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Abstract. Let f : M — S* be a Morse map, v a transverse f-gradient.
The construction of the Novikov complex associates to these data a free
chain complex Cy(f,v) over the ring Z[[t]][t”'], generated by the critical
points of f. This complex computes the completed homology module of the
corresponding infinite cyclic covering of M. Nowvikov’s Exponential Growth
Congjecture says that the boundary operators in this complex are power series
of non-zero convergence radius (see [10]).

In [14] the author announced the proof of the Novikov conjecture for the
case of CV-generic gradients together with several generalizations. The proofs
of the first part of this work were published in [15], see also [16].

The present article contains the proofs of the second part.

There is a refined version of the Novikov complex, defined over a suitable
completion of the group ring of the fundamental group. We prove that for
a C°-generic f-gradient the corresponding incidence coefficients belong to
the image in the Novikov ring of a (non commutative) localization of the
fundamental group ring.

The Novikov construction generalizes also to the case of Morse 1-forms. In
this case the corresponding incidence coefficients belong to a certain comple-
tion of the ring of integral Laurent polynomials of several variables. We prove
that for a given Morse form w and a C°-generic w-gradient these incidence
coefficients are rational functions.

The incidence coefficients in the Novikov complex are obtained by counting
the algebraic number of the trajectories of the gradient, joining the zeros of
the Morse form. There is V. I. Arnold’s version of the exponential growth
conjecture, which concerns the total number of trajectories. We confirm this
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stronger form of the conjecture for any given Morse form and a C°-dense set
of its gradients.
We give an example of explicit computation of the Novikov complex.

Anoramnisi. Hexait f : M — S — Bino6pazkenns Mopca i v — f-rpajienTHe
Bekropre nojie. Kommieke HosikoBa Cy(f,v) — ue BinbpHuil jnanmorosuii
KoMILieke Ha Kiabiem Z[[t]][t 1], mopomkennit kpuruannvu Tokamu f. Bin
JI03BOJIsI€ OOYMC/IUTA TIOMMOBHEHWI MOJLYJIb NOMOJIOTIH BiIITOBITHOTO HECKIiH-
9eHHOT0 IUKJIidHoro Hakputta M. I'itnomesa Hosixosa npo excnoneruitinuil
3picm CTBEP/KYE 10 TPAHUYHI OIIEPATOPH ITHOTO KOMILIEKCA € CTEIIeHEBUMU
psiJlaM¥ 3 HEHYJIbOBUMU paJiiycamu 36ikuocti (mus. [10]).

B poGori [14] amoncosano nosenenns rimoresu Hosikosa [uist BUmagky
C°-runosux IpaJi€eHTHUN BEKTOPHUX IOJIB Ta JedKl y3araJbHEHHS IIi€l Ti-
rnore3u. JloBeneHHsi mepInol YaCTUHU BKa3aHUX PE3YJIbTATIB OMyOJIiKOBAHO
B [15], muB. Takox [16]. IIpeacraBiena pobora MiCTUTH JOBEIEHHS JIPYrol
qactuan [14].

Icuye criportiena Bepcis koMmiuiekca HoBikoBa, BusHaveHa HaJ IIEBHUM I10-
IIOBHEHHSIM I'PYIIOBOTO KiIbIld (DyHIAMEHTAJILHOI rpynu. Mu mokasyeMmo, Imo
g CO-runoBux f-rpajiieHTHUX BEKTOPHUX IIOJIB BiHOBiIHI KoedimieHTn
IHIUAEHTHOCTI Hase)KaTh 06pa3y Kinbiia HoBikoBa (HEKOMYyTATHBHOI) JIOKa-
Jizaril pyHIaMeTaJbHOIO IPYIIOBAOT0 KiJIbIId.

Koncrpykiiss HoBikoBa TakoxK y3araibHIOETbCS HA BUIAIOK MOPCIBCHKIX
1-dopm. B miit curyamnii BigmoBinHi KoedilieHTH iHIMIEHTHOCTI HAJIEXKATH
IIOIIOBHEHHIO KiJIbIld mmoJriHomiB Jlopana Bim KiIbKOX 3MIHHUX 3 IIJIAMHI KO-
edirmienTamu. Mu 10BoAMMO, IIp ISt 337aHOi MOPCiBChbKOI dopmu w i C°-
TUTIOBOTO W-TPAIiEHTHONO BEKTOPHOIO IT0JIA 11l KOEMIIIEHTH 1HIIMIEHTHOCTI €
partioHaATbHUMEI (DYHKITISIMU.

Koedimientn inmumentaocti B komiutekci HoBikoBa mMoxkHaA oTpumaTn 00-
YHUCJIIOI0YN aJaredpaldyHe YuCJIO TPAEKTOPI I'PaJi€HTHOIO BEKTOPHOIO IIOJIS,
mo 3’eaHyoTh Hyai maHol ¢dopmu. Icaye Bepcis B. I. AprHosbaa rimoresm
€KCITOHEHITIHHOTO POCTY IIPO YHUCJIO TaKuX TpaekTopiit. B pobori moeeneHo
cubay dopMy 1€l rinoresn 1 KoxkHOT MOpciBebkoi dopyu Ta, CP-minpHOT
MHOXKUHU T'PATIEHTHAX BEKTOPHUX IOJIIB.

Mu Takox HABOAMMO TPHKJIAIA KOHKPETHHX 00YuC/IeHb Komiuiekca Ho-
BiKOBa.

1. INTRODUCTION

Let f: M — S' be a Morse map, v a transverse f-gradient. Denote by
M — M the infinite cyclic covering corresponding to f. The classical con-
struction of the Morse chain complex of a real-valued Morse function can be
generalized to this case; one obtains the Novikov complex Cy(f,v) defined
over the ring Z[[t]][t '] of Laurent power series with integer coefficients and
finite negative part. The homology of this chain complex is isomorphic to a

certain completion of the homology module H,(M). Novikov’s Exponential
Growth Conjecture says that the boundary operators in Cy(f,v) are power



Incidence coefficients in the Novikov Complex 127

series of non-zero convergence raduis. In 1995 the author proved that these
boundary operators are rational functions of ¢ for the case of C°-generic
gradient v. That implies the Novikov Exponential Growth Conjecture for
CO-generic gradients. This result and its generalizations were announced
in [14], and the proofs of first part of these results were published in [15].
The proofs of the second part were available as an e-print [13]. Since then
the results of this e-print were used in several papers, see e.g. [5]. Recently
this domain attracted again the interest of researchers, see the article [6],
where a family of examples of Novikov complex with infinite power series
as incidence coefficients was constructed.

The present paper is a revised version of the eprint [13]. Several referen-
ces were updated, and references to more recent articles were added. Thus
this article completes the publication of the results announced in [14].

The paper falls naturally into three parts. The first part (Section 2) con-
tains a recollection of the material of the author’s paper [15] in a compressed
and rearranged form, suitable for our present purposes. The second part
(Section 3, 4) is the hard core of the paper. We prove here that the ra-
tionality property of the boundary operators is C°-generic'. In Section 3
we deal with non-abelian Novikov rings and the rationality property is ex-
pressed in terms of a certain non-abelian localization of the group ring of
the fundamental group of the manifold. In Section 4 we consider the case
of arbitrary Morse forms and free abelian coverings.

In the third part we study the exponential growth properties. We begin
by an example of a Novikov complex where the incidence coefficients grow
exponentially (Section 5). Then we apply the results of the previous sections
to show that the exponential growth property of the incidence coefficients
of the gradient of a Morse form is C%-generic.

In the rest of the Introduction we give the statement of our main results
preceded by short background subsections 1.1 and 1.2.

1.1. Morse-Novikov theory for circle-valued Morse functions. The
classical Morse-Thom-Smale construction associates to a Morse function
g : M — R on a closed manifold a free chain complex Cy(g) where the
number m(Cy(g)) of free generators of Cp(g) equals the number of the
critical points of g of index p for each p. The boundary operator in this
complex is defined in a geometric way, counting the trajectories of a gradient
of g, joining critical points of g (see [8,12,17-19]).

In the early 80s S. P. Novikov generalized this construction to the case of
maps f: M — St (see [9]). The corresponding analogue of Morse complex
is a free chain complex Cy (f) over Z[[t]][t71]. Its number of free generators

' For the precise meaning of C°-generisity in our context see the statements of the The-
orems A, B, C
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equals the number of critical points of f of index p, and the homology of
C«(f) equals to the completed homology of the cyclic covering.

Fix some k. The boundary operator ¢ : Ci(f) — Cr_1(f) is represented
by a matrix, which entries are in the ring of Laurent power series. That is
Oij = ZZO:_ N @nt", where a,, € Z, and N is some natural number.

Since the beginning S. P. Novikov conjectured that the power series 0;;
have some nice analytic properties. In particular he conjectured that:

o0
o generically the coefficients a, of 0;j = 2, ant™ grow at most
n=—N
exponentially with n.

In [15] we have proved that for a C° generic f-gradient the incidence
coefficients above are actually rational functions. To recall the statement
of the Main Theorem of [15] let M be a closed connected manifold and
f: M — S'a Morse map, non-homotopic to zero. Denote the set of critical
points of f by S(f). The set of f-gradients of the class C'®, satisfying
the transversality assumption (see §1 for terminology), will be denoted by
Gt(f). By Kupka-Smale theorem it is residual in the set of all the C'*

gradients. Choose v € Gt(f). Denote by M P, M the connected infinite
cyclic covering for which foP is homotopic to zero. Choose a lift F : M — R
of f oP and let t be the generator of the structure group of P such that
F(xt) < F(z). The t-invariant lift of v to M will be denoted by the same
letter v. For every critical point = of f choose a lift Z of z to M. Choose
orientations of stable manifolds of critical points. Then for every x,y € S(f)
with indz = indy + 1 and every k € Z the incidence coefficient ng(x, y;v)
is defined (as the algebraic number of (—v)-trajectories joining Z to 7t*).

Theorem. (|15, p.971]) In the set Gt(f) there is a subset Gto(f) with the
following properties.
(1) Gto(f) is open and dense in Gt(f) with respect to C° topology.

(2) If ve Gto(f), xz,ye S(f) and indz = indy + 1, then
> n(x,y; o)t

keZ

is a rational function of t of the form %, where P(t) and Q(t) are

polynomials with integral coefficients, m € N, and Q(0) = 1.

(3) Let v € Gto(f) and U be a neighborhood of S(f). Then for every
w € Gto(f) such that w = v in U and w is sufficiently close to v in CY
topology we have: ni(x,y;v) = ng(x,y;w) for every x,y € S(f), k € Z.

The present paper uses the terminology and definitions of the paper [15],
and should be read as a follow up of [15].
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1.2. Morse forms and Novikov rings. To state our results, we recall
some algebraic and Morse-theoretic definitions. Let G be a group and

E:G—-R

be a group homomorphism. We denote by (ZG)”~ the abelian group of

all formal linear combinations ), nyg (infinite in general). Recall that the
geG

Novikov ring ZGy is the subring of all A € (ZG)™ " such that for every c € R
the set supp A N £71([e, 0)) is finite.

Let w be a closed 1-form on a manifold M. The de Rham cohomology
class of w will be denoted by [w] and the corresponding homomorphism
mM — R will be denoted by {w}. We say that w is a Morse form, if
locally it is the differential of a Morse function. If f : M — S! is a Morse
map, then its differential is a Morse form, which cohomology class is in
HY(M,Z). A Morse form w is proportional to a differential of a Morse map
M — St if and only if there exists A € R such that A\w] € H(M,Z).

The terminology of [15, §1.1] (which concerns Morse functions) is ex-
tended in an obvious way to the case of Morse forms, and we shall make
free use of it. In particular we shall assume the notion of w-gradient. (See
Subsection 2.1 for a detailed recollection.) The set of all w-gradients, sat-
isfying the transversality assumption will be denoted by Gt(w).

Let w be a Morse form on a closed connected manifold M, v € Gt(w), and
x,y € S(w) with indzx = indy + 1. Choose some lifts 2,y of x,y to M and
some orientations of the stable manifolds of = and of y. In Subsection 4.2
we define the incidence coefficient 71(Z, y; v) € Z(m M), (Definition 4.2.5).

1.3. Statement of the results.
1.3.1. Morse maps M — S'. Let £ : G — Z be a group epimorphism.
Denote Ker & by H. For n € Z denote

o &7'(n) by Gn;

o {zx € ZG |suppx < G} by ZG(y;

o {H((—o0,—1]) by G-

e and {r € ZG | suppx < G_} by ZG_.
Choose 0 € ZG(_y). It is easy to see that ZGg is identified with the ring of
power series of the form {a_,07" +...+a10+...|a; € ZH}. Put

S = {1+ A| A€ Matyxn(ZG(_1))}, =] S
n=1

There is the corresponding localization ring ZGy, (see [4, p. 291]). Every
matrix in ¥, is invertible in Matnxn(ZGg), the inverse of 1+ A being given
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0
by > (—1)"A", therefore the localization map \ : ZG — ZGyx is injective
n=0

and the inclusion ¢ : ZG — ZGE factors through a ring homomorphism
t:2Gs — LG, .

Let M be a connected closed manifold and f : M — S' be a Morse
map, non-homotopic to zero. Let G = 71 (M) and denote by & the induced

~—

homomorphism G — Z. Denote by p : M — M the universal covering of
M.

Theorem A. In the set Gt(f) there is a subset Gt1(f) with the following
properties:

(1) Gt1(f) is open and dense in Gt(f) with respect to C° topology.

(2) If v e Gti(f) then for every x,y € S(f) with indx = indy + 1 we have
n(Z,y;v) € Im L.
(3) Let v € Gt1(f). Let U be a neighborhood of S(f). Then for every

w € Gt1(f) such that w = v in U and w is sufficiently close to v in CY
topology we have: N(T,y;v) = n(T,y;w) for every x,y € S(f).

1.3.2. Morse forms within arbitrary cohomology classes. At present we can
prove the analogue of Theorem A in the case of arbitrary Morse forms only
for the incidence coefficients associated with free abelian coverings.

