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To recovering of continuous function by
sequences of its Fejér sums values at the
given set of points

Alexander Kachurovskii, Ivan Podvigin

Abstract. It is shown that a continuous 27-periodic function is uniquely
recovered (on the whole real line) by sequences of its Fejér sums values at
the given finite set of points if and only if there exist two of these points with
the distance between them incommensurable with 7. And that full sets of
Fejér integrals at any two different points always uniquely recover continuous
absolutely Lebesgue integrable on the real line function.

Wherein known sequence of Fejér sums values at a fixed single point x € R
and full set of Fejér integrals at this point determines uniquely a function
only in the class of continuous functions with an even shift by x.

Amnorauisa. Ilokasano, mo HemnepepBHA 27-TepioanyHa (DYHKINSA OTHO3HA-
“[HO Bi/JHOBJIIOETHCS (Ha BClil psiMiii) 3a BITOMUMM [TOCJIITOBHOCTSIME 3HAYCHD
cBoix cym Deifepa B 33JaHOMY CKiHIEHHOMY HAOOPi TOYOK TO/I i TIMBKHU TO-
Ji, KOJI 3HANyThCA JIBI TOYKM 3 I[LONO HAOOPY, BiJICTAHL MiXK SKUMU HE €
criBBuMipauMEu 3 7. Binbmr Toro, noBui Habopu inTerpasis Peiiepa B Oy/Ib-
SKAX JBOX PI3HUX TOYKAX 3aBXKJM OJHO3HAYHO BiHOBIIIOIOTH HETEPEPBHY
dyHKI0 fKa abCOMOTHO iHTerpoBHa 3a Jleberom Ha Beiit umcioBiit mpsmiii.

IIpu oMy BijioMa mocaioBHicTh 3Havenb cyMm Peitepa B oaniit dikcoBa-
Hiit Touni z € R Ta moBHuit Habip inTerpasnis Deitepa B Hiit BUBHAYAE OTHO-
3HAYHO (PYHKIIIO JIMIIE B KJIACI TaKUX HelepepBHUX (DYHKINH, 3CYB AKHX Ha
Z € IIApHUM.
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1. INTRODUCTION

Let Lo be the set of all 2m-periodic Lebesgue integrable on (—m, 7]
functions p : R — R. For every p € Lo, we consider its Fejér sums

on(z) = ;:Z;sz(m) =) ( _ ‘nk|> cpeihe

|k|<n

at every point 2 € R, where Si(z) and ¢, are the partial sums of the Fourier
series of the function p at the point = and its Fourier coefficients (in the
complex form), i.e.,

1 s

= — p(t)e * dt, ke Z.
2 J_,

Su(x) = ) ™, n=0, ¢

Further, let Co; be the set of all 2-periodic continuous functions p : R — R.
It is well known (see [2, Chapter VIII, §2| for example), that for any p € Ca,
its Fejér sums o, (x) converge to p(x) uniformly in x as n — o0. Therefore,
if the sequence of Fejér sums values {0, (x)},>1 of continuous function is
known for all points x € (—m, 7| (or though for the points from some dense
subset), then taking the limit as n — o0, we can easily recover this function.

In this note, we give an answer to a following question: is it possible
to recover a function from Con if the sequences of its Fejér sums values
{on(z)}n=1 are known at the given set of points? Since (ibid) every conti-
nuous function is uniquely determined by its Fourier coefficients sequence
{ci} il _,,, then the question is equivalent to the problem of uniquely recov-
ering of these coefficients by the considered sequences of Fejér sums values.

It turns out that any such a function is uniquely recovered by the se-
quences of Fejér sums values which are known at any given (not necessary
dense) infinite subset of points in (—m, 7). The sequence of Fejér sums val-
ues at any single point never can uniquely determine a function from Cy;:
some additional information is needed; and sometimes, sequences of Fejér
sums values at two different points are enough for a recovering of initial
function.

Also, we solve similar problems for continuous absolutely Lebesgue inte-
grable on the real line functions, with the replacing Fourier and Fejér sums
with Fourier and Fejér integrals.

Some of the results under consideration were announced in [1].

2. FEJER SUMS

2.1. Single fixed point. Note that a sequence of Fejér sums values of a
function p € Lo, at a point alows us immediately determine the sequence
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of partial Fourier sums at this point, because
So(x) = o1(x), Sp(z) = (n+ V)opi1(x) —nop(z), n = 1.
We shall need obvious relations
So(z) = o, Sp(z) — Su_1(x) = 2Re (¢,e™®), n > 1, (2.1)
which are equivalent to relations
o1(x) = ¢, o9(x) — o1(x) = Re (c1e),

) (2.2)
(n+ Dopt1(z) — 2nop(z) + (n — 1)op—1(x) = 2Re (¢,e™),n = 2.

