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Connection problems for the generalized
hypergeometric Appell polynomials

Nataliia Luno

Abstract. Using a straightforward approach, we derived the solution of
the inverse problem for the generalized hypergeometric Appell polynomi-
als. Also, we established the recurrence formulas for the solutions of the
connection problem between them and the Bernoulli polynomials, as well
as between them and the Gould-Hopper polynomials and between two dif-
ferent generalized hypergeometric Appell polynomial families. In addition,
we present one new recurrence identity for the generalized hypergeometric
Appell polynomials.

Amwnorarisi. B crarTti BUKOpHCTaHO 3araJbHUIA TAXiT 70 PO3B’SI3yBaHHS 3a-
Jlad 3B’S3HOCTI [ij1sh MHOTOWIeHIB Anesist, aKkuii 6a3yeTbCsd Ha TOMY, 110 BiJl-
HOIIIEHHS TpaHcdepHUX PYHKIILIHA, sIKi ITPeICTaBIIIOTH cOO0I0 (hoOpMAaJIbHI cTe-
MEeHeBl Psiu, JaHUX JIBOX CIMEHCTB MHOTOUIEHIB ATIesist € BiJIOMUM PsiTOM.
BukopucroByioun pexypenTHi hOpMyIn A1 3HAXOZKEHHsT KOeDIIIEHTIB psi-
1y, SKAN € BiJIHOIIEHHSM NBOX JAHUX (DOPMAJILHUX CTEIEHEBUX DsJIiB, MU
OTPUMAJIN PO3B 130K OGEpHEHOI 3a7adi JjIsl y3araJbHEHUX TilepreoMeTpu-
YHUX MHOTOWIEHIB Ammesisi. B 3arajbHOMy BUNIAJIKY PO3B’ 30K BU3HAYAETHCS
pekypeHTHIMU DOPMYJIAMH, ajle ¥ JeSKIX YaCTKOBUX BHUIIAIKAX, KOJIH IIOPO-
JeKyroda (DYHKIS Mae IMPOCTUl BUIVISM, PO3B’d30K oOepHEHOI 3a/a4i Bupa-
KAEThC y 3aMKHYyTiit dhopmi, 30kpema, aas muOorowienis Loynga-Xommepa,
abo JJIsl y3araJibHeHUX TillepreoMeTPUYHUX MHOTOUYJICHIB ATIiesist, HOPOIKY-
104a YHKIA g9KuX criBnaae i3 dyuknieio Beccens neproro pomy.
Kopucryouncs nuM Ke METOIOM 1 BiTOMUM MIPE/ICTABICHHIM y3araJjib-
HEHUX rillepreoMeTpuYHuX MHOro4wieHiB Anmesns y dbopwmi 3BudaitHoro m-
depenriaapHOro oneparopa, MU 3HAWIUIM PEKypPeHTHI (opMysu po3B 3Ky
3a/1a49i 3B’A3HOCTI MiXK y3araJbHEHUMHU TilE€PTeOMETPUYHUME MHOTOUICHA~
Mu Armmesst Ta MHOrowieHaMu BepHysuti, MiXK y3arajbHEHUMH TillepreomMe-
TPUIHAME MHOTOWIeHaMU Ammesist — MHOTOWweHaMu [oya-Xommepa Ta MiK
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2 Nataliia Luno

JIBOMa DIZHUMH CiMeficTBAME y3araJibHEHUX TillepreOMeTPUYHAX MHOTOYUJIe-
HiB Anmesst. BukopucToByoun CX0xKuit mMiIxig, MA OTPUMAJIA HOBE PEKYPEH-
THE PIBHIHHSA JJisl y3araJbHEHUX TiIepreOMeTpUIHUX MHOTOUWICHIB Atmesd,
KOedIIi€HTH SKOr0 BUSHAYAIOTHCHA PEKYPEHTHO, 1| BCTAHOBU/IN 3aMKHYTY (DOp-
MY JIEKIJIBKOX MEPIIUX 3 HUX. JaCTKOBUMU BUIIAIKAMK OTPUMAHOTO PIBHAHHSA
€, 30KpeMa, BiTOMI PeKypeHTHi piBHaAHHS i MHOTOWIeHIB [ oynma-Xomnmepa
i muist MmuorowieHis Epwmira.

