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On the de Rham cohomology of locally
trivial Lie groupoids over triangulated
manifolds

J. R. Oliveira

Abstract. Based on the isomorphism between Lie algebroid cohomol-
ogy and piecewise smooth cohomology of a transitive Lie algebroid, it is
proved that the de Rham cohomology of a locally trivial Lie groupoid G on a
smooth manifold M is isomorphic to the piecewise de Rham cohomology of
G, in which G and M are manifolds without boundary and M is smoothly
triangulated by a finite simplicial complex K such that, for each simplex A
of K, the inverse images of A by the source and target mappings of G are
transverses submanifolds in the ambient space G. As a consequence, it is
shown that the piecewise de Rham cohomology of G does not depend on the
triangulation of the base.

Awnoranis. Ha ocuosi izomopdizmy mixk koromosiorismu ajarebpoinis JIi ta
KYCKOBO-TJIAIKAUMU KOTOMOJIOTifIMU TPAH3UTUBHUX aJiredpoinis JIi moBemeno,
o KoromoJiorii jie Pama jtokaabpHO TpuBiasbHoro rpynoina JIi G Ha riaamko-
My muHOTOBHII M i30MopdHi KyckoBUM Koromosoriam e Pama G, 3a ymoBwu,
mo G i M — ne mHOTOBUIM Ge3 Mexi, mpuaomy M JIOTyCKae TIIAJKy TpU-
AHTYJIAINIO JI0 CKIHYEHHOrO CUMILTIIINAILHOTO KOMILIEKCY K Takoro, Imo Jiis
KOKHOTO cuMmIiekcy A 3 K mpoobpas A BiIHOCHO TMOYATKOBOTO Ta, KiHIle-
BOrO BimoOpaxkenus G € TpaHcBepcaabHUMHU miaMHoroBuaamu B G. B axkocti
HACJIIKYy, IOKa3aHo, 10 KyCKOBI KoromoJoril ge Pama G He 3ajexkarnb Bin
TPUAHTYJISAIIT Oa3u.
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1. INTRODUCTION

It is well known that the de Rham theorem states that the integration
mapping over smooth singular chains on a smooth manifold induces an iso-
morphism between the de Rham cohomology and the singular cohomology
of that manifold (see [15]).

When a manifold is smoothly triangulated by a simplicial complex, the
notion of differential form can be defined on the corresponding simplicial
space as being a family of differential forms defined on the simplices of the
simplicial complex which agree on the intersection of two simplices and sat-
isfy a regular property when restricted to each simplex. A differential can
be defined by the corresponding exterior derivative on each simplex, yield-
ing a cochain algebra. Sullivan in [14] and Whitney in [17] show that the
cohomology of that cochain algebra is isomorphic to classic cohomologies
of the space.

The de Rham-Sullivan theorem (see Sullivan [14, Theorem 7.1]) implies
that the restriction mapping from the cochain algebra of the smooth forms
on the manifold to the cochain algebra of the piecewise smooth forms on
the simplicial space induces an isomorphism in cohomology.

Mishchenko and Oliveira in [11]| have extended similar constructions con-
sidered by Whitney and Sullivan to transitive Lie algebroids defined over
triangulated manifolds in which the regularity property of differential forms
is the smoothness. They proved that the restriction mapping induces an
isomorphism in cohomology (for details, see [11]).