Let w be a Morse form on a closed connected manifold M. If ¢ : MM
is any regular covering with the structure group G, such that ¢*([w]) = 0,
then the homomorphism {w} : my M — R factors as 1M — G — R and it
is not difficult to see that the incidence coefficients 7(Z, §; v) are defined for
every v € Gt(w) (here we suppose that ind x = ind y + 1, and that for every
p € S(w) alift p of p to M and an orientation of the stable manifold of p are
chosen). In particular, it is the case for the maximal free abelian covering

M L. M with the structure group H, (M,Z)/Tors ~ Z™. By abuse of
notation we shall denote the corresponding homomorphism Z™ — R by

the same symbol as the de Rham cohomology class [w] of w. Assume that
[w] £ 0. Put

Sl = {P eEZZ™] | P=1+Q :suppQ c [w]_l((—oo,O))}.
Then s, is a multiplicative subset of Z[Z™].

Theorem B. There is a subset Gt1(w) < Gt(w) with the following proper-
lies:
(1) Gt1(w) is open and dense in Gt(w) with respect to C° topology.

(2) For every v € Gt1(w) and every x,y € S(w) with indz = indy + 1 we
have: T(T,7;v) € 5[;}2[27”].
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(3) Let v € Gti(w). Let U be a neighborhood of S(w). Then for every
w € Gt1(w) such that w = v in U and w is sufficiently close to v in CY
topology we have: (T, y;v) = n(T,7; w) for every x,y € S(w), k€ Z.

1.3.3. An example. In Section 5 we construct a three-manifold M, a Morse
map f : M — S! and an f-gradient v such that ng(z,;v) = 0 and for
k = 0 we have

= (5 -(5),

1.3.4. Exponential growth estimates. The Novikov Exponential Growth con-
jecture [10] has a natural generalization to the case of Morse forms of ar-

bitrary irrationality degree. Let w be a Morse form and P : M — M be

the maximal free abelian covering. Let F' : M — R be a function such
that dF' = P*([w]). For critical point z,y of F' with indz = indy + 1 and
h € Z™ let n(x,y;h) be the algebraic number of (—v)-trajectories joining
x with yh. Then the generalized exponential growth conjecture says that
there are constants A, B > 0 such that for every z,y with indx = indy + 1
and every h € Z™ we have

In(z,y; h)| < A- B0, (1.1)

Theorem C below asserts a much stronger property, pertaining to the
universal covering of M and counting for every g € G = 71 (M) the absolute
value of the algebraic number of trajectories joining x with y - g. To state
this theorem we need one more definition. Let G be a group. For an element
a = ), ngg € ZG we denote by |al the sum ) |ng4|. Let { : G — R be a
homomorphism. For A = >ingg € ZG, and c € R we denote by Alc| the

g

element . ngg of ZG and we set N.(A\) = ||A[c]|. We shall say that A
£(g)=c
is of exponential growth if there are A, B > 0 such that for every ¢ < 0 we

have N .(\) < Ae=B. Tt is easy to prove that the elements of exponential
growth form a subring of ZGg containing ZG.

Theorem C. Let v be an w-gradient, belonging to Gti(w), and x,y € S(w)
withindz = indy+1. Then n(Z,y;v) € Z{m M| (w} 8 of exponential growth.

In the paper [3, Theorem 2.21] D. Burghelea and S. Haller also prove
that the property (1.1) holds for C°-generic gradients?.

2 The author thanks the anonymous referee for this information.



132 A. Pajitnov

1.3.5. Exponential estimates of absolute number of trajectories: Morse maps
M — S'. The first published version of the Exponential Growth conjecture
appeared in the paper of V. I. Arnold “Dynamics of intersections”, 1989.
This version is also the strongest one. Arnold writes in [1, p. 83]:

“The author is indebted to S. P. Novikov who has communicated the
following conjecture, which was the starting point of the present paper.
Let p : M — M be a covering of a compact manifold M with fiber
Z", and let a be a closed 1-form on M such that p*a = df, where
f M — R is a Morse function. The Novikov conjecture states that,
“generically” the number of the trajectories of the vector field —grad f
on M starting at a critical point x of the function f of index k& and
connecting it with the critical points y having index k—1 and satisfying

f(y) = f(z) — n, grows in n more slowly than some exponential, ¢*".”

In the present paper we prove this conjecture for the CY-dense subset in
the set of all gradients (Theorems C and D below). We assume here the
terminology of Subsection 1.3.1. The set of all f-gradients of class C* will
be denoted by G(f). An f-gradient v is called good if for every p,q € S(f)
we have

(indp < indg+ 1) = (D(p,v)hD(g, —v))

The set of all good f-gradients will be denoted by Gd(f). For v € G(f)

we denote by the same letter v the t-invariant lift of v to M. Choose a lift

F:M-—>R

of f to M. It is easy to prove that for p,q € S(F),indp = ind ¢+ 1 and for
for v € Gd(f) the set of (—v)-trajectories, joining p to ¢ is finite. The lifts
of critical points of f to M being chosen, denote by Nj(x,y;v) the number
of (—v)-trajectories joining z to yt* (where indz = indy + 1).

Theorem D. In the set G(f) there is a subset Go(f) with the following
properties:

(1) Go(f) is C°-dense in G(f) and Go(f) = Gd(f).

(2) Let v € Go(f). Then there are constants C,D > 0 such that for ev-
ery x,y € S(f) with indx = indy + 1 and for every k € Z we have
Ni(,y0) < C - DF,

1.3.6. Exponential estimates of absolute number of trajectories: Morse
forms. Let w be a Morse form on a closed connected manifold M. Let

P : M — M be the maximal free abelian covering of M with structure
group Z™; we identify the cohomology class [w] of w with the correspon-
ding homomorphism Z™ — R. We denote by G(w) the set of all w-gradients
of class C® and by Gd(w) the set of all good w-gradients of class C*. Let
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v € Gd(w). For every zero z of w choose a lift T of x to M and an ori-
entation of the stable manifold of z. Then for every g € Z™ and every
r,y € S(w) with indoz = indy + 1 the set of (—v)-trajectories joining T
to 7g is finite and we denote its cardinality by N(Z,7,g;v). For c € R we
denote by N>.(Z,7;v) the sum >, N(Z,7;9;v).

g:[w](g)=c

Theorem E. In the set G(w) there is a subset Go(w) with the following
properties:

(1) Go(w) is dense in G(w) with respect to CV topology; Go(w) < Gd(w).

(2) Let v € Go(w). There exist constants C,D > 0 such that for every
x,y € S(w) with indx = indy + 1 and every A < 0 we have

Nz (a,y;0) <C- D™,

Remark 1.3.7. Observe that Theorem D follows from Theorem E. We
still keep both statements of Theorem D since the essential of the proof of
Theorem E is based on the proof of Theorem D.

2. RANGING SYSTEMS AND RANGING FLOWS (AN OVERVIEW OF RESULTS
OF [15])

The results of the present paper are based on the author’s paper [15].
For the convenience of the reader we recall in this section some of the basic
definitions and theorems of [15]. The contents of this section falls into two
parts. In the first part (Subsections 2.2-2.3) we present the main technical
tool for the rationality theorem, namely ranging systems. We show that if
an f-gradient admit a ranging system adapted to a pair of critical points
p, ¢, then the incidence coefficient of these two points is a rational function
of the type described in the statement of the Main Theorem of [15]. The
final result of this part is Theorem 2.3.4.

In the second part (Subsections 2.4-2.6) we show that the set of f-
gradients that admit a ranging system adapted to p, ¢, is open and dense in
the set of all transverse gradients (with respect to C°-topology). The basic
instruments here are the notions of ranging flow and ranging pair.

The exposition is preceded by a short introductory Subsection 2.1 where
we collected the necessary definitions.

2.1. Terminology: functions and gradients. In the present subsection
M is a closed manifold.

Definition 2.1.1. Let f : M — R be a Morse function on a closed manifold
M. Denote dim M by n. The set of critical points of f will be denoted by
S(f). A chart @, : U, — B"(0,r,) (where p € S(f),Up is a neighborhood
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of p, r, > 0) is called standard chart for f around p of radius r, (or simply
f-chart) if there is an extension of ®, to a chart ®, : V, — B"(0,r),),

(where U, © Vj, and 7}, > r},), such that

(fo&);l)(xl’,,,’xn) = f(p) + ZO&L'I'?,
=1

where a; < 0 for ¢ < indp and «o; > 0 for ¢ > indp. The domain U, is

called standard coordinate neighborhood. Any such extension &)p of &, will
be called standard extension of ®,.

The set @;1(Rk x {0}), resp. @, ({0} x R™%), where k stands for ind p,
is called negative disc, resp. positive disc. If for every ¢ we have o; = +1,
we shall say that the coordinate system {®,} is strongly standard.

A family

U={Py: Up — B"(0,7p)}pes(f)

of f-charts is called f-chart-system, if the family {U,} is disjoint. We denote
miny, r, by d(U), and max, r, by D(U). If all the r, are equal to r, we shall
say that U is of radius r.

The set ®,1(B"(0,))), where A < 7, will be denoted by U,()). For
A < d(U) we denote peg)(f) Up(X) by U(X). Let

U= {(I)p : Up - Bn(ovrp)}pGS(f)a U = {CI);) . UZ,) - Bn(oﬂn;))}peS(f)
be two f-chart-systems. We say, that U’ is a restriction of U, if for every
p € S(f) we have: r, <y, U, c Uy, &, =, |U,.
Given an f-chart system
U={Py:Up — B"(0,71p)}pes(y)
we say, that a vector field v on M is an f-gradient with respect to U, if
1) For every x € M\ S(f) we have df (v)(z) > 0;

2) For every p € S(f) we have
(CT)p)*(v) = (—X1ye ey —Thy Thals-- - Tn),
where k = ind p, and <T>p is some standard extension of ®,,.

We say that a vector field v is an f-gradient if there is an f-chart system
U, such that v is an f-gradient with respect to U.

Definition 2.1.2. Assume that M is Riemannian and denote by D, (x),
resp. B,.(x) the closed, resp. open ball of radius r centered in z. Let also
f: M — R be a Morse function, v be an f-gradient, p € S(f). Set:

Bs(p,v) ={zxe M [3t>0:7(z t;v) < Bs(p)},
Ds(p,v) ={zxe M |3t =0:~(xt;v) < Ds(p)},
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D(p,v) = {z e M| lim ~(z,t;v) = p}.
—>00

We denote by K (v) the union of all subsets D(p, v), and by Bs(v) the union
of all subsets Bs(p,v) where p ranges over critical points of f.

We also denote by Bj(ind<s;v) the union of subsets Bgs(p,v) (where
p ranges over critical points of f of index < s). Similar notations like
Ds(ind<s;v) or K (ind=s;v) etc. are now clear without special definition.

Remark 2.1.3. Definitions 2.1.1 and 2.1.2 generalize in an obvious way to
the case of Morse functions on cobordisms and to the case of circle-valued
Morse functions.

Definition 2.1.4. Let f : W — [a,b] be a Morse function on a compact
Riemannian cobordism, f~1(b) = V1, f~!(a) = Vp, v be an f-gradient. For
x € W we denote by v(z,t;v) the value at ¢ of the integral curve of v
satisfying v(z,0;v) = z. If x € V3 \ K(—v), then the trajectory v(z,t;v)
reaches Vy at some moment %y; put

v (x) = (=, to; v).

We obtain thus a diffeomorphism

D VINK(—v) S Vo \ K (v).

Sometimes we denote it by v[vb‘;’]’.

In the next section we take a closer look at this diffeomorphism.

2.2. Ranging systems. We proceed to the definition of ranging system
(see |15, Definition 4.6]). Let f : W — [a,b] be a Morse function on a
compact Riemannian cobordism, f~1(b) = Vi, f~(a) = Vg, v be an f-
gradient.

Definition 2.2.1. Let A = {)g,..., Az} be a finite set of regular values of
f, such that \g = a, \y = b, and for each 0 < i < k — 1 we have \; < \j11
and there is exactly one critical value of f in [A;, A\j+1]. The values \;, A\j+1
will be called adjacent. The set of pairs {(Ayx, Bx)}aea is called ranging
system for (f,v) if

(RS1) For every A € A the sets Ay and By, are disjoint compacts in f~1(\).

(RS2) Let A, n € A be adjacent. Then for every p e S(f) n f~([\, u]) one
of the two following properties i), ii) holds:

i) D(p,v) n f1(\) < IntAy,
i) D(p,—v)n fH(u) < IntB,.
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(RS3) Let A, € A be adjacent. Then
Vi (Ap) © IntAy, (—v)X(By) < IntB,,.

The existence of a ranging system allows us to endow the gradient flow
with a structure that resembles to some extent a continuous map between
compact spaces. The next proposition is proved in [15, Lemma 4.8 and
Propositions 4.9, 4.10].

Proposition 2.2.2. Let {(Ax, Bx)}xea be a ranging system for (f,v). Let
also N be an oriented submanifold of V1 \ By such that N \ Int Ay is compact.
Then the following statements hold.

(1) There exists a homomorphism
H(v) : Hy(Vi\ By, Ap) — Hy (Vo \ Ba, Aa),
such that
H(v)(IN]) = [vgqf (N)],
where [N] is the fundamental class of N in H, (V1 \ By, Ap) and [v[‘g’;’]’(]\f)]
is the fundamental class of vm(N) in Hy(Vo\ Ba, Aq).

(2) There is € > 0 such that for any f-gradient w with |v —w|| < € the
ranging system {(Ax, Bx)}xea 5 also a ranging system for (f,w), and
H(v) = H(w).

Remark 2.2.3. Let A < u be elements of A. Similarly to Proposition 2.2.2
one defines a homomorphism

H(U)[M,A] : Hy (f_l(,u) \Buv Au) — H, (f_l()\) \ By, A)\)

which is C?-stable with respect to small CO-perturbations of v, as in pro-
perty (2)of Proposition 2.2.2.

Ranging systems provide a convenient tool for computation of incidence
coefficients in homology terms.

Definition 2.2.4. Let {(Ax, Bx)}xea be a ranging system for
f:W —la,b.

Let also p € S(f) and pu(p) and o(p) be the (uniquely determined) adjacent
elements of A such that f(p) € (u(p),o(p)). We will use the following
notations:

e S, (p,v) denotes the sphere D(p,—v) n f~1(c(p)), and
e S_(p,v) denotes the sphere D(p,v) n f=(u(p)).
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If this does not lead to confusion, we denote these spheres simply by S_(p)
and Sy (p).

