite dimensional bimodule problem A
with nilpotent radlcal has a triangled basis ([10]).

3.2. One-sided bimodule problem. A normal bimodule problem A with
a nilpotent radical R = RadK will be called one-sided or admitted if the set
ObK can be decomposed to a disjoint union

ObK = ObKT UObK™

such that inequality V(X,Y) # 0 implies X € ObK™, Y € ObK™, and
R(X,Y) # 0 implies X,Y € ObK™. The property of a bimodule problem
A to be admitted depends only on the bigraph ¥4, and we denote by
Y3 = ObKT and ¥; = ObK™.

Let A = (K, V) be an admitted bimodule problem with nilpotent radical
R = RadK and a triangled basis X.

For a,b € V, we say that a <g b if b € Ra. Two elements a,b € V are
called comparable is either a <g b or b <g a. For A € Eg let

ordA= ) dimgV(E,A)= ) |S1(E,A)].
EeXy EeXy

3.3. The considered class C. Define the class C of one-sided bimodule
problems A = (K, V) with nilpotent radical R and a triangled basis ¥ such
that for any E € ¥, A,Be X{, A # B:

1) ordA <3

2) any a1, ag € XY(E, A) are comparable;

3) if ordA = ordB = 3, then any a € X{(E, A), b € X(E, B) are
comparable;

4) if ¢ € R(A, B), then ZEeZg dimg pV(F,A) <3
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These conditions are structural restrictions excluding the following sub-
problems of infinite representation type (see [10]) given by their basic bi-
graphs from the consideration.

E1 A E1 Ei El
ai \L / \ al \L ibl 7 Y;
az [ \ ®
By g, 7 A~ Ey Y| a2 ATE3T3>B AZ—-——=8B
\ a3
Es E Es E, B, E3
Al A? A A

3.4. Quasi multiplicative basis. Let A € (. For any z € R u V there is
a basis decomposition
T = Z AyY,

YL
where almost all A, € k are equal to 0. Denote by con,x = A, the content of
y in 2. Two nonzero elements x,y € RuV are called collinear if k*x = k*y,
where k* denotes the multiplicative field group. In this case we write x| y.
For vertices A,B € Y&, E € X, and solid arrows a € X(E, A) and
be XV(E,B), let

S(a,b) = {¢ € B1(A, B) | comy(éa) # 0},
C(a,b) = {¢£ € S1(A, B) | £al|b} < S(a, b).
A pair (a,b) is called adjusted if S(a,b) = C(a,b). For any ¢ € 31, denote
P, = {(a,b) € X} x 2} | p € S(a,b)},
E, = {s(a), (a,b) € P,}.
A dotted arrow ¢ € X} is called single provided P, = {(a,b)} and the pair
(a,b) is adjusted, and joint if
Py = {(a1,01), (a2, b2)}

with ay # ag, by # by, and the pairs (a1,b1), (ag,bs) are adjusted. Obvi-
ously, if A is faithful, P, # & for any ¢ € 1.

Dotted arrows ¢1,¢2 € S1(A,B), A,B € ¥, A # B, will be called
joint parallel whenever ordA = ordB = 3, and there are Fy, E1, Fs € X,
ai € X (E;, A), b€ SV(E;, B), i = 0,1,2, such that (see diagram 1 below):

1) Clao, bo) = {1, P2}, Clas, bi) = {pi}, i =1,2;

2) P@i = {(ao,b()), (ai,bi)}, 1= 1,2.

Some of vertices Ey, F1, Fo may coincide here, but the arrows ag, a1, ao,
b, b1, by are pairwise different.
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Given aq,...,a; € X1, define

t
k*<a1,...,at>: {Z )\iai | )\ZEk*} .

i=1
We say that the multiplication rule holds on A if for any ¢, € X1 with

e # 0 one of the following conditions holds:

1) there is 7 € X1 such that || 7;

2) ¢, are joint, and there are single 71, 72 € ¥ such that ¥y € k*(r1, 72),
and there are E1, Fy € Xy with, possibly, By = E», A, B,C € ¥, where
two of the vertices A, B, C may be equal, and there exist a; € 39 (E;, A),
bi € X)(E;, B), ¢; € ¥Y(E;,C) such that pa; || b;, ¥b; || i, @ = 1,2, and
Tjail| dijci, 1,7 = 1,2 where 6;; is the Kronecker delta (see diagram 2).