Since Lie algebroids are the infinitesimal objects of Lie groupoids, the
present work is an extension of the Mishchenko-Oliveira’s work to Lie
groupoids defined over triangulated manifolds. In order to clarify better
the intrinsic nature of this extension, fix a locally trivial Lie groupoid G
on a closed smooth manifold M, in which G is also without boundary, and
a triangulation of M such that the inverse images of each simplex A by
the source and target mappings of G are transverses submanifolds in G.
Since G is locally trivial, its Lie algebroid is transitive and the Lie algeb-
roid of the restriction of GG to a simplex coincides with the Lie algebroid of
G restricted to that simplex. Likewise to the notion of piecewise smooth
forms on Lie algebroids defined by Mishchenko-Oliveira in [11], an algebra
of invariant piecewise smooth forms can be defined on G. As shown in [4]
or in [16], the de Rham algebra made of all invariant smooth forms on G
is isomorphic to the algebra of all smooth forms of its Lie algebroid. This
isomorphism jointly with the isomorphism given in Mishchenko-Oliveira’s
theorem ([11, Theorem 5.1]) will ensure that the algebra made of all in-
variant piecewise smooth forms on G is quasi-isomorphic to the algebra
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of all piecewise smooth forms of its Lie algebroid. We will use this quasi-
isomorphism and [11, Corollary 5.5] to show that the piecewise de Rham
cohomology of G does not depend on the triangulation of M.

Acknowledgments. I want to thank to Aleksandr Mishchenko, Jesus Al-
varez, James Stasheff and Nicolae Teleman for their strong dynamism to
discuss several topics concerning this work. I also am sincerely grateful to
the referee for many comments and suggestions which led to an improve-
ment of the paper.

2. DE RHAM COHOMOLOGY OF LIE GROUPOIDS

We begin by reviewing briefly basic definitions and constructions con-
cerning Lie groupoids and Lie algebroids. An extensive discussion on these
issues can be found in the book [10] by Mackenzie. The papers [3,5-9,12,18]
contain a detailed exposition and many examples. Various definitions and
properties stated through the entire paper can be found, at level of cell
spaces, in [1,13,14,17]. Given a smooth manifold M and an integer p > 0,
it is well known that the subset of M consisting of all points = € M such
that the pairing (M, x) is locally diffeomorphic to a sectors of index p is a
submanifold of M, called the boundary of index p of M. Throughout this
paper, we shall work on manifolds which are smooth, finite-dimensional and
possibly with boundaries of different indices.

Lie groupoids. Let G and M be two smooth manifolds. The manifold G
is called a Lie groupoid with base M if the following is given: two surjective
submersions a : G — M and 3 : G — M, called the source projection and
the target projection respectively, a smooth mapping 1 : M — G called the
object inclusion mapping, a smooth multiplication

G+G={(h,g)eGxG:alh)=p(@g)}—G

and a mapping G — G denoted by g — ¢! and called inverse mapping,

satisfying the identities shown in Definitions 1.1.1 and 1.1.3 of Mackenzie’s
book [10].
The smooth mapping

(B,a):G—>MxM,  g—(B(g),alg)),

is called the anchor of the Lie groupoid G with base M. The Lie groupoid
G is said to be locally trivial if its anchor is a surjective submersion. For
each ,z € M, the manifolds G, = a~!(z) and G* = 371(z) are called the
a-fibre of G in z and the S-fibre of G in z respectively. Analogously, if X
and Z are subsets of M, the sets a~!(X) and f~!(Z) of G are denoted by

Gx and GZ respectively.
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We assume now that G and M are manifolds without boundary. If X and
Z are submanifolds of M, possibly with boundaries of different indices, then
the sets Gx and GZ are submanifolds of G. Let N be a submanifold of M,
possibly with boundaries of different indices, such that the manifolds Gy
and G" are transverses submanifolds in the ambient space G. By taking
the restrictions of the projections and of the object inclusion mapping,
the manifold Gy n G¥ is a Lie groupoid with base N. The Lie groupoid
Gn N GY will be called the Lie groupoid restriction of G to N and denoted
by G']'V The Lie groupoid G!]!V coincide with the pullback Lie groupoid of G
over the inclusion i : N < M (see the sections 1.5 and 2.3 of [10] for more
details on restrictions of Lie groupoids).