We say that a ranging system {(Ay, Bx)}aea is adapted to a pair p,q of
critical points in S(f), where indp = ind ¢ + 1, if

S (p)nBypy =9 and Si(g)nA

p) — o(q) —

Let [+ 1 =indp. Then indgq = I.
If {(Ax, Bx)}xena is adapted to p, g, we denote by [S_(p)] also the image
of this fundamental class in

Hi(f Hup DA\ By Auip))-

Consider the inclusion

7))+ (f7H0(@)\ Bog)s o) = (fH(o(@), fH(o(9)\ S+(q))

and let ]]S4(q,v)[[ be the ( j(v))*-image of the class dual to Sy(q) in the
group H'(f~1(0(q))\ Bo(g), Ao(q))-

See the proof of the follovvmg two propositions in [15, Proposition 4.12].

Proposition 2.2.5. Let {(Ay, Bx)}xea be a ranging system adapted to p, q.
If v is an f-gradient satisfying the transversality condition then

n(p,¢;v) = (99D Hu).ota)()([S-0)]) ) -

This formula imply immediately a C’O-stablhty property for the incidence
coefficients.

Proposition 2.2.6. (1) There is € > 0 such that for every f-gradient v
with |lw —v| < € the system {(Ax, Bx)}xea 1S a ranging system for
(f,w) adapted to p,q.

(2) Let U(p) be a meighborhood of p, and U(q) be a meighborhood of q.
There is € > 0 such that for every f-gradient w with w|y ) = v|yp
and w|iq) = v|yg) and |w —v|| < € we have

[S-(p, w)] = [S-(p, v)], 15— (g, w)[[ =]]5-(g; v)[[,

and
n(p, q;v) = n(p, ¢; w) (2.1)

In our applications the cobordism W will be obtained as the result of
cutting a closed manifold M along a regular level surface of a Morse function
f: M — S'. Such cobordism is endowed naturally with a diffeomorphism
of its lower boundary on its upper boundary.
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Definition 2.2.7. A Riemannian cobordism W with ¢W = V1 Vj is said
to be cyclic if there is an isometry ® : Vj — V} (such an isometry will be
regarded as part of the structure of a cyclic cobordism).

Definition 2.2.8. A ranging system {(Ax, Bx)}aea for (f,v) is said to be
cyclic if ®(A,) = Ay, ®(B,) = Bp. A cyclic ranging system is said to be of
finite type if Hy(Vp\ Bg, A,) is finitely generated.

These techniques will be applied to the case of circle-valued Morse func-
tions.

2.3. Equivariant ranging systems. Now we will apply the techniques
of the previous section to investigation of the incidence coefficients in the
Novikov complex. Let f : M — S be a Morse function, and v be an f-
gradient. We will assume here that the class [f] € H!(M,Z) is indivisible,
so that for all z € M we have that

F(z)— F(zt) = 1.

We assume also S(f) + @, and that 0 is a regular value of F. Choose
a Riemannian metric on M. Then M obtains a t-invariant Riemannian
metric.

Definition 2.3.1. Let u be any f-gradient. Let ¥ be a non empty set of
regular values of F' satisfying the following collection (S) of consitions:

(S):

the regular value 0 is in ;
for every A, B € R the set ¥ n F~1([A, B]) is finite;
if c € ¥ then o + ne X for all n € Z;

if A\, u € ¥ are adjacent, then there is only one critical value of F
between )\ and pu.

A set {(Ay, By)}oex is called t-equivariant ranging system for (F,u), if

(1) For every p,v € ¥, u < v we have: {(As, Bs)}ses, u<o<y is a ranging
system for (F|p—1([,0]),u)-

(2) Ag—p = Ay - t" and B,—p, = B, - t" for every n € Z.

Any cyclic ranging system on the cobordism W = F~1([0,1]) determines
in an obvious way a t-equivariant ranging system. Let p and g be critical
points of f, such that indp =indqg+ 1. Let [ =indq. Let

Vi=F1(1), Vo = F71(0), W =F~1(0,1)).

Assume that the ranging system is adapted to the pair (p,q). We lift p and
q to M in such a way that g € tW and pe W. Put

[lpl] = Hiugp,0 ([S=(p)]) € Hi(Vo\ Bo, Ao)-
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The cohomology class
11S+(a,v)[[e H'(Vo\ Bo, Ao)
will be denoted by ]]q[[. Put
h=t""oHq_y : H(Vo\ Bo, Ao) —» H'(Vo\ By, Ao).

The next three assertions form the first basic ingredient of the proof of
the main theorem of [15] (see [15, Proposition 4.18] for the proof).

Proposition 2.3.2. We have

v))F 7 >
(5, 250) {énqu, (h(0))* [P ; P> 0

Lemma 2.3.3. Let G be a finitely generated abelian group, A an endomor-
phism of G, and X\ : G — Z a homomorphism. Then for every p € G the
series
D AAfp)tE e Z[[t)]
k=0
P(t)

1s a rational function of t of the form o0 where P, () are polynomials and

Q) =1.

Theorem 2.3.4. Let f: M — S_1 be a Morse function, and v be a trans-
verse f-gradient. Let also F' : M — R be a lift of f and p,q be critical
points of f such that indp =indq + 1.

(1) Assume that there exists a cyclic ranging system on the cobordism

W =F1(o,1]),
adapted to p,q. Then the incidence coefficient N(p,q,v) is a rational
function of t of the form %, where P,Q are polynomials and Q(0) = 1.

(2) The set of transverse f-gradients admitting a cyclic ranging system
adapted to p,q is C*-open in the set of all transverse f-gradients.

2.4. Almost transverse gradients. In this subsection we gathered some
preliminaries necessary for construction of ranging systems for C%-generic
flows; this construction will be recalled in the following subsections.

Definition 2.4.1. Let f : W — [a,b] be a Morse function and v an f-
gradient. We say that a Morse function ¢ : W — R is adjusted to the pair

(f, ) if
(1) S(¢) = S(f),
(2) v is also a ¢-gradient,
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(3) the function ¢ — f is constant in a neighborhood of Vi, in a neighbor-
hood of Vj, and in a neighborhood of each critical point of f.

Observe that it is not clear whether there is a ranging system for every
gradient. It turns out that ranging systems exist for C%-generic gradients.
We outline the proof in the next subsections.

Definition 2.4.2. Let f : W — [a,b] be a Morse function on a compact
cobordism W, and v be an f-gradient. We say that v satisfies the almost
transversality assumption if for every pair x, y of critical points of f we have

(indz < indy) = (D(z,v)hD(y, —v)).
or equivalently
(indz < indy) = (D(z,v) n D(y, —v) = 2).
We say aslo that v is almost good or almost transverse.

Lemma 2.4.3. IfV is almost good, then K (ind<s;v) is compact for every
S.

Definition 2.4.4. We say that a f-gradient is d-separated if there is an
ordered Morse function ¢ : W — [a, b], adjusted to (f,v), with an ordering
sequence ag, . . ., ap+1, such that

(1) for every p € S(f) we have Ds(p) < ¢~ *((ak, ax+1)), where k = ind p.

(2) for every [ : 0 < I < n and every ¢ € S(f) with indg = [ there is a
Morse function

Y Wy — ag, ap41],

adjusted to (¢|w,, v|w,), where W; = ¢! ([a;, aj11]), and a regular value
w € (ag, a;41) of ¥, such that

d D5(Q) - gb_l((al?:u))?
e and for every r € S(f), indr = [, r £ g we have

Ds(r) < 6~ (1, aiy1))-
Lemma 2.4.5. If v is almost good, then v is d-separated for some § > 0.

Proposition 2.4.6. If v is dp-separated, then for every d € (0,dp) and for
every s the set Dg(ind<s;v) is compact.

Definition 2.4.7. A pair (¢, u) where ¢ is a Morse function on a cobordism
and u is a d-separated ¢-gradient will be called AM-flow?.

% Usually the number § is clear from the context, so we omit it from the notation.
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For an AM-flow (¢, u) the sets Ds(ind<s,u) form an increasing filtration
of W. This is just one of versions of handle decomposition of W.

2.5. Stratified submanifolds and their thickenings. In this subsection
we recall briefly the notions of s-submanifold and ¢s-submanifold introduced
in [15]. These techniques will be used in the following subsection. We omit
all proofs referring the reader to |15, §2].

2.5.A. Stratified submanifolds. Let A = {Ay, ..., A} be a finite sequence
of subsets of a topological space X. For 0 < s < k, we denote Ag also by
Ag); the set Ag U --- U Ag is denoted by A<s and also by A(<,). We say
that A is a compact family it A<, is compact for every s with 0 < s < k.

Definition 2.5.1. (Stratified submanifolds) Let M be a manifold without
boundary. A finite sequence X = {Xj, ..., Xy} of subsets of M is called an
s-submanifold of M (s for “stratified”) if

(1) X; nX; = @ for ¢ # j, and each X; is a submanifold of M of
dimension ¢ with trivial normal bundle;

(2) X is a compact family.

For an s-submanifold X = {X7,..., X}, the largest k such that X + &
is called the dimension of X and is denoted by dim X. For a diffeomorphism
® : M — N and an s-submanifold X of M, we denote by ®(X) the s-
submanifold of N defined by ®(X)¢;) = ®(X(y)).

If V is a submanifold of M and X is an s-submanifold of M, then we say
that V' is transversal to X (in symbols: VAX) if VAX(;) for each i. If V' is
a compact submanifold of M transversal to an s-submanifold X, then the
family {X(;) n V'} is an s-submanifold of V7; it is denoted by X n V.

Let X, Y be two s-submanifolds of M. We say that X is transversal
to Y (in symbols: XAY) if X;hY(; for every 4,j. We say that X is
almost transversal to Y (in symbols: X 1Y) if X(;hY ;) for any i, j with
i +j < dim M. Note that X{Y if and only if X(¢;) n Y(¢;) = & whenever
1+ j < dim M.

Definition 2.5.2. Let f : M — R be a Morse function, where M is a
closed manifold or a compact cobordism, and let v be an f-gradient. Put

]D)(U) = {D(ind<i ; v)}0<z’<dimM7

Dy(v) = {D(ind<i; v) N f_l()‘)}0<i<dimM-

Lemma 2.5.3. Assume that v satisfies the almost transversality condition.
Then:

(1) D(v) is a compact family;
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(2) if M is a closed manifold, then D(v) is an s-submanifold transversal to
f7Y(\) for every regular value \ of f;

(3) if M is a cobordism, then for every reqular value X\ of f the family Dy (v)
is an s-submanifold of f=1()\).

2.5.B. Good fundamental systems of neighborhoods, and ts-submanifolds.

Definition 2.5.4. Let X be a topological space, A = {Ay, ..., A;} a com-
pact family of subsets of X, I an open interval (0,00). A good fundamen-
tal system of neighborhoods of A (briefly: a gfn-system for A) is a family
A = {A;(0)}ser0<s<k of open subsets of X such that for any positive integer
s < k the following conditions are fulfilled:

(FS1) for every d € I we have As < As(9);
(FS2) 61 < 0y = Ay(01) < As(82);
(FS3) A<s(0) = Np=s(A<s(0)) for every b € 1.

(FS4) we have A<y = (p=p <A<3(6)>.
The interval [ is called the interval of subdefinition of the gfn-system and
A is called the core of A. We shall denote A;(9) also by A 4)(d) and A<;(4)
also by A (<)(9).

Let M be a manifold without boundary, X an s-submanifold of M, and
X a gfn-system for X. We say that X is a ts-submanifold of M with core X.
For a ts-submanifold X = {X(0)}ser, 0<s<k, We shall also denote X;(d) by
Xy(0), and X¢;(9) by X(<;) (). The basic example of a gfn-system and a
ts-manifold is given by the next lemma.

Lemma 2.5.5. Let M be a closed Riemannian manifold or a Riemanian
cobordism of dimension n. Let f : M — R be a Morse function and v a
0-separated f-gradient. Then the family

D(v) = {Bé(indZSW)}ée]o,e[, 0<s<n
is a gfn-system for D(v). If M is a closed manifold, this family is a ts-
submanifold with core D(v).

Observe that there is no canonical way for choosing an interval of defini-
tion for this system. We shall say that A > 0 is in an interval of definition
of D(v) if there is € > A such that {Bs(ind=s;v)}se)0,e[,0<s<n 15 @ gfn-system.
If v is A-separated, then A is in an interval of definition of D(v).

2.5.C. Tracks of subsets, s-submanaifolds, and ts-submanifolds.

Definition 2.5.6. Let f : W — [a,b] be a Morse function on a compact
Riemannian cobordism W, and v be an f-gradient. Let X < V;. The set
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{v(x,t;—v) |t =0, x € X } is called the track of X (with respect to v) and
is denoted by T'(X,v).
Lemma 2.5.7. (1) If X is compact, then T(X,v) u D(v) is compact.

(2) If X is compact, and every (—v)-trajectory starting at a point of X
reaches Vp, then T'(X,v) is compact.

(3) For any X we have T(X,v) u D(v) = T(X,v) u D(v).

(4) For any X and any d > 0 we have T'(X,v) u Bs(v) = T(X,v) U Ds(v).

Definition 2.5.8. Let v be an f-gradient satisfying the almost transver-
sality condition. Let A be an s-submanifold {Ay, ..., Ax} of V; such that
A 1 Dy(—v). By convention we write A_; = &. Put

TAi(v) =T(Ai—1,v) U D(ind=i;v);
The family
T(A,v) = {TA;(v) }o<ish+1;
will be called the track of A, and the family
(—0) o (A) = {TAi1(v) A F7HN) Josisk:

will be called the (—v)™” -image of A. If the values b, A are clear from the
context, we shall abbreviate (—v)m(A) to (—v)"7(A).
Lemma 2.5.9. (1) T(A,v) and (—v)m(A) are compact families.
(2) If X\ is a regular value of f, then (—U)M(A) is an s-submanifold of

1.

Let us proceed to tracks of ts-submanifolds.

Definition 2.5.10. Let A = {A;(5)}s¢(0,50),0<s<k b€ a ts-submanifold of
Vi with core A. Assume that v is d;-separated. For 0 < § < min(dp, 1)
and 0 < s < k+ 1, we put

TAs(6,v) =T (As-1(9),v) U Bs(ind=s;v)
(by definition, A_(J) = @).