Diagr.l g, b1 a2 Eo Diagr.2

2
wE
\
|
N
|
/
—
NE
HS"A
L

N

sy}

'\
~s
lwlﬁ

> W+

4
g /

S
o =
@\\\
o

-
. )
\‘

A triangled basis ¥ of a bimodule problem A € C is called quasi multi-
plicative if the following properties hold:
a) Any pair (a,b) € 29 x X9 with S(a,b) # @ is adjusted.
b) Any ¢ € ¥ with P, # & is either single or joint.
c) For any a € XY(E, A), b € 2)(E, B), the inequality |C(a,b)| < 2
holds. If C(a,b) = {¢1, g2}, then ¢1, o are joint parallel.
d) The multiplication rule holds on A.

According to [4, Theorem 1, p. 8|, for a faithful connected finite dimen-
sional bimodule problem A from class C, there exists a quasi multiplicative
basis.

4. STANDARD MINIMAL NON-SCHURIAN BIMODULE PROBLEM

4.1. 2-dimensional complex for one-sided bimodule problem. A 2-
dimensional cell complex £ = (£, £1, £2) associated with a bimodule prob-
lem A € C having a quasi multiplicative basic bigraph ¥ = (X, 31) consists
of:

= the sets £y = Xg, £1 = 31;
» the set £9 of 2-cells formed by the set T of triangles A = (a,b, @) for a
p € Z% such that con,(pb) # 0, and the set Q of quadrangles ¢ for a
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joint arrow ¢ € %1 with P, = {(a1,b1), (a2,b2)}, a1 # az, by # by. We
can depict quadrangle by the following bigraph:

g

= amap 0 = dg : £2 — Cyclesy, is defined by 0(A) = (pba™!) for a triangle
A, and by 8(0) = {a; 'a1by *by) for a quadrangle 0.

Remark 4.2. Definition of a quasi multiplicative basis for a bimodule
problem A € C implies the following cell properties:

1) every ¢ € X1 with P, # @ belongs either to one or two triangles from
the set

To = {(a,b,0) € T | a,be X{};
2) for a,be X, a # b, such that s(a) = s(b), the pair (a,b) belongs to two
triangles from T at most;
3) if (a1, b1, ), (a2, ba, p) € Ty are different triangles, then a; # ag, by # ba;
4) if (a,b, 1), (a,b, p2) € Ty and 1 # @2, then there exist (a;, b;, ¢;) € To,
i = 1,2, such that a1 # as, by # bs.

4.3. Universal covering associated with a quasi multiplicative basis
of schurian bimodule problem.

Lemma 4.4. Let A€ ( be a connected locally finite dimensional bimodule
problem, let £ = £ 4 be 2-dimensional cell complex associated with a quasi
multiplicative basis ¥ = X4 of A, and let pg : £ & bea covering of
abstract complexes. Then there exist a locally finite dimensional bimod-
ule problem A= (R,\7) € C with a basis & and associated 2-dimensional
cell complex E, and a Galois covering morphism p4 : A — A with the
fundamental group G(£) such that the diagram

BT
l

Pe

«— MR

3 =, A
commutes, where is; : ¥ — A and is : S — A are natural embeddings.