Lie algebroids. Let M be a smooth manifold, T'M the tangent bundle to
M and I'(T'M) the Lie algebra of the vector fields on M. A Lie algebroid
on M is a vector bundle 7 : A — M with base M equipped with a vector
bundle morphism p : A — T M, called anchor of A, and a structure of real
Lie algebra on the vector space I'(A) of the sections of A such that the
mapping pr : I'(A) — T'(TM), induced by p, is a Lie algebra homomor-
phism and the action of the algebra C*(M) on I'(A) satisfies the natural
condition:

€, fn] = fI&;n] + (pr(§) - f)n

foreach &, ne I'(A) and f € C*(M). The Lie algebroid A is called transitive
if the anchor ~ is surjective.

Let ¢ : N — M be a submanifold, possibly with boundaries of different
indices and assume that A is transitive. We recall that the Lie algebroid
restriction of A to the submanifold N, denoted by .A!]!\,, is the Lie algebroid
©" A as being the pullback of A by the mapping ¢ (for more details, see [3,
10,11]).

From Lie groupoids to Lie algebroids. We recall the construction of
the Lie algebroid of a Lie groupoid. Let M be a smooth manifold and G a
Lie groupoid on M with source projection a : G — M and target projection
B :G — M. Denote by 1: M — G the object inclusion mapping of G and
G, = a~!(z) the a-fibre of G in z, for each x € M. Denote by A(G) the
disjoint union | |, ,, T1,G% equipped with the structure of vector bundle
on M. Consider the mapping

p: AG)—>TM

defined by p(a) = Df1,(a). Define a Lie bracket on I'(A(G)) in the follo-
wing way: for each £ and n € I'(A(G)), the Lie bracket is defined by

(€&n = [¢,7]a
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in which ¢ and 7’ denote the unique a-right-invariant vector fields on G
such that {| =&, and 1] = n,, Yo € M (see [4]). Then, (A(G), [, ], p) is
a Lie algebroid on M and is called the Lie algebroid of the Lie groupoid G.

Lie groupoids and Lie algebroids enjoy various properties of Lie groups
and Lie algebras. We notice that not every Lie algebroid is integrable to a
Lie groupoid. Theorem 4.1 of [2] shows necessary and sufficient conditions
so that a Lie algebroid is integrable to a Lie groupoid.

Proposition 3.5.18 of [10] states that, if the Lie groupoid G is locally
trivial, the Lie algebroid A(G) is transitive.

Next proposition relates the restriction of a locally trivial Lie groupoid
with the restriction of its Lie algebroid.

Proposition 2.1. Let G be a locally trivial Lie groupoid on a smooth
manifold M , in which G and M are manifolds without boundary, and A(G)
denote the Lie algebroid of G. Let N be a submanifold of M such that G
and GV are transverses submanifolds in the ambient space G. Then, the
Lie algebroid of G!}V 1s the Lie algebroid A']'V

Proposition 2.1 comes directly from the proposition 4.3.11 of [10], not-
ing that the pullback Lie groupoid of G over the inclusion ¢ : N — M
exists when G is locally trivial (cf. the last paragraph of the page 63, the
proposition 2.3.1 and the first paragraph of the page 65 of [10]).

Smooth forms on Lie groupoids. Let G be a Lie groupoid on a smooth
manifold M, a : G — M the source projection, 8 : G — M the target
projection, and 1 : M — G the object inclusion mapping. Since « is a
surjective submersion, it induces a foliation F on G. Let T'F denote the
tangent bundle of F and R, the trivial vector bundle M x R on M of fibre
R.

Definition 2.2. A smooth a-form of degree p on the Lie groupoid G is a
smooth section of the exterior vector bundle AP(T*F;Ryy).

Therefore, a smooth form on G is a family w = (wg)geq such that, for
each g € G, one has

p
Wy € /\ (T;Ga(g); R).