It may happen that in order to turn the family {T'A(d,v)} into a gfn-
system, it is necessary to reduce its initial interval of definition.

Definition 2.5.11. Let I = (0, 1), and let Z = {Z(6)}ser be a family of
subsets of some space X. Let 0 < v < p. The family {Z(9)}se(0,) will be
called a restriction of Z to the interval (0,v).
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It is proved in [15, Lemma 2.11 and Proposition 2.12| that there is
e € (0,min(dp, 1)) such that the restriction of the family T'As(d,v) to the
interval (0, ¢€) is a gfn-system with the core T(A,v).

Definition 2.5.12. This gfn-system will be denoted by T(A, v); we call it
the track of A.

Observe that there is no canonical choice of an interval of definition for
this system.

2.6. Ranging pairs. In this subsection, W is a Riemannian cobordism,
f: W — [a,b] a Morse function, v an f-gradient satisfying the almost
transversality condition, n = dim W.

Definition 2.6.1. Let Vy = (¢, uo,Up), V1 = (¢1,u1,U1) be AM-flows on
Vo and V1. We say that (Vo, V1) is a ranging pair for (f,v) if Dy (v) 1 D(—uy),
Dyp(—v) 1 D(uq), and there is a number 6 > 0 such that for any 0 < s <n—1
the following conditions are fulfilled:

(RP1) ¢ is in intervals of definition of T(D(u1),v) and of T(D(—ug), —v);
(RP2) the gradients v, ug, and u; are d-separated;

(RP3) T(D(u1),v)(<s+1)(6) N Vo < D(uo)(<s)(0);

(RP4) T(D(—uo), —v)(<s+1)(6) 0 V1 & D(—u1)(<s)(9)-

We say that v satisfies condition (RP) if (f,v) has a ranging pair.

The next theorem (|15, Theorem 4.3]) is one of the basic results of [15].
We will not comment on the proof (it occupies §3 and first 2 pages of §4
of [15]), since the techniques of the proof will not be used in the present

paper.

Theorem 2.6.2. Let ¢ > 0. Then there is an f-gradient w satisfying the
almost transversality condition and a ranging pair (Vo, V1) for (f,w) such

that |lw —v| < e. Moreover given a neighborhood U of 0W we can assume
that supp (w —v) < U\ oW.

Assume now that (f,v) has a ranging pair (Vp, V1). We will now show
that this ranging pair generates a family of ranging systems for (f,v). More-
over, for every p,q € S(f) with indp = ind g + 1, in this family there is a
ranging system adapted to p,q.

Let A = {)o, ..., \x} be a set of regular values of f such that

)\i < )\i—i—la)\o = aa)\k = b7

and in each [\;, \;+1] there is only one critical value of f. We choose some
d’ > ¢ in the interval of definition of T(D(u1),v) and T(D(—wug), —v) such
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that for every 0 < s <n — 1 we have
T(D(ul)av)(<s+l) (5,> N Vo c D(“O)(gs) (5)7
T(D(—up), —v)(<s+1)(6') 0 V1 € D(—u1)(<4)(0)

(such a number ¢’ exists because d belongs to an interval of definition of
T(D(u1),v) and of T(D(—ug), —v)). Also, we require that the gradients v,
up, w1 be d’-separated.

Now, for each integer s with 0 < s < n we define compact subsets Ag\s)
and B/(\S) of f~1()\). We set A( ) = g\) . Let
=0 <0p_1 < <0 <bp=10

be a sequence of real numbers, and let 1 < s < n. We put

AP =T(D(wr), v) <oy @) 0 fHN) for 0<i<k,

A = D(ug)(<s—1)(6) = Ds(ind<s—1; uo);

B = T(D(~u0), —0)(zs) 0—1) N F1(N) for 0<I<k,
(

—u1)(<s-1)(0) = Ds(ind<s—1; —u1).

Clearly, Aés) = Ds(ind<s—1;up) and BY) = Dy (ind<s—1; —uyp).
The following lemma is proved in [15, Lemma 4.14].

Lemma 2.6.3. (1) Ag\r) N Bg\s) =T ifr+s<n

(2) If 0 < s <n-—1, then {(A&S),B/(\n_s_l))}AeA is a ranging system for
(f,v) adapted to every pair p,q of critical points of f with indp = s+1,
indg = s.

3 FOT ever O < S < n — 1 the air
( ) Y b
(‘ 71 \ B}gn—s—l)’ ll()S))

1s homotopy equivalent to a finite CW-pair that has cells of dimension
s only.

In the case when W is cyclic we can strengthen the results above so to
construct cyclic ranging systems for C°-generic gradients.

Definition 2.6.4. Let f W — [a,b] be a Morse function on a cyclic cobor-
dism W, and let v be an f-gradient satisfying the almost transversality
condition. An M-flow Vy = (f,v,U) on Vj is called a ranging flow for

(f,v) if Vo, ®(Vp)) is a ranging pair for (f,v).
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We say that v satisfies condition (RF) if there is a ranging flow for (f,v).
The proof of the following theorem is similar to the proof of Theo-
rem 2.6.2.

Theorem 2.6.5. Let f : W — [a,b] be a Morse function on a cyclic
cobordism W. Let € > 0. There is an f-gradient w satisfying the almost
transversality condition and a ranging flow Vo, V1) for (f,w) such that
Moreover, given a neighborhood U of OW we can assume that

supp (w —v) < U\ oW.

Definition 2.6.6. A ranging system {(Ay, Bx)}xea for (f,v) is said to be
cyclic if ®(A,) = Ap and ®(B,) = By. A cyclic ranging system is said to
be of finite type if Hy(Vp\ Bg, Ag) is finitely generated.

Similarly to the above for every ranging flow and any pair p, ¢ of critical
points of adjacent indices there is a finite type cyclic ranging system adapted
to p,q. We arrive therefore at the following result which together with
theorem 2.3.4 proves the Main Theorem of [15].

Theorem 2.6.7. Let f : M — S' be a Morse function. Let also p,q be
critical points of f such that indp = indq + 1. Then the set of transverse
f-gradients admitting a cyclic ranging system adapted to p,q is C°-dense
in the set of all transverse f-gradients.

3. MORSE MAPS M — St

3.1. Algebraic preliminaries. We will work here with the terminology
of §1.3.1.

Definition 3.1.1. We say that an element 3 € Z(m M), is of type (£), if
there are r, ¢ € G, a natural number m, an m x m-matrix A = (ai;)1<i j<m
where a;; € ZG(_yy and vectors (X3)1<i<m, (Yi)1<i<m, Xi, Yi € ZH, such

that
» = 7"(2 Z Yiag)Xj>q
s=01<i<m
I<gsm
where a(‘?) are the entries of A°.

(]

The next lemma follows from the definition of the homomorphism /.
Lemma 3.1.2. The elements of type (L) are contained in Im £.

Proposition 3.1.3. The elements of type (L) are of exponential growth.
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Proof. It suffices to prove that every matrix entry of the matrix series
u = 2520 A?, where A = (a;;) and a;; € ZG (_yy, is of exponential growth.
For an (m x m)-matrix B = (b;;) we denote by |B|| the number max ||b;;].

9,

It is easy to check that |BC| < |B| - |C| - m. Let A be (m x m)-matrix.
Then | A% < |A|°-m*~t < JA|®-m?. Let 1 <i,j < m. Write u;; = >, nyg.
Then for k > 0 we have Y. |ng| < (m - |A|)E. If m||A| < 1 this gives
£(g)=—k
Y ong| < k+1< ek If m|A| > 1 we have
£(g)=—k

(m]A])F -1 2
E < D(m :
S(g)z—k‘ng‘ S (m]A]) -1 < Dim4])

Therefore, in any case there are c¢,d > 0 such that for k < 0,k € Z we have

£(9)=k

For k > 0 it is true obviously and this implies that u is of exponential
growth. ]

3.2. Statement of Theorem 3.2.1. Theorem A follows immediately from
the next theorem.

Theorem 3.2.1. In the set Gt(f) there is a subset Gt1(f) with the following
properties:

(1) Gt1(f) is open and dense in Gt(f) with respect to C° topology.

(2) If v € Gt1(f) then for every x,y € S(f) with indx = indy + 1 the
incidence coefficient n(Z,7;v) is of type (L).

(3) Let v € Gt1(f). Let U be a neighborhood of S(f). Then for every
w e Gt1(f) such that w = v in U and w is sufficiently close to v in CY
topology we have: n(Z,y;v) = n(Z,y;w) for every x,y € S(f) such that
indr =indy + 1.

3.3. Generalities on intersection indices. Let M be a manifold without
boundary, @ : M — M be a regular covering (not necessarily connected)
with structure group H. We say, that a submanifold N of M is lifted-
oriented (vesp. lifted-cooriented) if a lift 1 : N — M of the inclusion map
i: N <— M is fixed, and N is oriented (resp. cooriented). We shall denote
i(N) by N.

Let X < M and let N be a lifted-oriented submanifold of M such that
N\IntX is compact. Then N\ IntQ~!(X) is compact, and the orientation
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class

UN A\ Tnto-1(x) € Hn(N, N n IntQ~' (X))
is deﬁngii, where n = dim N (see [7, The/\orem A8]). The imagg of this class
in H,(M,Q (X)) will be denoted by [N]as.x (or simply by [N] if this does
not lead to confusion).

Let L be a compact lifted-cooriented submanifold without boundary of
M. Then there is the coorientation class

|Lle H™ (M, M\ L),
where [ = dim L, m = dim M.
Assume that X n L = @, NhL and n+ 1 = m. Then N is transversal to
L, the set N n L is finite, and the intersection index N f L € Z is defined.

Denote by j the inclusion (]\/4\, 9 1(X)) — (]\/4\, M\\i) The next lemma is
standard.

Lemma 3.3.1. NtL = j*(L[)([N]). 0

3.4. Lifts of ranging systems. Let f : W — [a,b] be a Morse function
on a compact Riemannian cobordism, f~1(b) = V1, f~(a) = Vp, v be an
f-gradient. Let Q : W — W be a regular covering with a structure group
H. The lift of v to W will be denoted by 5. If z € W and y(x, t;v) is
defined on [0,a], and Z € Q~1(x), then the lift to W of v(z,-;v), starting
at 7 is the v-trajectory v(x,-;v). It is easy to define with the help of this
lifting procedure a diffeomorphism

0 QTN (VINK (—v)) = Q7 (Vo \ K(v)).

For X < V1 we denote by abuse of notation v (X \ K(—wv)) by v (X).
Let N be a oriented-lifted submanifold of V;. Then it is easy to see that
v™?(N) is a oriented-lifted submanifold of Vj.

Proposition 3.4.1. Let {(Ax, Bx)}xean be a ranging system for (f,v).
There is a homomorphism

H(v): Ho(Q ' (Vi\ By), @} (4p)) — Hu(Q 7 (Vo\ Ba), @ '(Aa))
of right Z.H-modules, such that:
(1) If N is an oriented-lifted submanifold of V1 \ By, such that N \ IntA; is
compact, then
A()(IR]) = [(FV)]:
(2) There is an € > 0 such that for every f-gradient wwith |w —v| < € we
have H(v) = H(w).
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Proof. An easy induction argument shows that it is sufficient to prove the
proposition in the case cardA = 1. Split the set S(F’) of all critical points
of f in a disjoint union of two subsets S1(f) and S2(f) in such a way that

o for every p € S1(f) the condition (RS2) i) of Definition 2.2.1 holds,
e for every p € S2(f) the condition (RS2) ii) of Definition 2.2.1 holds.

Pick Morse functions ¢1,¢2 : W — [a,b], adjusted to (f,v), such that
there is a regular value u; of ¢; and a regular value us of ¢o satisfying the
following:

e for every p € S1(f) we have: ¢1(p) < p1 and ¢2(p) > po.
e for every p € S2(f) we have: ¢1(p) > p1 and ¢2(p) < po.

Let 6 > 0. Put

Dls(w)=Vy n | J Ds(p.v), Dls(—v)=Vi n | Dslp,—v).
pes(f) peS1(f)

By a certain abuse of notation the intersection of Upcgq( f)D(p, v) with Vj
will be denoted by D1g(v). Put

A(8,—v) = D25(—v) U (=v)"7(Ba), V(6,v) = Dls(v) U v (Ap).
The similar notations like
D2s(—v), A0, —v), D2y (v)

etc. are now clear without special definition. For § > 0 sufficiently small
we have

¥p € S1(f) : Ds(p) = ¢7 ' ((a, 1)) and  Ds(p) = é5 ' ((n2,0)):

Wpe S2(f) : Ds(p) € 07 (42,8)) and  Dy(p) < 63 ((a, 2)).
It is easy to prove that for § > 0 sufficiently small we have:

V(d,v) c IntAd,, A(S,—v) c IntBy, A(J, —v) N Dls(—v) =2. (D2)

Fix some § > 0 satisfying (D1) and (D2).
Let 0 < ¢/ < pu <6 and U be any subset of V4 such that

A(0,—v)cUc By, and U n Dls(—v)=2.

(D1)

(for example U = A(J, —v) will do). Consider the following sequence of
homomorphisms

HL Q' (Vi\ By), Q1 (Ay)) 15 HL(Q7 (Vi \U),

Exc—1

Q' (4p u D1,(—v))) = H,(Q ' (Vi \ (U u D1,,(—v))),

NANS
Vg

Q71 ((Ap L D1y (=) \ D1y (—v)) == Hu(Q7 (Vo )\ Ba), Q' (Aa)).
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Here I is the corresponding inclusion. Note that the last arrow is well
defined since

(—v)"7(By) <« U and Dg(—v) n'Vi < D2g(—v) v D1,(—v).

All the three arrows are homomorphisms of right ZH-modules. (This is ob-
vious for the first two arrows, as for the last just observe that v commutes
with the right action of H.)

The composition 97 o Exc™! o f* of this sequence will be denoted by
f](v;u',,u;bl). An argument similar to the one in the beginning of the
page 999 of [15] shows that this homomorphism does not depend neither
on the choices of U, 1/, u, 6, nor on the choice of presentation

S(f) = S1(f) v 52(f)

(if there is more then one such presentation). Therefore this homomorphism
is determmed by v, the ranging system {(Ax, B))}xea and the covering

Q: W — W. We shall denote it by H (v).