Kpim Toro, po3s’si30k 3a1a49i 3B’SI3HOCTI /T IBOX PI3HUX CIMEHCTB y3arajib-
HEHMX TiIePreOMeTPUIHUX MHOTOWIEHIB ATiesis OTpuMano B iHmiil dopmi —
3 BUKODHUCTAHHSIM 3HA4YeHb [IUX MHOTOYJIEHIB B HYJI.

1. INTRODUCTION

Given two polynomial sequences {P,(z)}n>0 and {Q,(x)}n>0 such that
deg P, () = deg Qn(z) = n, the connection problem between them is given
by the expression

o

Po(z) = ) ci(n)Qi(),
1=0
where the unknown coefficients ¢;(n) are need to be found. In the case,

when P,(x) = z™, the connection problem is called the inverse problem

n
" = Z ci(n)Qi(x).
i=0

Considering the classical polynomials involving the Laguerre, the Her-
mite, the ultraspherical, the Chebyshev of both kinds and other polyno-
mials, the connection problem arose firstly as one of the steps leading to
establishing of the polynomial sequences orthogonality. While the solu-
tions of the inverse problem for the majority of the classical orthogonal
polynomial sequences are known (one can be referred for examples to the
fundamental manuscripts on the subject [1, 16, 14, 11]), the solution of
the connection problems were found only for several polynomial sequences,
such as the Hermite, the Laguerre and the Legendre ones [16].

Recently, applying different methods and techniques, researchers pre-
sented a large variety of the connection problems solutions for the orthogo-
nal polynomial sequences. In [12], based on integral calculus, the Bernoulli-
Laguerre and Euler-Laguerre connection problems solutions were obtained.
Some authors derive the explicit solutions combining the hypergeometric
representation and the inversion formulas, as it was made for the Hermite
and other polynomials in [13, 8], when the others single out the connecting
coefficients by virtue of algorithms based on the known recursive relations
(see [9]), consequently, the obtained results frequently do not have the ex-
plicit form (see Meixner-Meixner connection problem in [17]).
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Besides, usage of the computer algebra systems allows to derive the so-
lutions which are rather cumbersome ones and are often expressed via the
partial cases of the generalized hypergeometric function, to illustrate it we
give here the Charlier-Meixner connection problem solution ([13]):

‘ v (n (n+a+8+1)"
Qn (:C,oz,ﬁ,n) - Z <k‘> (1 _N)(k) (6+1)(k) %

k=0

k
1% k+'y,k—n,k+n+a+5+1 H (v,1)
x(,u—l) 3F2[ k+B+1,k+1—-N u—1|mn (@),

where @, (z; a, f,n) and mgﬁ’“ ) () are the Charlier and the Meixner poly-

nomials, respectively, and the generalized hypergeometric function ,Fy is
defined as follows

a1,a2,...,0p

rFq [bl,bg,...,bq

- i al(i)ag(i) ces ap(i) Zi
T A 0,0 @

i=0
where aq,as,...,ap, b1,b2,...,b, are complex parameters and none of b;
is equal to a non-positive integer or zero, 2™ denotes the Pochhammer
symbol (or rising factorial) defined by z(") = z(z +1)(z +2)--- (x +n —1)
for n >1 and z(® = 1.

Apart from the classical polynomial families, there exists a wide class of
Appell polynomials P, (x) introduced in [3] which are characterized by the
recurrence equation

P! (z) = nP,_1(x). (1.1)

The generating function G(x,t) of an arbitrary Appell polynomials P, (x)

satisfy the following condition

0
tn
Gla,t) = explet) A(H) = 3 Palw) -,
n!
n=0
where A(t) is a formal power series in the form
t t t
A(t):a0+alﬁ+a25+"'+anm+”'7 a0750a

where a; e R for all t =0,1,...

Appell polynomials include the monomials, the Euler, the Bernoulli, the
Hermite, the Generalized Bernoulli, the Hypergeometric Bernoulli polyno-
mials and others. The Appell polynomials are widely used in various fields
of mathematics, in particular in the group representation theory, for exam-
ple, see [4]. Some solutions of the connection problems between the single
representatives of those class are known, for instance, the explicit form of
the Bernoulli-Gould-Hopper connection problem ([18]).
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(k)(

In [5], the new Appell polynomial family A;,” (m,z) was presented. The

(k)

generalized hypergeometric Appell polynomials Ay’ (m,x) are expressed in
the terms of the generalized hypergeometric function as follows

(k) — e, A(k,—n),al,...,ap E
A (m ) =2 - iy biy.oooby | 2F )
where 1 -
n n — n —
A(k7_n)——g7—T7-..7_T'

In the case when A(k,—n) is the empty set, k = m, and m = (—1)*hk*
the generalized hypergeometric Appell polynomials turns into the Gould-
Hopper polynomials g (z, h) ([10]).