The following lemma shows, that the sequence of Fejér sums values at a
given fixed single point & can not recover uniquely an initial function from

Cor.

Lemma 2.2. Given a function ¢ € Loy, if its shift by x, i.e., the function
vz (t) = p(x + 1), is an odd function, then for every p € Loy the functions
p and p+ ¢ have the same sequences of Fejér sums (and partial Fourier
sums also) values at the point x. For the case of continuous functions,
the converse is true also, i.e., if two functions p, o € Cor have the same
sequences of Fejér sums values at the point x, then p, = p, — 0, is an odd
function.

Proof. As it follows from relations (2.2), for the direct statement it is
enough to prove that for functions p and p+¢ the numbers {2Re (¢, ™) }%_,
coincide. Note for this, that every such a number 2Re (¢, e™®) is a Fourier
coefficient (in the real form) at cosnt for the even part of the function p,(t)
(which coincides with the even part of the function p,(t) + ¢, (t)). But

every even function has all the coefficients at sinnt equal 0. Indeed,

1 (" t —t 1 ™
f Pe(t) 4 pal=t) o var = 7 o) cosmt i
T Jor 2 2 J_»

L (" 1 (" A ,

+ - px(_t) cosntdt = — px(t)(e“’bt 4 e—znt) dt —
2m —T 2 —r
e—inac T - einac - .
= p(t)eln dt + f p(t)efzn dt —
271' fﬂ 271' —r

= c_pe " + " = 2Re (cpe'™).

The converse statement of the lemma follows from such a note: the
function ¢ = p — p at a point = has zero sequence of Fejér sums; and so,
taking (2.2) into account, it has zero coefficients 2Re (¢, e*) also. As they
are Fourier coefficients of the even part of continuous function ¢,, this
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(continuous also) even part is 0 identically. And so, ¢4 (t) = —@g(—t) for
all t € R. O

Remark 2.3. As Lemma 2.2 shows, the sequence of Fejér sums {0, ()},
of continuous function p at some point x € R determines uniquely only the

even part of the shift by x of this function, i.e., the function

p(t+x)+ p(—t+x)
5 .
In other words, it means that the sequence of Fejér sums {o,(x)},—, of

function p € Cy; at the fixed point z € R determines uniquely function p
only in the class of functions from Cy; for which their shift by x is even.

3. TwWO FIXED POINTS

As we have seen from the previous considerations, continuous function
generally could not be recovered by the sequence of its Fejér sums values
at a single fixed point. Consider the case of two points.

Lemma 3.1. Every function p € Loy is uniquely determined (up to its
values on the set of zero Lebesgue measure) by the sequences of its Fejér
sums values {on(x)}_; and {on(y)}or, at any two points x,y € R whose
difference is incommensurable with 7.

Proof. Assume that z — y is incommensurable with 7, and ¢, = a,, + ib,
are Fourier coefficients (in the complex form) of the function p. Then,
taking into account relations (2.1), for every n > 1 we obtain the following
system of two linear equations for coefficients a,, and b,,:

{Sn(x) — Sp—1(x) = 2(ay, cosnx — b, sin nx)
Sn(y) — Sn-1(y) =2

The determinant of the matrix of the system is equal to 2sinn(z — y), and
it does not vanish by the condition on the difference x — y. Hence, all the
coefficients ¢ = ay + iby could be uniquely recovered; but it is well known
(see [2, Chapter VIII, §2] for example), that a full set of Fourier coefficients
determines function p uniquely (up to its values on the set of zero Lebesgue
measure). O

(an cosny — by, sinny).

Theorem 3.2. A function p € Car is uniquely recovered (on the whole real
line) by the sequences of its Fejér sums values {on(x)}_; and {on(y)},
at any two fixed points x,y € R if and only if x —y is incommensurable with

.
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Proof. In the case when x — y is incommensurable with 7, the considered
two sequences of Fejér sums values determine the initial function uniquely;
it follows immediately from Lemma 3.1.