Proof. Let ObK = £, and let the spaces RadK(X,Y), V(X, Y) be freely
generated over k by ¢l (X Y) and £9 0(X,Y) correspondingly, X,Y € ObK.
Ifa: X > Y,b:Y — Z are two elements of £1, p1(a) = a, p1(b) = b, then
for any z € £; such that cong(ba) # 0 and for a unique # € £; such that
p1(Z) =z, (%) = s(a), we set conz(bd) = con,(ba) in A, and cong(ba) = 0
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for any other ¢ € £,. The composition ba is correctly defined since <5d56_1>
is a bound of a cell in E, and hence it is a cycle in I Associativity of such
composition is obvious. K-bimodule structure on V is defined similarly. The
covering morphism p4 : A Ais uniquely defined by the commutativity
of the diagram. O

Remark 4.5. Let p4 : A — A be a Galois covering morphism of bimodule
problems, and let 3 be a basis of A. Then inverse images of elements of
form a basis ¥ of fl, and p 4 induces the associated covering pg : £ — ¢of
complexes. This construction is inverse to one in Lemma 4.4.

For a bimodule problem A € C, let p : £ — £ be the constructed above
universal covering of 2-dimensional complex £ = £ 4. By Lemma 4.4, there
exists a (corresponding to p) covering morphism p4 : A — A of bimodule
problems which we will call a universal covering of bimodule problem A
associated with the complex £.

A bimodule problem A is said to be simply connected provided 2-dimensi-
onal complex £ over ¥ is connected and its fundamental group G(£) is
trivial. Obviously, simply connected schurian bimodule problem A is iso-
morphic to its universal covering A.

4.6. Minimal non-schurian bimodule problem. Recall that for a sin-
cere schurian bimodule problem A, its basis ¥ 4 is 0-connected. If bimodule
problem A is non-faithful, then every sincere M € ind.A is non-schurian.
Therefore, each sincere schurian bimodule problem is faithful.

Let A = (K,V) be a sincere non-schurian bimodule problem such that
Tits form g4 € WP, and for every proper subset S ¢ ObK the restricted
bimodule problem Ag is schurian. Then A is called a minimal non-schurian
bimodule problem.

Let B,C be bimodule problems defined by their bigraphs: (¥5)o = {X},
(23)1 = g, (Ec)o = {X,Y}, (ZC)I = (Zc)(l) = {a X - Y} If AeC,
|(X.4)o] <2, then A is sincere schurian if and only if A € {B,C}.

This observation excludes the non-schurian problems having at most two
vertices from the consideration, and helps to describe the minimal non-
schurian bimodule problems containing at least 3 vertices.

Lemma 4.6.1 ([3,6]). Let A= (K,V) be a minimal non-schurian admitted
bimodule problem with a basis X, and |Xo| = 3. If Ajeq = (K/AnnkV,V) is
a sincere schurian bimodule problem, then there exist two uniquely defined
vertices A, B € Z(')F such that:

1) for any sincere M € ind A, the vector dimya M is a basic root of Tits
quadratic form qg4 ., with the singular vertices A, B;

red
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2) if AnnkV(A1, B1) # 0, then the sets {A1, B1}, {A, B} coincide.

A minimal non-schurian bimodule problem A satisfying the conditions of
Lemma 4.6.1 is called a standard minimal non-schurian bimodule problem
with singular vertices A and B.

4.7. Schurity and coverings: the main result. By the construction of
bimodule problem universal covering p : A — A, we assume that

pz(il) = Ei) 1= Oa ]-a
for the bases & and ¥ of A and A respectively.

Theorem 4.7.1. Let A € C be a connected finite dimensional bimodule
problem with weakly positive Tits form qa, let A e C be a schurian bimodule
problem, and let p : A — A be a universal covering. Then either A is
schurian, or contains a dotted loop, or some restriction Ag is a standard
minimal non-schurian bimodule problem.

Proof. Suppose that A = (K,V) is not schurian and does not contain
dotted loops. Let ¥ and 3 be the bases of A and A correspondingly such
that p(X) = ¥. We will mark the object (vertex, arrow, etc.) related to the
covering A by the sign 7, and its image in A will be denoted by the same
letter without ~.

Since the bimodule problem A is schurian and A is not, there exists a
representation X € indA such that for S = supp X, the induced morphism
P : ./Zlg — Ag is not an isomorphism. Then the restriction Ag is sincere
minimal non-schurian. Let us choose X with the minimal possible |S|.