The aim of this paper is to find the solution of the inverse problem for
the generalized hypergeometric Appell polynomials as well as to solve the
connection problems between them and the Bernoulli polynomials, between
two different families of the generalized hypergeometric Appell polynomials,
and, finally, between the generalized hypergeometric Appell polynomials
and the Gould-Hopper polynomials in order to show both families do differ
each other.

We use the general method proposed in [6]. The fact is that the so-
lution of the connection problem for two given Appell polynomial families
{Pn(2)}n=0 and {@Qn(7) }n=0 with generating functions G (x,t) and Ga(z, 1),
respectively,

0 tn

Gi(x,t) = exp(zt)As (¢ Z

’I’L

0
Ga(x,t) = exp(xt) Aa(t) :ZQ” —

where by the transfer functions of P, (z) and Qn(x) we mean the parts
A1 (t) and Aa(t) of generating functions Gi(x,t) and Ga(z,t), respectively,
has the following form

5 n! Ayt) &
Qn(z) = i:ZO %an_iﬂ(x), where A2 = Z_: ot (1.2)
In what follow, we denote for brevity
(a)p,i = a;Way® ... ap(i), (b)q,z’ = bW, .. -bq(i).
Then the generalized hypergeometric function is written in the following
manner 4
4:imma
= (b) i !

F a1, a2,...,0p
by, ba, ..., by
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2. MAIN RESULTS ON THE GENERALIZED HYPERGEOMETRIC APPELL
POLYNOMIALS

Let us start from the one property of the generalized hypergeometric
function.

Lemma 2.1. An ezponential formal series A(t) = Z = — s invertible

= (0) g 1!

if and only if Z;’—’g # 0, and its inverse 1 JA(t) can be computed as follows

e
N Cntna
A(t) n=0

and the coefficients ¢, satisfy the recursive relation
n
(@)p,i Cn—i
Cn = — — .
" ; (b)gi !

Q0
Proof. We are looking for the power series »_ ¢,t" such that

a
where ¢y = b”—’g
q,

n=0
A(t) - (i cnt") —1
n=0

Expanding the latter equality

(1 L @prt (Wt (@)t >><

B 1 (0),22" " (0),53!

X (Co+01t+62t2+63t3+-~-) =1,

and equating the equal powers of ¢ on the both sides, we obtain the system
of linear equations

0 co=1,

tt 1+ ((Z;:’i cp =0,

Pt e G O

et e G+ =0

e
" cn—I—Z p" — =0,
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and so on, whence ¢; is defined in a recursive way

60:1,

(0 20),5
o (@)p)’ L (@pa(@)pe  1(a)ps
S T (091 0ei)gz 6 (D)gs’

O

Now we can obtain the solution of the inversion problems to the gener-
alized hypergeometric Appell polynomials as well as their explicit form.

Theorem 2.2. (i) The generalized hypergeometric Appell polynomials
has the representation

[%] ki i
(k) (=™ (a)pim n—ki
AV (m,x) =nl Z T = R AR (0] .

(ii) The solution of the inverse problem of the generalized hypergeometric
Appell polynomials has the form

%
Z n_kl ki(m?x)7

where cg = 1, and

’L
z e
lk;kj I

Proof. For the proof of (i) see [4].
(ii) Vice versa, the ratio of the transfer functions of the monomials the

generalized hypergeometric Appell polynomials A%k) (m, x) has the form

Ao(t) 1 1 B
Aty Al(t) ai,...,ap itk
F [bl,...,bq (=1) kk}




Problems for the GHAP 7

1
& api —1kimi tki.
Z(),( )
lzo()q

Dgi Kl

Thus, we are searching for the reciprocal of the generalized hypergeomet-

w .
ric Appell polynomials Aq(lk) (m,x) in the form of the series ] ¢;t* with

=0
unknown coefficients ¢; such that
1 Lk
= ct™
ORI

The application of lemma 2.1 allows us to derive those coefficients as follows

RN
o= — Z (a)pj (=1)™m’ c;_;
T L)y K g

Cy = 1,
Jj=1

where the first of them are

3
= _((a)p,1)3 4 (@)p1(a)p2 _ l(a)pﬁ m
(0)g1)®  (0)g1(b)g2 6 (b)g3 ) \ (=k)F )~
and, with the formula (1.2) of the connection problem, we obtain (ii). [