The proof of properties (1) and (2) of H (v) is similar of the proof of
properties (1) and (2) of [15, Proposition 4.10] and will be omitted. O

3.5. Lifts of equivariant ranging systems and the proof of Theo-
rem 3.2.1. We return here to the terminology of §1.3.1. We begin by some
algebraic preliminaries. Let M, N be right ZH-modules and f : M — N
be a homomorphism of abelian groups. We say that f is 8-semilinear, if we
have f(zh) = f(x)0h0~! for every x € M. If M, N are free finitely genera-
ted ZH-modules with bases (e;), (d;), one can associate to each #-semilinear
homomorphism f : M — N a matrix M (f) = (my;) by the following rule:
flej) = 2o dimi.

If M isla right ZH-module and f : M — 7Z is a homomorphism of abelian
groups, then we shall say that f is of finite type, if for every m € M the set
of h € H, such that f(mh) % 0 is finite. If f : M — Z is a homomorphism of
a finite type, then we define a homomorphism f : M — ZH of ZH-modules
by f(m)= % f(mh)h™'.

heH
Returning to Morse maps, let us assume that f : M — S! belongs to an

indivisible cohomology class in H'(M,Z). Further, denote by 7 : M — M
the (umque) infinite cyclic covering, such that f om ~ 0. The universal

covering p : M — M factors as p=mo Q where Q : M — Mis a covermg
with structure group H = Ker&. Let u be an f-gradient, its lift to M
will be denoted by the same letter u. Let {(A4,, By)}sex be a t-equivariant
ranging system for (F,u).
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A~

For v, pu € X, v <y denote by H, . (u) the homomorphism

H (ul =1 (g 1)),

associated by virtue of Proposition 3.4.1 to the ranging system

{(Ada BU)}O’EE, v<o<u

and the covering Q (restricted to the cobordism F~!([v,u])). Denote by
Hy, ,y(u) the identity homomorphism of

H,(Q7'(F(1)\ B,), @} (4,))

to itself.
It follows from the construction that for every g € G with £(g) = ke Z
we have

A~

Hiyy gy (w) = R(g) 0 Hiypy(u) o R(g™1).
We have also

Hyy,g(w) 0 Hyy, y(w) = Hyy, gy (u).
For v € X put
hy(u) = R(071) 0 Hyy,_q)(u).

Then &y (u) is a 6-semilinear endomorphism of
Hy (Q7H(F™ )\ B,), Q7' (Av)).

We have obviously H —k) (u) = R(6%) o (lAl,,(u))k The next lemma follows
from Proposition 3.4.1.

Lemma 3.5.1. Let p,v e X, v < u, and k € N. Let also N be oriented-
lifted submanifold of F~1(u)\ B, such that N\IntA, is compact, and L
be a cooriented-lifted compact submanifold of F~1(v)\ A,. Assume that
dim N +dim L =dim M — 1. Then:

(1) N, = u[;":_k] (N) is an oriented-lifted submanifold of (v — k) \ B, _,
such that N/ \IntA,_j is compact. If N, ALt*, then N| n Lt* is finite

and
Nig Lot =3 (L[) ((ho () (ING)) ).
where i is the inclusion map
(Q'(F'(»)\B.), Q7 (A) = Q' (F'(v), @ (F ' (»)\ L)).

(2) For every f-gradient w, sufficiently close to u in C°-topology, the family
{(As, Bs)}oex is also a t-equivariant ranging system for (F,w) and
hy(u) = hy(w), and Hy, (u) = Hy, ) (w). O
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3.6. Proof of Theorem 3.2.1. It is easy to see that it suffices to prove
our theorem for the case of indivisible homotopy class [f] € H'(M,Z) and
we make this assumption up to the end of this subsection.

Fix first two points z,y € S(f),indz = indy + 1. Recall that we have
chosen a lift ¥ € M for every z € S (f). Denote Q(Z) by . We can assume
that F(y) < F(z) < F(y) + 1. Denote dim M by n; denote indz by [ + 1,
then ind y = [. Choose some set ¥ of regular values of F, satisfying (S) of
Definition 2.3.1.

Denote by 6 the maximal element of ¥ with 6 < F(Z) and by N(v) the
intersection D(Z,v) n F~1(#). Let also N(v) be an oriented submanifold
of F~1(6) diffeomorphic to S’. Denote by n the minimal element of ¥,
satisfying n > F(y). Then n < § < n+ 1. Let L(—v) be the intersection
D(y,—v) n F~Y(n). Then L(—v) is a cooriented submanifold of F~1(n),
diffeomorphic to S? 1.

Denote by W the cobordism F~1([n,n+ 1]). Then Z € W°.

Denote F~1(n) by Vo, F~1(n+1) by V4, and ¥ n [n,n + 1] by A.

Let Gt1(f;z,y) be the subset of Gt(f), consisting of all the f-gradients
v, such that there is an equivariant ranging system {(A,, B,)}sex for (F,v)
satisfying

N(v) By = @, L(—v) A A, = @, (3.1)

(3.2)

(F~Y(n)\ By, A,) has a homotopy type of a finite CW-pair
having only /-dimensional cells.

Now we shall prove three properties of the set Gt1(f;x,y).

1) Gti(f;z,y) is an open and dense subset of Gt(f) with respect to C° topology.

This can be proved in the same way as the open-and-dense property of
Gto(f;x,y) in [15, Proposition 4.12 and Theorem 4.16].

2) Ifve Gti(f;x,y) then N(T,T;v) satisfies the condition (L).

The lifts  — 7 and y — ¥ define a lift N(v) of N(v) to Q! (F~1(9))
and L(—v) of L(—v) to Q™1 (F~(n)). The ZH-module

M= H(Q7 (F T )\ B,), Q7 (4y))

is free. Choose some basis eq,...,¢e,, of this module. The homomorphism
hy(v) of this module is §-semilinear. Denote by B = (b;;) its matrix, and

denote by A the matrix (b;;0). Let al(.j) be the coefficients of A®. Consider
the element £ = ﬁ[gm](v)([ﬁ(v)]) of H; let £ = Y e; X; with X; € ZH.
Consider 8 = i*(]L(—v)[) as a homomorphism of  to Z. It is of finite
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type. Denote (B(e;) by Y;. Then Y; € ZH. We claim that

AE g =Y Yi-d) X (3.3)
s=0
1<i<im, 1<j<m

AE,Piv) = ) (Z V(E, Tho?) - h98>

520 “heH

(here v(Z,gh#®) stands for the algebraic number of (—v)-trajectories, join-
ing & with ghf°; note that since F(z) < F(y) + 1, there are no (—v)-
trajectories joining 7 to yg if £(g) > 0).

To make the following computation more easy to comprehend, we intro-
duce the following terminology conventions (valid only here). The homo-
morphism lAzn(v) : H — H will be denoted by . We identify the cohomology
classes in

74 Q' (F ' (v), @ ' (F'(v)\ L))

with their images in H*(Q '(F~1(v)\ B,),Q '(4,)) (thus suppressing *
in the notation). We have:

AE g = Y (Z (% h[(us(é)))h> 0

s=0 “heH

(by Lemma 3.5.1). The latter expression equals

2 (Z (LI () h_l))h>98 =2, (Z B(u*(€) - h™)h |6 =

s=0 “heH s=0 “heH

To obtain from this expression the formula (3.3) we need only a lemma,
allowing to calculate p®(€) in terms of the coordinates of £ and the matrix
of v (the expression differs slightly from the standard linear-algebraic one
since p is 0-semilinear).

Lemma 3.6.1. Let F' be a free ZH-module with a basis eq,...,e, and
p: F — F be a 0-semilinear homomorphism of F. Let m;; be its matrix.
Denote by M the m x m matriz (m;; - 0). Let also £ € F and £ = ), e;&;.
Then for every natural s = 0 we have

pH(E) = > e[ M®)i56,0~°

0]
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Proof. We will use induction in s. We have

) = (€)= L (Zrluo) ) =

(3

= Zi:u(ez') ' (9 Z[Ms]ij§j0_5_1> =
= ;ek <2(mk¢9) : [Ms]ij)fﬂ_s_l- O

i
Now substitute the expression for u*(§) into the above formula, and the
proof of (3.3) is over.

3) Stability with respect to perturbations of the gradient.

Let v € Gt1(f;x,y) and U be a neighborhood of S(f). We are going
to prove that there is € > 0 such that for every w € Gti(f;z,y) with
|lw—v| < € and w|y = v|y we have: n(Z,y;v) = n(T, g; w).

Let w be an f-gradient, sufficiently close to v. Then {(A,, By)}sex is
still a t-equivariant ranging system for (F, w), satisfying the conditions (3.1)
and (3.2). It is not difficult to see that

[N(w)] = [N(v)), [L(—w)] = [L(-v)].

Then Lemma 3.5.1 together with the formula (3.3) completes the proof.

Define now the set Gt1(f) to be the intersection of all the sets Gt1(f; z,y)
where x,y range over the critical points of f such that indz = indy + 1,
and Theorem 3.2.1 is proved. [

Remark 3.6.2. There is an obvious analogue of Theorem 3.2.1 or any
regular covering ¢ : M — M such that f o ¢ is homotopic to zero.

4. MORSE FORMS WITHIN ARBITRARY COHOMOLOGY CLASSES

Let w be a Morse form of irrationality degree ¢, v be an w-gradient. Let
Q : N — M be the minimal free abelian covering such that Q*w is an exact
form, that is, Q*w = dF where F' : N — R is a Morse function. The struc-
ture group of Q is isomorphic to Z™. If m = 1, the level surfaces F~1(a)
and the cobordisms F~!([a,b]) are compact. If m > 1 these manifolds are
non-compact, and this is the main reason why the results of [15] do not
carry over directly to this case m > 1.

The way round this difficulty consists in approximating the form w by
a rational 1-form wi, so that wi = d¢ where ¢ is a circle-valued Morse
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function. Then the gradient v is approximated (in C°-topology) by a vector
field w which is a gradient for both w and ¢ and such that its incidence
coefficients are rational functions.

This program is realized in the present section.

4.1. Algebraic preliminaries. We will need some lemmas about the ring
Z[Z™] and its completions and localizations.

Definition 4.1.1. Let n : Z™ — R be a non-zero homomorphism. We
extend it to a linear map R™ — R, which will be denoted by the same
letter. We say that a set Z < R™ is an n-cone, if there is a compact convex
nonempty set K < n~'(—1) such that

Z={\z|AeRA>0,z¢ K}.

We say that Z is (&, n)-cone if Z is {-cone and n-cone. We say that a set
Z < R™ is an integral n-cone if there are eq, ..., e € Z™, such that

(1) rk(eq,...,ex) =m,
(2) n(e;) <0,
(3) Z ={M\e1+...+ \ex | A; = 0}.
We shall also write Z = Z{eq,...,er). We say, that Z is an integral (£, n)-

cone if the vectors ey, ..., e, above satisfy £(e;) < 0, n(e;) < 0 for all i.
Note that an integral (£, n)-cone is a (£, n)-cone.

Lemma 4.1.2. Let Z be an (n1,n2)-cone. Then there is an integral (ny,n2)-
cone Zy D 4.

Proof. We assume that 7,72 are linearly independent; the other case is
considered similarly. Denote 1, '(—1) by H, and the set H n {nz(z) < 0}
by Hp. Then Hj is an open halfspace of H, containing Z n H. Denote by
L the set {A\x | A = 0,z € Z™}, then L is everywhere dense in H and in
Hj. It is not difficult to prove that there is a finite subset £y < L such that
Lo < Hy and (L) D Z n H. We can choose Ly so that rkLy = m and the
lemma is proved. []

Lemma 4.1.3. Let & : R™ — R be a non-zero linear form and € > 0. Then
there is a finite set I of linear forms 0; : R™ — R,i € I with ||0;| < € such
that
(1) The set ' ={x e R™ | (£ + 6;)(x) < 0} is a &-cone.
(2) There is an integral £-cone 'y such that for every family {A;}ier of
real numbers there is b € Z with the property:

e R™ | (€ +0;)(z) < A;} = T +b. (4.1)
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Proof. (1) Pick any m linearly independent linear forms
a1,y R —> R
with |la;|| < min(e, [£] /2). T claim that the finite family
{ar, —aq, ...y umy, —ap }
of linear forms satisfy the conclusions of the Lemma. Note first that
Z= (=) n{z| Vi (£+a;)(x) <O, (€~ a;)(2) < 0}

is non empty and compact. (Indeed, let x be a vector such that |z| = 1

and &(z) = ||£||. Then a = —% € Z. Further, if Z is not bounded, then
there is a sequence x,, € Z such that |z,| — 0. Consider the sequence
Ty /|Tn|. We can assume that it converges to some v with ||v| = 1. Since

&(xy) = —1, we have £(v) = 0. Further, for every ¢ we have
(5 + ai)(v) <0, (5 — ai)(v) < 0,

therefore o;(v) = 0 and v = 0.) Further, I' = ¢71((—c0,0]) and the in-
tersection I' n £71(0) consists of 0. Therefore z € T' and x + 0 implies
r=Ay,y€e .

(2) Choose a vector xg € Z™ such that {(z¢) < 0 and for every 1 <i < m
we have

(€ + ai)(zo) <0, (€ —ai)(z0) <0

(such a vector exists; it suffices to note that (£ + a;)(a) = —1 F g(m) <0,

and to approximate a by an element yy € Q™).
Denote |(¢ + a;)(z0)| by B > 0. Now (€ £+ a;)(z) < A; implies

(€ £ i) (z + pmo) < A; — pBi-.

Therefore if p is sufficiently big, we obtain (4.1) with b = —pxg, or, equi-
valently, {x € R™ | (£ + 0;)(x) < A;} < I' +b. Then apply Lemma 4.1.2 to
obtain an integral &-cone I'g, such that I' < T'g. ]

We will use some terminology and results from [11]. Let n : Z™ — R
be a homomorphism and Z = Z{ey, ..., ey be an integral {-cone. Denote
7™ A Z by [Z], and the set {niey + ...+ npey | n; € N} by [Z]. Note that
[Z] and [Z] are submonoids of Z™, [Z] < [Z], and [Z] is finitely generated
over [Z]. Consider the group rings Z[Z] and Z[Z] of the monoids Z and Z;
since Z[E] is an image of the ring Z[t1,...,t], it is noetherian. The ring
Z[Z] is finitely generated as a left module over Z[Z], therefore it is also
noetherian.
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Consider the submonoid {x € Z | x & 0} of Z and denote its group ring
by myz. It is an ideal of Z[Z]. Denote by Z[Z]" the mz-completion of Z[Z],
and by Sz the multiplicative set 1 + myz < Z[Z]. Then

(87'Z12)) = (Z[Z])

(see [2, Ch. 3, §3, Prop. 12]). The ring (Z[Z])" is easily identified with the
ring of all the elements \ € (Z[Z])” " such that supp A © Z (this latter ring
is obviously a subring of Z[Z]). The ring (Z[Z])" is faithfully flat over
S,'7Z]Z] (ibid. Prop. 9). Therefore, if P,Q € Z[Z] and there is = € (Z[Z])"
such that P = Qz, then x € S;'Z[Z] (ibid. Ch. 1, §3).