Consider now the case when |z —y| = %71' for some ¢,p € N. Then by
Lemma 2.2, the continuous function p(t) + sinp(t — z) + (—1)Zsinp(t — y)
has the same sequences of Fejér sums values at points x and y as function
p has. And it is enough to make sure that the shifts by x and by y of the
function

p(t) =sinp(t —x) + (=1)%sinp(t —y)

are odd functions. But this fact follows from the equality
sinp(t —x) = (—1)?sinp(t — y).
And so, the initial function can not be recovered uniquely in this case. [

Remark 3.3. If the difference z — y is commensurable with 7, then the
sequences of Fejér sums values {o,(z)}, and {0, (y)}.; determine conti-
nuous function p uniquely only in the class of functions from Csy, for which
their shift by x or by ¥ is an even function.

Remark 3.4. The sequences of Fejér sums values {0, (z;)};_, at the finite
set of points {z; };”:1, m = 3 recover uniquely an initial function from Co,
if and only if there exists a couple of points from this set with the distance
between them incommensurable with 7.

Indeed, if such a couple of points exists, then the statement follows im-
mediately from Theorem 3.2. In the case when pairwise distances bet-
ween any two points from the set {x;}’, are commensurable with m,
ie., |z, — x| = ]%W with i # j for g;;,pij € N, then besides initial func-
tion p(t) there exist additional functions with the same Fejér sums at all
the points {z;}72;. For example, the function p(t) + sinp(t — 1), where
p= HTZQ p1j, will be suitable. It is a consequence of Lemma 2.2, because
the shifts of the function sinp(t — x1) by z1 and by all z; with j > 2 are
odd functions, since in the latest case

Pq1;
sinp(t —x1) = (—1) Pv sinp(t — z;).
Infinite set of fixed points. It turns out that for any infinite set of points
from (—m, 7] every continuous function can be recovered uniquely when the
sequences of its Fejér sums values are known at these points.

Lemma 3.5. Let X < (—m, 7| be an infinite set of points, and for the
function p € Cor its shifts by x, i.e., functions p,(t) = p(x +1t), are odd for
every x € X. Then p=0.
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Proof. It is enough to prove that the set of zeros for continuous function p
is dense in (—m, 7|, i.e., for any € > 0 there will be a finite e-net, consisting
from these zeros. In particular, the set of these zeros will contain all the
points x € X since they are abscissas for centers of symmetry of the graph
of the function p.

Fix any € > 0. Since the set X < (—m, | is infinite, then there exists a
point z € X such that x 4+ g9 € X for some ¢y € (0,£). But then z + 2¢,
and x + keg for all k € Z also are the abscissas for centers of symmetry of
the graph of the function p; and so, they are zeros of this function as well.
This proves the existence of the finite e-net in (—, 7] consisting from zeros
of function p. O

Theorem 3.6. Every function p € Cor is uniquely recovered by the se-
quences of its Fejér sums values {0y (2)}nen at any infinite set of points x
from (—m, 7).

Proof. Suppose there is one more function ¢ € Co, with the same sequences
of Fejér sums values at the given points x. Then by Lemma 2.2, every
shift by x of the difference p — g, i.e., the function p, — g, will be an odd
function. By Lemma 3.5, this difference is identically zero, i.e., p=p. U

Remark 3.7. As it was noted by the reviewer, the method used in the
proof of our key statements allows us to consider more general methods than
Fejer’s method (i.e., Chezaro summation), for example, Voronoi summation
method.

4. FEJER INTEGRALS

4.1. Single fixed point. Suppose now that p: R — R be absolutely Le-
besgue integrable on whole real line function, i.e., p € Li(R). At every
point = € R let us consider its Fejér integrals o4(z) (continuous Chezaro
averages for its Fourier integrals):

¢

oo(z) = Hot S.(z) dr = f( _ ';’) ¢, dr

—t
(see, for example, formula (1.16.1) in [4, Chapter I, Section 1.16]); here
Si(z) and ¢; are its Fourier integral and Fourier transform, respectively,
ie.,
1

= — | ply)e™dy, teR.
27T R

t .
Si(z) = f e’ dr, ct
—t

The properties of Fejér integrals of functions in question are analogous to
the properties of Fejér sums of periodic functions. For example, it is well
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known (Theorem 14 in [4, Chapter I, §1.16]: G.H. Hardy, 1912), that in the
case of continuity of function p € Li(R) its Fejér integrals o.(x) converge
pointwise everywhere to p(x) as t — oo (uniformly in z when p is uniformly
continuous: see [3, Chapter VII, §2]).