In the case when the transfer power series are expressed by the confluent
generalized hypergeometric function, the solution of the inverse problem
of the generalized hypergeometric Appell polynomials is simplified signifi-
cantly.

Example 2.3. In the case of the Gould-Hopper polynomials g (z, h), their
transfer function Ay, (t) simplified to the exponential one

Agn(t) = oFb [:‘ htm] = exp (ht™) =

2L
2l

1
37_‘_“.7

+ (ht™) 3l

1
=1+ ht" 5 + (ht™)
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with the simple reciprocal series

1 1 51 51

—_— _1: —_— m = —_ mi m m _— e
WD) Agn(t) exp (—ht™) = 1—ht"™ =+ (ht™) 51 (ht™)" =+,

1! 3!

here from, using the connection formula, we immediately obtain the solution
of the inverse problem of the Gould-Hopper polynomials

(] k
o n! (—h)
" = T T Inkm (T 1)
I (n — km)! In—kmi® 1)
= kL (n—km)!
which coincides with results [10].

Example 2.4. The partial case of the confluent generalized hypergeomet-
ric function is expressed via Bessel function as follows

z] — o (2v73) .

its reciprocal series is known (see [7])

o1 [:

1 & z™m
Jo(2vz) mzjo )

coefficients wy, of which form the sequence number A000275 at the on-line
encyclopedia of integer sequences OEIS ([2]).
Thus, having the transfer function

with the reciprocal one

1 i th < m >Z

T = QWi % |

Aps(t) S @2\ (—k)F
we obtain the explicit formula of the inverse problem solution

= N n—ki\""> &
& =k @) \ (-k)*
A(k,—n)| m
ﬁ .

1
Considering the Bernoulli polynomials B,,(x) which possess the following
transfer function

for the polynomials AP (m,z) = 2™ Fy [

t

Apr(t) = exp(t) —1
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and applying the same method, we can construct the solution of the con-
nection problem for the Bernoulli polynomial families and the generalized
hypergeometric Appell ones.

Theorem 2.5. The solution of the connection problem between the gen-
eralized hypergeometric Appell polynomials and the Bernoulli ones has the
form

o (b, )
) “(m’@_;ou j;)j!k:kj(n—i—kj+l)!(b)q,j i(@),

) o (WS i), (*)
() Bulr) = 2050 | 2 ikt = i = k)i, otk | A ).

i=0 3=0 4.

Proof. (i) Expressing the ratio of the corresponding transfer functions, we

have
© ki, i ki
(@)pi (=1)"m" ¢
e — t)—1
At @) Oy W ) PO
Abr(t) a t
w .
We are searching for the series Y] ¢;t* such that
i=0
© ki, i ki ©
(@)pi (=1)"'m" ¢ j
’ kT (exp(t) — 1) =1 Citz .
After simplification we get
S @ GO (1) =Y g (D)@
=(b)gq KRl Fr) jzoj!kkﬂ(r—k‘j—i- DI, | 7

which with the use of (1.2) immediately gives the (i) result.
(ii) Vice versa, from

Q0
Ap(t) t ~ N a

A (& @ (1) a
| (ZE) ((biq,}( k)k Zv) (exp(t) —1) 7

we deduce that

— - (a)p,i (—1)k2 mi ﬁ o - _ © y
- <Zg (b)gi KRl >( p(t) —1) iZodlt,
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or

(]

i (~1)" (a), r Z
i1 Kk (n—(r—k] lplj) L(D)q, ) Zdt

r=0 j:O‘7

wherefrom s
: m! (=1)" (a),

dj = PJ Bn r—kj

1= 2 TR (= — k)1 (b)q.s &

ji
where B, denote the Bernoulli number, and applying the formula (1.2) for
the connection problem ends the proof. O

Now we are going to establish the connection between the generalized
hypergeometric Appell polynomials and the Gould-Hopper polynomials and
the connection between the two different generalized hypergeometric Appell
polynomial families.