The set Q}(G; M) of all smooth a-forms on G is a commutative graded
algebra. The usual exterior derivative along the a-fibres is defined by

p+1
(dhw) (X1, Xa, .o Xpy1) = D (=) X (w(X, o, Xy X)) +
j=1
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—~

+ (D)X, X, X, Xy Xy, Xpr)

i<k

in which w € Q(G; M) and X1, Xo, ..., X,11 are smooth vector a-fields on
G. The complex Q} (G; M) is a cochain algebra defined over R.

We are going now to consider invariant forms. For each g € G, the
right translation R, corresponding to g is the mapping Ry : Ggg) — Ga(g)
defined by Ry(h) = hg. A smooth form w e Q¥ (G; M) is called right
invariant or simply invariant if the equality

(Rg)* ((ta(q)) w) = (tg(g))*w
holds for each g € GG, in which ¢, : G, — G denotes the inclusion mapping
for each z € M (see the third section of [4] in which the representation is
the trivial representation on the trivial bundle M x R on M of fibre R).
The set QF r(G; M), consisting of all a-forms on G which are invariant
under all groupoid right translations, is a subcomplex of (QX(G; M), d¥)
and hence it is a cochain algebra.

Definition 2.3. Keeping the same hypotheses and notations as above,
the de Rham cohomology of GG is the cohomology vector space of the
cochain algebra Qz, r(G; M). This cohomology vector space is denoted by
HY r(G; M).

Smooth forms on Lie algebroids. We shall recall briefly the notion of
smooth forms on Lie algebroids and its cohomology. Let M be a smooth
manifold and A a Lie algebroid on M. Denote by R;; the trivial vector
bundle M x R on M of fibre R. A smooth form on A is a section of
A* (A*;Rar). The set Q*(A; M) of all smooth forms on A is a commutative
cochain algebra defined over R, in which the differential

dP : QP(A; M) — QP (A; M)
is given by

—~

_I_
Z D7 (yo Xj) - (w(Xay oo, Xjo oo, Xpi1)) +
+ 3 (1) R (X5, Xi, X1, Xy Xy, Xpr)
i<k
for we P (A; M) and X1, Xo, ..., Xpp1 € T'(A).
The Lie algebroid cohomology of A is the cohomology vector space of

the cochain algebra Q*(A; M). This cohomology vector space is denoted
by H*(A; M).
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We notice that [4, Proposition 7|, combined with the subsequent parag-
raphs, states that the mapping

Q) r(G M) — QF(A; M), U(w), =wr,,

is an isomorphism of cochain algebras (cf. the paragraph preceding of |16,
Theorem 1.2]). In addition, we have

o, r(G; M) = H*(A; M)
(cf. [16, Theorem 1.2]).

3. PIECEWISE DE RHAM COHOMOLOGY OF LIE GROUPOIDS

We begin by recalling Mishchenko-Oliveira’s theorem (see [11, Theo-
rem 5.1]). Let M be a compact smooth manifold, smoothly triangulated
by a simplicial complex K, and A a transitive Lie algebroid on K. A piece-
wise smooth form on A is a family (wa)aex of smooth forms, each form
wa defined on A!A, such that, if A and A’ are simplices of K in which A’
is a face of A,

(wa)/ar = war
Let Q*(A; M) and Q*(A; K) denote respectively the cochain algebras of
smooth forms and piecewise smooth forms on A. Consider the restriction
mapping
Q*(A; M) — Q% (A; K), w = (W/A)Ack -

Mishchenko-Oliveira’s theorem states that this mapping induces an isomor-
phism in cohomology.

We introduce now the notion of piecewise de Rham cohomology of Lie
groupoids. Let G be a locally trivial Lie groupoid with base M such that
G and M are manifolds without boundary and M is smoothly triangulated
by a simplicial complex K. Let o : G > M, 3: G —> M and 1: M — G
denote respectively the source projection, the target projection and the
object inclusion mapping. Suppose that, for each simplex A of K, the
manifolds Ga and G2 are transverses submanifolds in the ambient space
GG. Analogous to piecewise smooth forms on Lie algebroids, we give now
the notion of invariant piecewise form on G.