Notice that oz := {t! | I € Z} is a multiplicative subset of Z[Z]. It is
easy to see that o,'Z[Z] = Z[Z™] and

o, (Z[Z]) ={S e (Z[Z])"| Iz € Z™ :supp S < Z + x}.

The faithful flatness property cited above implies immediately that if
P,Q € Z]Z™] and there is = € 0,*(Z[Z]") such that P = Qx, then

veo, S, LZ.
Let n be a linear form. Put

sy ={1+Q[suppQ = ™ ((~0,0))},
then s, is a multiplicative subset of Z[Z™].
Lemma 4.1.4. Let o : Z™ — 7Z be an indivisible homomorphism. Denote
Kern by H. Let A be (k x k)-matriz, such that a;; € Z[Z™] _,y. Let

€= (&1,...,6),m = (n1,...,m) be vectors in (ZH)*. Denote by agjs-) the
(ij)-coefficient of the matriz A®. Then

(1—detA) Y <Z &agj)nj) e Z[Z™).

s=0 i,

Proof. It suffices to prove that every coefficient of the (k x k)-matrix

(1 —det A) (Z AS)

s=0

belongs to Z[Z™]. Consider the matrix 1 — A. It is invertible in the ring
SS1Z[7Z™] and the Cramer rules imply (1 —det A)(1 — A)~! € Mat(Z[Z™)).
On the other hand (1 — A)~t = ] A% O

5=0
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4.2. Preliminaries on Morse forms and their gradients. In this sub-
section we will work with the terminology from 2.1. Let w be a Morse
form on a closed connected manifold M. Let p : M — M be the universal
covering and let F : M — R be a Morse function such that dF = p*w.
Note that F(zg) = F(z) + {w}(g), where g € 7 M. Choose a Riemannian
metric on M. Then M obtains a w1 M-invariant Riemannian metric. If v
is an w-gradient we denote by the same letter v its lifts to M and M, since
there is no possibility of confusion. Assume that for every xz € S(f) a lift
% of x to M is fixed. The length of a curve v will be denoted by [ (7). The
following simple and useful lemma is known since the early 80s. I learned
it from J.-Cl. Sikorav.

Lemma 4.2.1. Let v be an w-gradient. Then there are constants A, B > 0
such that for every g € m M and every (—v)-trajectory 7, joining T and y- g
we have:

l(y) < A= B{w}(9)-

Proof. Choose any § > 0 less than the injectivity radius of M and less

than mé’I(l )p(p, q). Then any non-contractible piecewise smooth loop in
p,qeS(w

M is longer than §. Therefore for any x € M , 1+ gem M, any piecewise
smooth path in M, joining a point of D(z,§/3) with a point of D(zg,5/3)
has the length > §/3. Also for z,y € M with p(x),p(y) € S(w) any piecewise
smooth path joining joining a point of D(x,d/3) with a point of D(y,d/3)
has the length > g.

Let!

{(I)p : UP - Bn(())r)}peS(w)
be an w-chart-system such that G(U,, ®,) < C for every p € S(w) and that
rC < %. This condition implies in particular that U, < D(p, 1%) Choose

some lifts (pr of neighborhoods U, extending = +— z. Let D > 0 be less
than min w(v(x)). Denote |v| by E.

x¢ulUp
Now let v be a v-trajectory, joining Z with g, and let
Ao=72, A1, ..., A, Y= Ann1
be the points in p~!(S(w)) such that  intersects Uy,. Then

(n+1)6/3 <U(y).

* Recall from [15, p. 975] that for a chart ® : U — V < R™ of M and x € U we denote

by G(z, ®) the number sup (max(|h|,/|Psxhl|e, |Pxh|e/|h|,)), where p stands for
xeM ,heTy M ,h=+0

the metric on M and e for the euclidean metric in R”.
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n+1
The length of the part of « inside of | J Uy, is not more than 2rC(n + 1).
i=0
Denote by t; and 7; the moments when «y enters and leaves Uy,. We have

‘f“wwﬁ=—fwwww=ﬁwmﬂn—ﬁwm»

Ty T

Therefore the total time which ~ can spend outside [ | ﬁAi is not more than
p

|F(7g) — F(%)|/D, and the length of the corresponding part of the curve is

at most g\ﬁ’( g) — F( )|. Since v joins T with g, the last expression is at
most

(F(®F) - F@) — {w}(9)).

Ol &

Therefore

l(v)<27’0(71+1)+%(15( ) — F(y ))——{w}( ) <
6rC’ A
<"1 + 5 - SHel)

where A is chosen so that A/2 > |F (%) — F(¥)| for every z,y € S(f) and
B =2F/D. The inequality I(y) < A — B{w}(g) follows. O

B
2

Let w be a Morse form, and {®,, : U, — B"(0,7})}pes(w) be an w-chart-
system. Choose a basis a1, ..., an, in Hi(M,Z)/Tors.

Lemma 4.2.2. There exist closed 1-forms A1, ..., A\, on M, such that
(il aj) = 64
and supp \; " U, = @ for every i and every p € S(w).
Proof. Let 6 be any closed 1-form. Let
{@,: Uy — B"(0,7))}pes(w)
be some standard extension of
{®)p:Up — Bn(ovrp)}peS(w)

and let ¢, be a C® function which equals to 1 in a neighborhood of U, and
supp ¢p < Uz’j. Let F, be a function on Uz’j, such that dF},, = 0. Consider
the form ¢ = 0 — > d(¢,F,) where the summation ranges over all zeros of
w. Then [¢'] = [0] and 6(z) = 0 in every U,. O
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Choose and fix closed 1-forms A1, ..., A, on M satisfying the conclusions
of the previous lemma. For g = (p1,...,pm) € R™ denote by wp - A the

m
I-form »} p;A;, and by w,, the 1-form w + p - A. For € > 0 set
i=1

Qe = {wp | [p] = max|p] < €.
Definition 4.2.3. We shall say that w. is a Morse family, if for every €
with |p| < € the form w,, is a Morse form and S(w,) = S(w). Let w. be a

Morse family, and v be a vector field. We say, that v is an w.-gradient, if v
is an we-gradient for each w,, € we.

Lemma 4.2.4. 1) There is € > 0, such that w, is a Morse family.

2) Letv be an w-gradient. Then there is € > 0 such that v is an we-gradient.

3) Let v be an w-gradient. Then there is 6 > 0 such that every w-gradient
uw with |lu —v| < d is an we-gradient.

Proof. 1) Put

A= sup |[Ai(z)], = min w(x)] .
S [ Ai ()| NS i |w()]
xeM
Then € = 55 will do.
2) Put
A= sup [N(v)(2)], n= min w(v)(x).
s (@) 7= _min | w(v)(z)
reM

3) Denote by @ the compact set (M \ u,Up) x [—€,€¢/™ and by F : Q — R
the map F : (x,p1,. .., tm) — wu(v)(x). Since ImF < (0,00), there is
f > 0 such that Im F'  [8,00). Let u be any w-gradient such that

Ju—v] - (mAe+ ) < §.

We claim that u is an we-gradient. Indeed, note first that w,(u)(z) > 0
for any x € (UU,\ S(w)) and any || < e. Further, if z € (M \ v, U,), we
P

have
|wpe(w) (@) — wp(v)(z)| = |(w+ Z pidi)(u — v)(z)] <

3
2 Y

therefore wy,(z) > 0. Finally, u has a standard form with respect to some
w-chart-system. A suitable restriction of this system will be an w,-chart-
system for any p with |u| < e. O

< fu—=of - (Jwl +exm) <
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Now we can define the incidence coefficients with respect to the universal
cover. The preceding lemma implies that v is an w-gradient for some 1-
form @ which cohomology class is rational. Therefore (see [12]) for every
g € m (M) there is at most finite set of (—wv)-trajectories joining T with
yg if indz = indy + 1. Choose orientations of descending discs. For each
such trajectory we denote by €(y) the sign of intersection of D(Z,v) with
D(yg, —v) along 7.

Definition 4.2.5. The element Y. ¢(7) is denoted by v(Z,7g) and we set’
v

A&, iv) = > v(E,Tg)g € (Z[mM]) "
geG

Lemma 4.2.6. n(Z,7;v) € (Z[mM]){_w}.

Proof. Recall that Novikov ring Z([m; M ]){_w} consists of all A € (Z[m M])" "~

such that for every ¢ € R we have: supp A n {w} '([¢,0)) is finite. Then
our lemma follows from Lemma 4.2.1. ]

Remark 4.2.7. Note that the analogs of Lemmas 4.2.1 and 4.2.6 are ob-
viously true for any regular covering p’ : M — M such that (p’)*[w] = 0.

4.3. Incidence coefficients with respect to a free abelian cover.
Next we pass to free abelian covers. Assume here the terminology of Subsec-
tion 1.3.2 of Introduction. The universal covering factors then as p = Po Q,

where Q : M — M. The epimorphism 7 (M) — Hy(M,Z)/Tors will be
denoted by @. The de Rham cohomology class [w] of w defines a homo-
morphism H'(M,Z)/Tors — R, which will be denoted by the same letter
[w]. Note that {w} = [w] 0 Q. Since P*(HY(M,R)) = 0, there is a Morse
function F : M — R, such that dF = P*w, and we shall assume that
F=Fo Q.

We have chosen a Riemannian metric on M, whence the manifold M
obtains a Riemannian metric, which is Z™-invariant. We have also chosen
a basis (a1,...,an) in Hi(M,Z)/Tors. Therefore this group is identified
with Z™, and the vector space H'!(M,R) with the dual space of linear forms
R™ — R. Choose the Li-norm in R™. Then the dual space obtains the
sup-norm. (That is |, cua;| = X, |as] and |, Biaf| = max; |5;|, where
{ar} is the base dual to {a;}.)

’Recall that (Z[r;M])"" is the abelian group of all the formal linear combinations
(infinite in general) of the elements of G with integer coefficients.
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Corollary 4.3.1. Let v be an w-gradient. There is ¢ > 0, such that every
linear formn : R™ — R with |[w] —n| < € is a cohomology class of a Morse
form w(n) such that v is an w-gradient.

Proof. Every linear form 7 : R™ — R with |[w] — 1| < € can be written as
n = [w] + X mial where n; € R, |n;| < e. Now let € > 0 be so small that w,
is a Morse family and v is an we-gradient and set w(n) = w + >,y ;. O

Definition 4.3.2. For two critical points x,y € S(w) and an w-gradient v
we set

I(z,y;v) = {g € m (M) | there is a (—v)-trajectory - joining & to ¢ - g}.

If the set of (—wv)-trajectories joining & to ¢ - g is finite, we denote by
N(Z,7,g;v) its cardinality. (We identify here two trajectories which differ
by a parameter change.)

Remark 4.3.3. If v is a good w-gradient and elements z,y € S(w) satisfy
indx = indy + 1, then supp (n(Z, 7;v)) < I(x,y;v) and for every g € my M
the set N(Z,7, g;v) is finite.

Lemma 4.3.4. There is an integral [w]-cone T' and a vector a € Z™ such
that

QU(z,y;v)) < T +a.

Proof. Note that if v is a s-gradient for some Morse form s, then

QU (z,y;v)) < [ '] ((—o0, A])

for some A. By 4.3.1 there is € > 0, such that every linear form n : R™ — R
with [[w] — n|| < € is the cohomology class of a Morse form w(n) such that
v is an w(n)-gradient. Choose then the linear forms 7; so as to satisfy
Lemma 4.1.3 and obtain the conclusion of the Lemma. O]

Lemma 4.3.5. Letv,~' be two Morse forms with [y] £ 0,[y'] £ 0. Assume
that a vector field v satisfying the transversality assumption is y-gradient
and v'-gradient. Let x,y € S(v),indx =indy + 1. Then

1) If [v] = a[y/] with o < 0, then I(x,y;v) is finite.

2) If there is no o < 0 with [y] = a[y'], then there is an integral ([7], [Y'])-
cone A and be Z™ such that Q(I(x,y;v)) < A+ b.

Proof. 1) Obvious.

2) If [y] and [¢'] are linearly dependent, then [y] = a[y/] with a > 0
and our lemma follows from Lemma 4.3.4. Therefore we can assume that
[v] and [y/] are linearly independent, which imply that there is h € Z™
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with [v](h), [7'](h) < 0. From Lemma 4.3.4 we know that there are integral
[7]-cone T'; and a; € Z™ such that Q(I(x,y;v)) < T'1 + ay.

Also there are integral [y/]-cone Ty and as € Z™ such that such that
Q(I(z,y;v)) © I's + a2. Adding to the generators of I'; and I'y some
integral vectors we can assume that h € Intl'y, h € IntI's. Then there exists
N eNsuchthatI'y +ay<cI'y — Nhand I's — Nh o 1T'5 + as. Thus

Q(I(z,y;v)) = (T1 — Nh) A (T — Nh) =T; ATy — Nh.

The set 'y "Iy is a ([7], [7'])-cone, and by (3.1) there is an integral ([v], [Y'])-
cone A such that 'y n T’y ¢ A therefore Q(I(z,y;v)) € A — Nh. O

By Remark 4.2.7 the incidence coefficient 7(Z,7;v) € (Z[Z™]), is de-
fined. We shall assume that the lifts T of points x € S(w) are chosen so

that Q(Z) = T. Note that obviously supp (7(T,7;v)) < Q(supp (2, 7;v)).