Expressing the ratio of the transfer functions the generalized hypergeo-
metric Appell polynomials and the Gould-Hopper polynomials, we have

o (a)p,z‘ mt tiz
Aty 5 B)gi (—k) !
Agh(t) - exp(mtk)

0 .
We are searching for the series )] fit* such that
=0
o i gk
a)p i m' k i
= ———— — = exp(mt") fit
;0 (0)qi (k)™ it Z ’

Equating the equal powers of ¢, we obtain the system of linear equations

—

fo=1, fi==fk-1=0,
fitmfo = e fevr == fau1 =0,
Jor + T1fr + %Qfo = ((fgﬁ)Q({ng:%, Jokt1="+= f3p-1 =0,
J3k + Trfor + 5 fk-l-m*3 0=

= <(7n]z)k>3((2))23%7 fak41 =" = fag—1 =0,
Jri + 11 fr(i—1 + T'ifo =

= < n k) ((Z;W%, Jrivr == [rar)-1 =0,
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wherefrom

m i(a) il it
fO =1, fkl = <(_k)k> (b);z E o Z m Cr(i—j—1)

J=0

and applying the formula (1.2) of the connection problem we obtain the
solution of the generalized hypergeometric Appell - the Gould-Hopper con-
nection problem.

Proceeding the same scheme with the inverse transfer functions ratio, we
obtain the solution of the Gould-Hopper - the generalized hypergeometric
Appell connection problem.

Besides, given two different generalized hypergeometric Appell polyno-
mial families, A (m,x) and A%kl)(ml, x) with transfer functions A;(¢) and
As(t), respectively,

mtk

o Aaf,...,0¢
(—k)k]’ A3(t)—er[ﬁ1’___7ﬂp

we obtain the solution of the connection problem of two different generalized
hypergeometric Appell polynomial families as follows

mltkl
(—kp)kr]”

A1y .-, @
Al(t):qu [bi bj

n

|
Agzk)(ma .’E) = Z nir)/’t Ank—lg(mlax)a
= (n—i)!

where 9 = 1 and coefficients ~; satisfy the recurrence equations

mi V(a1 m \F(apr 1
] Tn—k1j ((_kl)’ﬂ) (/B)q,j 4! - ((_k)k> (b)q% (%)!7
3 if n # 0 mod k&,

ﬁ
ko

s

fla

3 |3

.
Il

ﬁ
E

Zs

fl

J
m N () 1
Yk 7 = — =0, if n=0mod k or n < k.
Y (( kl) (B)g,j 3!

0

J
Thus, we proved the following statement.

Theorem 2.6. The solution of the connection problem between the gener-
alized hypergeometric Appell polynomials and the Gould-Hopper ones has
the form
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[#]
(i) A®) (m,z) = Z = n! )l fri(z )gn kz(x m), where coefficients fi;
=0

satisfy the recurrence equation

_ o m Y (@) ] G omit!
fo=1, Jri = <(——k)k> UUZJ ﬂ__;g%(j—kl)!j%@_j_ly

] |
(ii) gl(c’;)(x,m) = Zﬁlkl(aﬁ) Aflk_)ki(m,m), where coefficients ly;

i=0 )

satisfy the recurrence equations

i i1 j+1

m m N (@1

lo =1, i = — — : ) l(i—j—1)-

" vl §(<—k>k> (B)ggrr " G+ D!

(iii) The solution of the connection problem between two different gener-
alized hypergeometric Appell polynomial families

n A(k,—n), a1,...,ap| m
Aglk)(m’l')zx p+qu|: ( ) b17,b5 .Iz'k:|7
. Ak, —n), aq,...,00| M
Agkl)(mlax) =X T+k1Fp|: ( ! n) (;1 gp xk1:|

has the form

n

|
A?Sk)(m7$)22( & )|’71A( 1)(m1> )7
=0

where v9 = 1 and coefficients v; satisfy the following recurrence equa-

tions
[%] ks < mi )j (@)p,; 1 _ m g (a)p,% 1
= n—~kij (—k]l)kl (6)(1,]’ ]‘ (—]{I)k (b)q,% (%)'7
if n # 0 mod k,
2] ;
m (@)p; 1 .
& <<—kf>k1> By 31~ » Hm=Omedkorn<h