Definition 3.1. An invariant piecewise a-form of degree p on G is a family
w = (wA)Aek such that, for each simplex A € K, wa € QZ R(GZ; A) is an
invariant a-form of degree p on GZ and, if A and A’ are two simplices of
K in which A" < A, the equality (wa) /A = was holds.

The C*(G)-module of all invariant piecewise a-forms of degree p on G
is denoted by QF ,(G; K). A wedge product and an exterior derivative can
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be defined on the module

ar(GK) =@ (G K)

p=0

by the corresponding operations on each algebra Qz, R(Gg; A), giving to
Q7 r(G; K) a structure of cochain algebra defined over R.

Definition 3.2. The piecewise de Rham cohomology of the Lie groupoid
GG, denoted by

;,R(G; K)a
is the cohomology of the cochain algebra Qz r(GiK).

Our aim now is to relate the piecewise de Rham cohomology H (G; K)
of G to the cohomology H*(A(G); K) of its Lie algebroid A(G). For that,
we have to consider a mapping ¢ from the complex QZ r(G; K) to the
complex Q*(A(G); K). In order to obtain such mapping ¢, we recall that,
for each simplex A of K, we have an isomorphism

a1 0 p(GA;A) - QP(A(GR); A)
given by (¥Ya(w))z = wy,. Consider now an invariant piecewise a-form
w = (WA)AeKk € QZ’R(G; K).
For each simplex A € K, take the smooth form

En = Ya(wa) € QP(A(GA); A).

If A" is a simplex of K such that A’ is a face of A, then ({a)/ar = &ar
and so £ = (éa)aek 18 a piecewise smooth form on A(G). Keeping these
hypotheses and notations, we state our next proposition.

Proposition 3.3. The mapping ® : O}, r(G; K) — Q*(A(G); K) defined
by ®((wa)aek) = (Ya(wa))aek is well defined and is an isomorphism of
cochain algebras.

We can state now the main proposition of this paper. Denote by rg the
restriction mapping

rq 1 Qo r(GM) = Qg R(GK),  rg(w) = (w/a)aek,
and assume that M is compact. Our proposition is the following.

Proposition 3.4. The mapping rqg induces an isomorphism in cohomology.
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Proof. The diagram

OF R (G; M) 2= Q*(A; M)

o| -

5 (G K) %= 0" (A K)

is commutative, where r 4 is the restriction mapping given in Mishchenko-
Oliveira’s theorem (see [11, Theorem 5.1]). Apply that theorem in coho-
mology and the proof is done. ]

Our last proposition states that the piecewise de Rham cohomology of
a locally trivial Lie groupoid on a compact triangulated manifold does not
depend on the triangulation of the base, that is, for any simplicial subdivi-
sion of the simplicial complex, the piecewise de Rham cohomologies of the
two triangulated manifolds are isomorphic. Precisely, this statement is our
next proposition.

Corollary 3.5. Keeping the same hypotheses and notations as above, let
L be other simplicial complex which is a simplicial subdivision of K. Then,
the piecewise de Rham cohomology of G obtained by the triangulation cor-
responding to K is isomorphic to the piecewise de Rham cohomology of G
obtained by the triangulation corresponding to L. In addition, this isomor-
phism 1s induced by the restriction mapping.

Proof. Denote by ¢ : Q} p(G; K) — Q) r(G; L) the mapping given by
restriction. The diagram

Z’;,R(G; M)
/ p \
Q) r(GIK) Q% r(G; L)
L
PAK) OP(A; L)

is commutative. By [11, Corollary 5.5|, the mapping #A induces an iso-
morphism in cohomology. Then by propositions 3.3 and 3.4 above, the
mappings non labeled induce isomorphisms in cohomology and so the map-
ping ¢ also induces an isomorphism in cohomology. [l
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