Note that for any S < 3o, |S| < 2, the restriction Ag is schurian by
definition of class C and our assumption. Therefore one can assume |S| > 3,
and hence |S| > 3. By Remark 4.5, the morphism Pg : SS — L£g of the
associated complexes induced by p is not an isomorphism. Therefore:

1) either the map polg : (flg)o — (Xg)o induced by p is not a bijection
on the vertices;

2) or the map po|g is a bijection, but there exist Ay, A € S such that

p(il(‘[llw’iQ)) 7 El(AbAQ)'
Step 1. The first case is impossible.
Proof.~Suppose there exist fll,flg € 5', Ay # 1212, with A1 = Ay € S.

Since Ag is schurian, by Lemma 2.6, Z = dim X is a sincere positive root
of weakly positive unit quadratic form ¢ Ag If Z is not basic with singular

vertices A;, As, then, by Lemma 1.3.1 there is a non-sincere ¢ <  such that
Ay, Ay € supp § which contradicts to the minimality of \S | by Lemma 2.6.
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Therefore, 7 is a basic root with the singular vertices Ay, Ay. By definition
of a basic root, the vertices A; and Ay are defined uniquely, i.e. By # B
for any pair By, By € S of different vertices such that

{31732} # {1211,;12}-

Since flg is 0-connected, there is a vertex C' € S connected with A,
by a solid arrow a : C — A; (up to direction of a). If C = Ay, then
the quadratic form 94, is not WP. So C # As. By Lemma 2.6, for a
positive root 2 =2 — ey , there is an indecomposable representation Z of

the dimension Z with |supp Z| < |S|. The corresponding restriction

psuppZ~ : ‘AsuppZ - ‘AS
is not an i~som~or13hism since the arrow a : C — A does not haive an inverse
image in 31 (C, Az), which contradicts to the minimality of |S]. O

Now we can assume that the restriction po|g is a bijection, and the case
2) holds.

Step 2. Let fll,fig € S and p(il(fh,fb)) % 21(A1,A2) Then the set
of vertices {Al, Ag} is uniquely defined, and dim 4 X is a basic root of ¢ ; g

with singular vertices Al, As.
The proof is similar.
Step 3. The set
X = (Z1(A1, A2)\p1(Z1(A1, A3)) U (S1(A2, A1)\p1 (21 (A2, Ar))
consists of dotted arrows.

Proof. Since bimodule problem A is admitted, either X = X, or X c %1.
Suppose that X = 9. Let

& = dim4 rep p(X).

Then x4 = 7 ; for any A e S. Hence

qa(z)= > (6ap+[S1(A,B)| - [S)(A, B))xazp =
(A,B)eSxS
= > (045 +I20(A,B)| - S04, B)|) — > wama, =
(A,B)eS aeX
= qA(i) —ZaexmAle2 =1- Z TaTa, <1—1=0,
aeX

that contradicts to the weak positivity of ¢4. [l
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Step 4. X < Anng V5.

Proof. If ¢ € X\Annk Vg, then (up to direction of ¢) there is a triangle
(a1,a2,p) € Top with a1 : B — Ay, as : B — Ag for some B € S. Since the
trlangles are lifted up in the covering, then for the unique B € S there exist

: B — Ay,d2: B — Ay in Y and a triangle (a1, as, p) € Ty. Therefore
pg(go) = ¢ that contradicts to the definition of X'. O

Hence,
(As)red = (Kg/Anng Vs, Vs)

is isomorphic to flg, and therefore (Ag)yeq is sincere schurian. Then due
to Lemma 4.6.1, Ag is standard minimal non-schurian bimodule problem,
which completes the proof of Theorem 4.7.1. (I

CONCLUSION

The article is a part of research of the representation finiteness problem
for a wide class of multi-vector space categories consisting of so called one-
sided bimodule problems. We use the construction of a universal covering of
an one-sided bimodule problem in order to obtain some schurity criterium
for a bimodule problem from our class. We are going to study representation
type of one-sided bimodule problems using developed technique.
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