It is well known also (see, for example, [2, Chapter VIII, §4, Section 2|),
that Fourier transform ¢; of function p € Li(R) is (uniformly) continuous
and bounded function; hence, for every x € R mappings S;(z) and oy(x) are
continuous also. Besides, as it is easy to see, for all x,t € R the following
relations hold:

i) = lim = (14 £)ouela) —tou(e)).

We also have the following counterparts of formulas (2.1) and (2.2):

MRe (™) = lim ~ (Sps=(e) — Sy(x)) = Jim  (Sy(x) ~ Sp-=(x) -
4.1
MRe (™) = lim. EiQ (t+ &)orse(w) — 200(@) + (t — )or_o()).

As in the case of Fejér sums considered in §2, a full set of Fejér integrals
at a single point = € R (or, equivalently, the complete set of integrals at this
point) generally speaking does not determine uniquely continuous function
p € Li(R): it is possible to recover from these data only the even part of
its shift by x. Namely, the following statement is true (the analogue of
Lemma 2.2 from §2).

Lemma 4.2. Suppose a function ¢ € L1(R) is such that its shift by x, i.e.,
the function p,(t) = @(x +t), is an odd function. Then for every p € Li(R)
both functions p and p+p have the same sets of Fejér integrals (and Fourier
integrals also) at the point x.

Proof. From the definition of the Fejér and Fourier integrals, it can be seen
that their values at the point = are determined by the set {2Re (c;e"®)}cr.
Coefficient 2Re (c;e™®) up to a factor is nothing but the cosine Fourier
transform of the even part of the shift by x of function p(¢) (which coincides
with the even part of function p,(t) + ¢, (t)). Indeed,

1 p:p(T) + ,01(_7')
J

T 2

costrdr =

1 1 A .

=— J pe(T)costrdr = — | pe(7)(e" 4+ e ) dr =
™ JR 2 R

e—ita} itx

=5 fR p(T)e™ dr + 627T JR p(T)e T dr =
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= c_e " 4 " = 2Re (ce).

O

4.3. Two fixed points. As in the case of Fejér sums considered in §2,
the complete sets of Fejér integrals known at two different points x and
y, already make it possible to recover the continuous function p € L;(R).
Moreover, no restrictions on x — y are required here (therefore, we do not
consider further the case of a collection of more than two fixed points in
contrast to this case for Fejér sums in §2).

Lemma 4.4. Every function p € L1(R) is uniquely recovered (up to values
on a set of zero Lebesgue measure) by full collections of its Fejér integrals
{o1(x) her and {o1(y)}er at any two different points x,y € R.

Proof. It isseen from formula (4.1) that, by the known complete collections
of Fejér integrals {o4(x)}ier and {o¢(y)}ier, we can recover Re (c;ef*t) and
Re (ce®?) for all ¢ € R.

Let ¢; = a; + ib; and

) 1
Ci(z) = lim —— ((t +€)otie(2) — 2tor(2) + (t — €)ot—c(2)), 2 €R.
e—0+ 2¢
Then for every ¢t € R we obtain the following system of two linear equations
for coeflicients ay, by:

agcostr — by sintr = Cy(x)
ag costy — bysinty = Cy(y).

The determinant of the matrix of the system is sint(x — y).

Consider two cases. If x —y is incommensurable with 7, then for all t € Q
the determinant does not vanish; hence, the Fourier transform ¢; for such
t is uniquely recovered.

And if x — y is commensurable with 7, then for all ¢t € £Q, where £ is
any real number incommensurable with 7, the determinant also does not
vanish, and the Fourier transform c¢; is recovered at such points t.

In any case, we can recover the Fourier transform on a dense subset; it
is recovered by continuity on the whole real line. Moreover, the Fourier
transform ¢; a.e. uniquely determines function p € Li(R). It is a conse-
quence of a well known (see, for example, [2, Chapter VIII, §4, Section 1])
property of Fourier transform in L;(R): if ¢; = 0 then p =0 a.e. U

The following theorem is an immediate consequence of Lemma 4.4.
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Theorem 4.5. Every continuous function p € L1(R) is uniquely recovered
(on the whole line) by full collections of its Fejér integrals {oy(x)}er and
{o1(y) }hter at any two different points x,y € R.

Remark 4.6. Obviously, the statement of the theorem remains true if the
complete collections of Fejér integrals are replaced by collections defined on
dense subsets, i.e., {o¢(x)}ier, and {o¢(y)}ier,, where Ry and Ry are dense
in R.
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