4.4. Proof of Theorem B. For a Morse form & such that [¢] € HY(M, Q),
(€] + 0 we denote by & the (unique) Morse form, such that [y] is an
indivisible class in H'(M,Z) and that & = p& with g > 0. The map
M — S1, corresponding to &, will be denoted by fo(&).

Definition 4.4.1. Define now Gt;(w) as the set of all w-gradients v € Gt(w),
satisfying the following property:

(C) Thereis €: 0 < € < ||[w]|| /2 such that v is an w.-gradient and there is
a Morse form & € w, with [¢] € H(M, Q) such that v € Gt1(fod€)).

We shall now prove the properties of Gt1(w) required in the statement.

1) Gt1(w) is C%-open in Gt(w). Indeed, if v satisfies (C) then every w-gradient
u, sufficiently close to v, is also an we-gradient (due to Lemma 4.2.4) and

u € Gt1(fol&)) since Gt1(fol&)) is CY-open in Gt(fo(&)) (by Theorem 3.2.1).

2) Gt1(w) is C%-dense in Gt(w). Indeed, if v € Gt(w), then there exists an
¢ > 0 such that v is an we-gradient. Choose any form w’ € w. with [w'] €
H'(M,Q). Then by Theorem 3.2.1 arbitrarily close to v one can find an
w'-gradient u € Gt1(fodw')). By Lemma 4.2.4, u can be chosen so as to be
an we-gradient.

3) If v € Gt1(w), then W(T, 73 v) € s Z[Z™]. Indeed, v is an w-gradient and a
¢-gradient for some & € w, with [¢] € HY(M, Q). Note that if [¢] and [w]
are linearly dependent, then [{] = afw] with « > 0. Indeed, [{] = a]w] with
a < 0 would imply

(1 - )] + ) ciaf =0,
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which contradicts € < |[w]| /2. Therefore Lemma 4.3.5 implies that there
is an integral ([£], [w])-cone A, such that

suppn(T,y;v) € A+ b
for some b € Z™. Consider T(Z,y;v) as an element of (Z[Z™])g- Then

Lemma 4.1.4 together with Theorem 3.2.1 imply that it belongs to the

localization 5[T§]1Z[Zm], therefore there are P, Q € Z[Z™] such that

P=Q- ﬁ(%,?, U)'
Since 7(T,y;v) € o5  Z[A]” the faithful flatness property imply
n(T,7;v) € o5 SATZ[A] € s 1Z[Z™).

[]

5. AN EXAMPLE

In this section we shall construct a Morse map M — S on a closed
3-manifold M, having two critical points: z of index 2 and y of index 1,
such that

n(z,g;v) = ) nyt®
k=0
with ny ~ o - BF with o < 0, 8 > 0. For any f-gradient w sufficiently close
to v in C° topology, we shall have: ng(Z, §; w) = ng(Z, ¥; v).

We start with a torus 72, remove from it two open discs and obtain
a surface S with two components of boundary. Choose and fix a parallel
£ and a meridian « of this twice punctured torus. The copies of this
surface (resp. the copies of «, f etc.) will be denoted by the same letter
S (resp. «, 3, etc.) adding indices in order to distinguish between them.
The corresponding discs will be denoted by D1, Ds. We glue a copy of S,
denoted by S(1,1) to a copy of S, denoted by S(1,2) and close the boundary
by two discs D1(1), D1(2). The resulting surface is called N. We glue three
copies of S successively, close the boundary and obtain a closed surface

L=Di(3)uS(3,1)uS(5,0)uS(5,2) uDa(3).

The surface K = D1(0) u S(0,1) U S(0,2) U D3(0) is constructed similarly
to N. The surface L is depicted on Figure 5.1 below.

S(1/2,0)

FIGURE 5.1.
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Let W; be the cobordism between N and L, corresponding to the surgery

on the circle (%, 2). Introduce on Wj the corresponding Morse function

Fy : Wy — [, 1] with one critical point x of index 2, and such that

2
Fr(1) = N, Py =L,
We can find an F}-gradient v; such that

77 restricted to
5

o (-u),
Di(3) v S(3,1) v S(3,0)
1\3) Vv 5, 4) Y 25
is a diffeomorphism of this surface onto
Di(1) u S(1,1) u S(1,2)

which identifies S(%,0) with S(1,2) and S(3,1) with S(1,1), slightly
diminished from the left, so that the image of D;(3) contains D;(1) in
its interior, and therefore

(Ul)[g:](Dl(l)) < IntDy(3);

o (—01)77(S8(3,2) U Da(3)) = Da(1),

° (_Ul){;’l)](DQ(%)) - IIlth(l),

e and for some § > 0 the (—vl)vf\:]—image of a d-tubular neighborhood of

[iv

B(3,2) is in IntDo(1) (this image equals to Ds(—v1) n Fy (1))

Let Wy be the cobordism between K and L, corresponding to the surgery
on the circle g (%, 1). Introduce on Wy the corresponding Morse function

Fy: Wy — [0, %] with one critical point y of index 1, and such that

i) =1L, FyH0) = K.

We can find an Fy-gradient vg such that
. (UO)E;;] restricted to
S(3,0) U S(3,2) U Da(3)
is a diffeomorphpism of this surface onto
D1(0) U S(0,1) U S(0,2)

which identifies S(3,0) with S(0,1) and S(3,2) with S(0,2) slightly di-
minished from the right so that the image of Dy (3) contains D5 (0) in its
interior, and therefore

(~u0) 7 (D2(0)) & IntDs ()
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o (v0) 1, (8(3,1) v Di(3)) = D1(0);
. (vo)ﬁ/\g] (D1(3)) = IntD1(0);
2’
e and for some § > 0 the (vo){i'vo)—image of a d-tubular neighborhood of
27
B(3,1) (this image equals to Ds(vo) n Fy *(0))is in Int D1 (0).

Glue together Wy and Wj along L, denote the resulting cobordism by
W. Then we have oW = K u N. Glue the functions F and Fj to a Morse
function F: W — [0, 1] and the vector fields v, vg to an F-gradient v. We
shall now define a ranging system for (F,v). Consider the set A = {0, 3,1}
of regular values, and set

Ay = Di(1), A1 = Di(3), Ao = D1(0),
By = Dy(1), B% = Dy(3), By = D3(0).

The fact that {(Ax, Bx)}aea is a ranging system for (F,v) follows immedi-
ately from the properties of vy, vy cited above.
It is not difficult to compute the homomorphism

H(v) : Hi(N\ Dy(1), D1(1)) — Hi(K\ D2(0), D1(0)).
Namely,
[a(1,1)] =0, [B(1,1)]—0, [a(1,2)] = [(0,1)], [B(1,2)] — [5(0,1)].

It is also obvious that the homology class of D(z,v)n K equals to [5(0, 2)]
and the homology class of D(y, —v) n N equals to [3(1,1)].
Consider the embedded curves

a(0,1), pB(0,1), «(0,2), p(0,2)

in K. Their homology classes form a symplectic basis in K. Consider the
isomorphism of Hi(K,Z) ~ Z* given in this basis by the matrix

0 21 0
0 0 0 1
0 1 0 O
-1 3 0 -2

It preserves the intersection form, therefore it can be realized by a dif-
feomorphism ® : K — K and it is easy to see that we can assume that
®(x) = z for x € D1(0) U D3(0). Denote by ¥ the composition of ¢ with
the subsequent identification of K with N.

Denote by M the 3-dimensional manifold obtained by gluing of K to N
by means of ¥, and let f : M — S! be the Morse function obtained from F.
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The corresponding cyclic covering M is a union of countably many copies
of W, denoted by W1i|,i € Z, glued together by the diffeomorphisms

U K[i] > N[i — 1]
of the components of boundaries.
The identification W[k] — W will be denoted by Ji. For X ¢ W we
denote J, ' (X) by X[k]. Define a lift F': M — R of f by setting
F’W[k] =FolJ,+k.
Set
e X ={n/2|nel;
o A, = Di(0)[n], B, = D2(0)[n] for n € Z;
o A, =Di(3)[k], By = Da(3)[k] for n=k+ 3, ke Z.

It is obvious that {(Ay, B, )}ses is a t-equivariant ranging system for (F, v).
Put 7 = J; *(z) and § = J; '(y). Then we have:

no(Z,y;v) =0, n1 (7, y;v) = Vi ([8(0,2)]) 4 [8(1,1)] = 0.
Denote by D the matrix of U, o H(v). Then
00 0 2
00 0 O
D= 00 0 1
0 0 -1 3

Then for k£ > 1 we have

e (2, 530) = (T 0 H(0)" (L ([8(0,2)]) §[8(1,1)].

To abbreviate the notation we denote [a(1,1)] by a1, [a(1,2)] by a9, [5(1,1)]
by b1, [8(1,2)] by be. Then ny,1(Z,y;v) is the coefficient of a; in

D¥(by — 2by) = (—2)D*(by).
To find Dk(bg) assume by induction that
D¥(b3) = agay + yraz + Bibs.
Then
D**1(by) = —yib2 + Bi(2a1 + 362 + az) = 2Brar + (3By — Vi)ba + Braz.

Therefore the vectors (8, vi) satisfy

Ce) =G ) G e (3)=()
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The coefficient ag11 = 28;. Denote

3 —1
1 0
by C. Then the explicit computation shows
)\711+1 . )\;H-l )\g, . )\717,

1
C"=— ,
VI g gt

where A\ = %g, P 3_2\/5. Therefore

=555 - (52))

5.1. Incidence coefficients with respect to the universal cover: the
exponential estimate.

Lemma 5.1.1. Let &, : R™ — R be non-zero linear forms, and let I' be a
(&,m)-integral cone. Then there is A > 0 such that for every b € R™ there
1s B € R such that for every c € R we have:

T 4+b) &Y e,0) < (T +b) Ay ([Ac+ B, x0)). (5.1)

Proof. Abbreviate £~1([c,0)) by {€ > c¢}. It is sufficient to consider the
case b = 0, that is, to prove that there is A > 0 such that

'n{¢=ct € I'n{n= Ac} (5.2)

(the property (5.1) with arbitrary b follows then from B = n(b) — A£(b)).
To prove (5.2) let e; be the generators of I', and choose A > 0 such that

n(ei) = Ag(ei)

for all i. Then x € T' n {¢ > ¢} means that z = > \je;, where A\; > 0 and
> Ai€(e;) = c. This implies

(@) =Y dinler) = ) NAg(ei) = A¢(x). O

Definition 5.1.2. Let A = >} ngg € Z[m M]; and c€ R. Put

M= )] ng-geZmM), Ne(A) = > Ingl.
§(g)=c &(g)=c



Incidence coefficients in the Novikov Complex 169

5.2. Proof of Theorem C. By the definition of Gt;(w) there exists an
ee (0,3 wl)

and a Morse form £ € w,, such that

[5] EHI(M7Q)7 Uthl(f0<£>)'
Therefore there is an integral ([¢], [w])-cone A and b € Z™, such that

Q(suppn(Z,y;v)) < A +Db.
Lemma 5.1.1 implies then that

supp 7(Z, T;v) N ({w}) " ([e,0)) <
< suppA(Z, J;v) N ({€}) 7 ([Ac+ B, w0)),

and since v is a &-gradient, our estimate follows from Theorem 3.2.1 and
Proposition 3.1.3. ]

5.3. On the Novikov complex for a Morse form. In this paper we do
not use the notion of the Novikov complex, and work only with the incidence
coefficients. The latter were introduced however in [9] as the matrix entries
of the boundary operators in the Novikov complex. In this subsection we
use the results of Subsection 4.2 and 5.2 to give a simple proof of the fact
that the boundary operators above indeed turn the graded module into a
chain complex (that is, 0> = 0). We reduce the proof to the corresponding
statement about rational Morse forms, proved in [12].

We assume here the terminology of Subsection 1.2 of the Introduction.
Moreover, if A is an integral [w]-cone, we denote by Aa the subset of

ZlmiM]y,,, defined by

AA = {A | there exists b € Z™ such that Q(supp A\) € A + b}.

It is not difficult to see that Aa is a subring of Z[m M| e

Now let v be an w-gradient satisfying transversality assumption and € > 0
so small that w, is a Morse family and v is an w.-gradient. Let £ € w, be a
Morse form such that [¢] € H'(M, Q). Then it follows from Lemma 4.3.5
that there is an integral ([{], [w])-cone A, such that for every z,y € S(w)
with indx = ind y + 1 we have

n(Z,g;v) < Aa.

Therefore the homomorphism

0: Cx(w,v) > Cy_1(w,v)

is defined actually over the ring Aa and to verify that 0% = 0 it is sufficient
to verify it over the ring Z[m M],,, and this is done in [12].
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6. EXPONENTIAL ESTIMATES OF THE ABSOLUTE NUMBER OF
TRAJECTORIES

6.1. Bunches of ranging systems. Let f: W — [a,b] be a Morse func-
tion on a cobordism W such that

FHp) =W, fHa) =W, dim W = n.

Let v be an f-gradient, A = {)g,...,A\x} be a set of regular values of f,
such that

MN=a< A\ <...< A1 <AXe=0D

and between any two adjacent values \; and \;1 there is exactly one critical
value of f.

Definition 6.1.1. Assume that for each integer s : 0 < s < n and every
A € A there are given compacts AE\S), Bgs) in f~1(\). We shall say that

{(A&S) ’ B§\S) ) })\GA,O<S<n

is a bunch of ranging systems for (f,v) (abbreviation: BRS for (f,v)) if the
following conditions hold:

1) A =B = .

2 (A(r) - Ag\s), Bg\r) - Bg\s)).

(2) r
(3) Ag\r mB() @ for r+ s < n,
(4) If A\, u € A are adjacent, then for every r, s:

[:AZ](A( N < IntA(T) and (—v)m(Bg\s)) - IntBl(f).

(5) Let A\, n € A be adjacent. Then for every p € S(f) n f=1([\, 1)) we
have:

i) D(p,v) N f~1(\) < Int AP,
i1) D(p, —v) A f~L(n) < Int B 47,
Let {( AP B(S))})\GA’Ogsgn be a BRS for (f,v). The following properties

are either 0bv10us or proved similarly to the corresponding properties of
ranging systems (see Subsection 2.2 and [15, §4]).

i) For every s: 0 < s < n the family {(Ag\s , B (n s=1) )}AEA is a ranging
system for (f,v).

ii) v is an almost good f-gradient.

iii) There is € > 0 such that for every f-gradient w with |w — v| < € the
system {(Ag\s), Bg\s))})\eA,Ogsgn is a BRS for (f,w).
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iv) For every 0 > 0 sufficiently small the following strengthening of (5)
holds:

{D(;(p, v)n N < IntAg\mdp), 6.1)

Ds(p, —v) A f~ () = Int B4,

For p € S(f) we shall denote by A, and p, the adjacent elements of A
such that A\, < f(p) < pp. Choose p > 0 so small that for every p € S(f)
we have:

Ap <Xp+p<f)—p<flp)+p<pp—p
Let § > 0 satisfy (6.1) above and assume further that

((1) If p,q € S(f) and f(p) = f(q) then:

Ds(p,v) n Ds(q,v) 0 f~ (Mg 1)) = 2,

Ds(p,—v) 0 Ds(q,—v) 0 fH (D)) = 2. (6.2)
(2) For every p e S(f) we have

\ Ds(p) < fH(f () = p, f(p) + PD-
Let e > 0 satisfy iii) above. The manifold

Sp = D(p, ) A [~ (1)
is an embedded sphere of dimension n — indp — 1. The normal bundle to
S, in f71(up) is trivial. Chose an embedding

P Sy x Bindp(ove) - f_l(,up)
(where § > 0) which is a diffeomorphism onto its image, and such that
Vs, xfop = id.
For » € (0; 6] the set (S, x BRP(0, 5)) will be denoted by Tub(S),, »)

and for n € B™P(0,0) the embedded sphere (S, x {n}) by S,(n). Assume
that 6 is so small that

A

m C Bs (pv _U)'
Choose 7 > 0 so small that for every z € f~1(u,) the v-trajectory v(z, ;v)
is defined on the interval [—7,0] and its image is in f~1((, — p, pp]). Define
a map
T [—7,0] x S, x BP(0,0) —» W
by
U(t,s,h) =~(¥(s, h), t;v).

Then V¥ is a diffeomorphism onto its image, and the vector field U !(v)
equals (1,0,0).

Let ¢ € B4P(0, %) and let Hi(&), t € [—7,0], be an isotopy of BMI?(0,0)
having the following properties:

(1) %H&@(m) =0 for t € [T, —%7‘] U [—%7‘, 0].
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(2) Hi(é)(x) =z for z € BP(0,0)\ BMP(0,9), and for t € [—7, —27].
(3) Ho(§)(0) = &.
Then 4 H(¢) is a time-dependent vector field on B™P(0,6). Define a
vector field w(¢) on [—7,0] x S, x B™P(0,0) by
Remark 6.1.2. Observe that for every z € S, x B1P(( %) we have

"2
v(z, —T;w(€)) € {—T} x S, x BP(0,9). (6.3)
Choose o € (0,%) so small that for each ¢ € BMP(0,a) there is an

isotopy H(§) such that
[v = V(i) < e (6.4)

We perform this construction for every p € S(f), and obtain a diffeomor-
phism W, a vector §,, and a vector field w,{§,). We assume that 0,, a,, 7
are chosen to be independent of p, and we denote them by 6, a, 7 omitting

p in the notation. The set {{}pes(s) Will be denoted by €. Define a new
vector field u = v(€) setting

() = {U(CIZ) for x e W \ kb)Im\IJp,
L T)(wp(&)) (@) for € Im T,

It follows from the construction that for every E the vector field v<g> is an
f-gradient. Note also that for p € S(f) we have

D(p, —v<§>) M f_l(,up) = Sp(&p)-

The condition (6.4) implies that {(Ag\s), Bg\s))})\eA’Ogssn is a BRS for (f, v(&)).
Therefore v<§> is an almost good f-gradient. It will be called regular per-
turbation of v corresponding to &.

Proposij:ion 6.1.3. 1) Let p,q € S(f) with indp = indq + 1. The set of
(—v{&))-trajectories® joining p with q is in a bijective correspondence
with the set

(D(p,v) N f_l(,uq)) N Sq(&q)-
2) The vector field U<€> is a good f-gradient if for every p,q € S(f) with

ind p = ind g+1 the submanifold D(p,v) f~(pq) of f~(1q) is transver-
sal to Sq(&;)-

% We identify here two trajectories which differ by a parameter change.
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Proof. 1) Let v be a (—uv(&))-trajectory joining p with ¢ and ~(to) inf ™" (tq),
where tg € R. I claim that for t < ty we have

(t) ¢ supp (v — v{)).

Indeed, if the opposite is true, let t; < ty be the first moment when ~ inter-
sect supp (v — v{§)). Then there is s € S(f) such that v(t1) € Tub(Ss, g)
Note that

Tub(S&g) - D5(S, —U)mf_l(lus) - IntB/(J,T:_indS)a

therefore 7(¢1) belongs to the intersection of A,(j?dp ) with Bfﬁ_mds) and

indp > ind s + 1.
Further, f(s) > f(¢) and As > p4. Denote by to the moment when ~
intersects f~1()\s). Then tg > to > t1+7, and it is easy to see that Vit 47,t2)

does not intersect supp (v — v<f>) The property (6.3) implies that
v(t1 + 7) € Ds(s, —v),

and, therefore,
v(t2) € Ds(s,v) N f_l()\s) c IntAE\i?ds),
which implies () € IntA,(j?d *). Hence

Agsds) N Ds(q,—v) + &

and thus

A/(j?ds) A B/(j;—indq) + g,

which implies
inds >indgq and indp >inds+1 > indqg+ 1.

This gives a contradiction.
Therefore |(_y ) is @ (—v)-trajectory. In the same way one can show

that every (—wv)-trajectory joining p with a point of Ds(q, —v) N f~1 (i)
does not intersect supp (v — v{{)). That proves the property 1).
2) Note that v{({) is almost good. Therefore, v{{) is good if and only if

<indp =indq + 1) = (D(p, wW(ENAD(q, —v<g>)>

Let p,q € S(f),indp = ind g + 1. It suffices to prove that the intersection

D(p,v(€>) f7H(1q) is transversal to S,(§,). Let x be a point in the
intersection of these manifolds. In the part 1) we have proved that there is a

(—v)-trajectory, joining p with x and not intersecting supp (v —’U<€>) Then
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a small neighborhood of this trajectory does not intersect supp (v — U<§?>)
and the transversality sought follows from

(D(p,v) N f_l(ﬂq))msq(fq)- O

6.2. Volume estimates. We will use here the terminology of the previous
subsection. Let

(A, B herosoen
be a BRS for (f,v). Assume that § > 0 satisfies (6.2) from Subsection 6.1.
Fix an integer s : 0 < s < n. Let A < u be adjacent elements of A. Denote
by S’ the subset of all critical points of f of index < s and with critical
values in (A, ). The set

D = 1710\ (AP 0 ntBY— 0 (o Balp,—0) o £ (1))

peS’

is a compact subset of the domain of definition of vm. Denote by N,SS)

the norm of the derivative of U[:A;] restricted to D,SS):

Nl(f) = sup
xeDEf)

and by A the maximum of (N,(f))k overall p e A,0 < s<n,and 0 < k < n.
For p € S(f) denote by B, the norm of the derivative of

1
¥, 0

Yp(Spx DMP(0,5))

(where the manifold S, x B™4P(0, §) is endowed with the product Riemann-
ian metric). Denote by B the maximum of B, over all p € S(f).

Lemma 6.2.1. Let \,ue A, A < u, and s be an integer with 0 < s < n.

Let also N be a submanifold of f_l(u)\BLn_s_l), such that N\ALS) is
compact. Denote by k the number of elements of A belonging to [\, u|. Then

N'= Um(N) is a submanifold of f~1(\) \B/(\”—S—l)7 such that N’\Ag\s) s

compact, and
1) vol(N'\ AS)) < AF=1 . vol(N\ AY);
2) if pe S(f) with indp = s and pp = A, then

vol(¥, ' (N  Tub(S), §)) < BA*1vol(N\ A).
Proof. For the proof of 1) note that it suffices to consider the case k = 2.
For this case we have obviously N’\Ag\s') c V(N n D,(f)). Statement 2)

follows from 1) since Tub(S,, §) = Bs(p, —v) does not intersect AE\S). O
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6.3. Bunches of equivariant ranging systems. We will use here the
terminology of §1.3.1 of Introduction. Assume that the homotopy class of
f is indivisible, so that F'(xt) = F(x) — 1.
Definition 6.3.1. Let X be the set of regular values of F' such that

(X1) 0 e ¥ = o+ neX for every n € Z.

(X2) If 01,09 € X are adjacent, there is exactly one critical value of F' in
(017 0-2)'
(33) For every A, B € R the set ¥ n [A, B] is finite.

Assume that for every integer s : 0 < s < n and every o € X there are

given compacts A((,S), B((,S) in F'~!(0). We shall say that

{(A((TS)7 Bgs))}062,0<s<n
is a bunch of t-equivariant ranging systems (abbreviation: BERS for (F),v))
if:
(1) For every u,v € ¥, u < v the system {(A((f),Bés))}gez,ugggy is a
BRS for (FlFfl([u,u]),v);

(2) AW = AP .4 and B(S)n = B .7 for every n € Z.

o—n o—
Up to the end of this subsection we assume that (F,v) has a BERS
{(A((TS)7 BC(TS))}GEZ,O<S<71-
Choose any o € ¥ and denote by W the cobordism F'~!([o, 0 +1]) and by
A the set Xn[o, 0+1]. We apply the constructions of Subsections 6.1 and 6.2
to W and then extend the results to the whole of M in the t-invariant way,
thus obtaining the sets Tub(Sy, ») = F~1(u,) for every ¢ € S(F). Let
p,q € S(F). Assume that F(p) > F(q) and indp = indg + 1. Denote by
N, 4 the submanifold of dimension ind g of S, x B®49(0, g), defined by
Ny, = gbq_l ((D(p, v) N F_l(,uq)) N (Tub(Sq, g)))

The next lemma follows from Lemma 6.2.1.

Lemma 6.3.2. There are constants C, D > 0 such that for every p,q €
S(F) with indp =indq+ 1 and F(p) > F(q) we have:

vol(N,,) < C - plEF@—-F(@)]
The next lemma is a direct consequence of Sard Theorem.
Lemma 6.3.3. Let g€ S(F). Then there is a residual subset
Q < BM9(0, )
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such that for every £ € Q and every p € S(F) with indp = indqg + 1 we
have: D(p,v)hSq(§). O

The next proposition follows from (5.2) by arguments due to V. I. Arnold
(see [1, p. 81]).

Proposition 6.3.4. Let e S(F). Then there is a subset Q < B™19(0, o)
of full measure such that for every & € (Q we have:

o For every p € S(F) with indp = indq + 1 there are constants
K, R > 0, such that for every integer I = 0 we have:

lj(Npt_l,q a (Sq X {f})) < K- Rl'

Corollary 6.3.5. Let v > 0. Then there exists a good f-gradient u with
|lu —v|| < v and constants K,L > 0 such that for every p,q € S(f) with
indp = ind ¢ + 1 we have Ny(p,q;v) < L - K'.

Proof. The construction of regular perturbation, described in §6.1, applied
to v|w, gives for every £= {&ptpesrynws &p € BP0, o), an F|y-gradient
v(€). Since supp (v — v(&Y) does not intersect W, we can extend v(£) -
invariantly to M and obtain a t-invariant F-gradient, which will be denoted
by the same symbol v<§> Note that since

{(Az(TS) 3 B((,—S) ) }UEE,0<s<n

is a BERS for (F, v(E}), the vector field v<€> is an almost good F-gradient.

If all £, € B™19(0, ) are sufficiently small, we will have |u — W& < v.
Lemma 6.3.3 and Proposition 6.3.4 imply that we can choose the compo-
nents £, of { in such a way that

(1) For every pe S(F),indp = ind g + 1 we have:

D(p,v) n F_l(,uq)rhSq(ﬁq).

(2) There are K, R > 0 such that for every p € S(F') with indp =indg+1
we have:
4(D(pt~,v) N 5q(&q)) < K- R'.

Apply Proposition 6.1.3 and deduce that u = v<g> satisfy the conclusions
of the Corollary. ]

6.4. Proof of Theorem D. We can assume that S(f) # 0 and that the
homotopy class of f is indivisible. In view of Corollary 6.3.5 it is sufficient
to prove that the set of f-gradients, having a BERS, is C%-dense in G(f). To
prove that, let v be any f-gradient and ¢ > 0. Choose any regular value A of
F and denote by W the cobordism F~1([\, A\4+1]). Choose any set of regular
values of F', satisfying (31)-(23) of Definition 6.3.1. Theorem 2.6.5 implies
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that there is an almost good F'|yy-gradient u and a ranging pair (Vy, V1) for
(F|lw,u) such that ||[v —u| < e and v = u near dW. We can also assume
that Vot = Vi. Then the procedure, described in [15, Construction 4.13],
page 1000 defines a bunch of ranging systems for (F'|y,u). Extend u to a
t-invariant F-gradient. The BRS constructed is easily extended to a BERS
for (F,u). O

We mention here an obvious corollary of Theorem D which will be of use
in the proof of Theorem E. For a good f-gradient v,c € R and z,y € S(f)
with indz = indy + 1 we denote by N> (x,y;v) the sum >, Ng(z,y;v).

—k>=c

Corollary 6.4.1. Let v € Go(f). Then there are constants R,Q > 0 such
that for every critical points x,y € S(f) with indx = indy + 1 and every
¢ € R we have: Ns.(z,y;v) < R- Q™. O

6.5. Proof of the Theorem E. By Lemma 4.2.4 find ¢ > 0 and 6 > 0 such
that w, is a Morse family, v is an we-gradient and every w-gradient u with
lu — v| < §is an Q.-gradient. Choose some & € €, with [¢] € HY(M, Q) and
choose (by Theorem D) a good &-gradient w, satisfying the condition (2)
of Theorem D and such that |u —v| < §. Then u is an we-gradient. By
Lemma 4.3.5 for every z,y € S(w) there is an integral ([{], [w])-cone A and
be Z™ such that
QU(Z,9;u)) = A+b.
Lemma 5.1.1 implies that there are A, B such that for every A € R we have
I(z,g5u) 0 {w} " (A 0) < (&, g3u) 0 {€} 7 ([AN + B, 0)),

and this together with Corollary 6.4.1 implies the conclusion. ]
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