In addition, using similar considerations, we obtain new identity.
Theorem 2.7. Each generalized hypergeometric Appell polynomial A%k)(
satisfies the following (k[%]+2) -terms recurrent equation

Agf) (m,zx) — an_lefhl(m, x) — an,kAZ_k(m, x)—

m, )
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- an_gkAfl_zk(m,:n) — = an—[%]kAﬁ—[Z

]k(ma l’) =0,
where ay,—1 is defined via the system of recurrent equations
Ap—1 = 1,
Qp_k = /ank:,n —Op_1 /anlfk:,nfla
Qp_2k = ﬁn—Zk,n — Qp—1 6n—1—2k,n—1 - O‘n—kﬁn—Qk,n—k‘a
Qn—3k = /anBk,n — Qp—1 /8n7173k,n71_
— On—k ﬁn—fﬂk,n—k — Op 2k /Bn—Bk,n—Wm

(i) = Fnefglion ~ Ot Pt fplnt T Onk P fplini™
IR (L A S (AR VAL (R
and

-1 kr 7 ,
b = O ),

Proof. Put 5, n = % n(n—1)---(n—kr+1). Then, accor-
p,rt

ding to the differential operator formula (see [5]), an arbitrary generalized
hypergeometric Appell polynomials AP (m,x) could be written in our no-
tations as follows

[%] k
k (_1) rmr(a) T kr n
A1 (m, @) = ZO kkr(b)qmp b e

E kr m”
= Zk: (a)prn(n—1)~~-(n—kr+1)xn_kr:
k"”" (b)g,rr!

—

n
k
- Z n— krnl'

Substituting the corresponding expressions for A,(lk) (m,z), A

—_—

(k)

n—l(m7 (L‘),

and A;k_) (M, z) into the theorem statement formula and equating the equal
powers of x, we obtain the following system

z': 1— Ap—-1 = O,
—k . _
" : /Bn—k,n — Op—1 ﬁn—l—k,n—l —ap_k =0,
x : Bn—?k,n — Qp—1 Bn—1—2k,n—1 — Op—k ﬁn—2k,n—k — a9 =0,

T : /Bn73k,n —Qp—1 /anlfSk,nfl — Qn—k /Bn73k,nfk_
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— Op 2k 5n—3k,n—2k — a3, =0,

P = 0t B (g

— On—k 57),7[%]’6,717}6 — On—2k /an[%]k,ank -
= ([)=1)k P [lkan=([#] -0k ~ n=[z]s
From the first equation, we have «a,_1 = 1. Substituting adherently the
previous expression for ¢; of into the next equation, we obtain some first
coefficients

Oy = (—=1)* m(a)p1k(n—1)--(n—k+1) B

Kk (b)q,l
B (—=1)*m(a)prk(n —1)(n—2)---(n—k+1) _
Kk (b)q,l
(—1)’1‘C Em(a)pi(n—1)---(n—k+1)
B Kk (b)q,l 7
(=1D)*m*(a)p22k(n— 1)+ (n — 2k +1)
Qp—2k = k2 (D) q,22! B
(=D*m2((a)p1)*k(n—1)---(n =2k +1) _
B k2 ((0)q.1)2 111! -
_ CD)PFPmPR(n—1) - (n -2k +1) <(a)p,2 B ((a)p,1)2>
K2k (b)g2  ((0)g1)? )"
B (=1)**m? (a)p33k(n—1)---(n — 3k + 1)
Un—3k = k?’k(b)q733! -
_ (=1 m?k (@)p1(a@)p2(n—1)---(n—3k+1) _
k3% ()g,1 (b)g,2 2!
()Pl k(a)pi(n—1)---(n -3k +1) ((a)p,z B ((a)p,1)2> _
3k (b)q,l 1 (b)qﬂ ((b)q,1)2
C(=D)¥*mik(n—1)---(n—3k+1)
- L3k X

y <3(a)p,3 _ 3(@pala)pe ((a)p,l)S)
(b>q,33! 2<b)q71 (b)q,Q ((b)q,l)?’ ’

and so on. O

In the case of the Gould-Hopper polynomials k := m, m := (—1)khkk,
and all of the (a)p; and (b)q, are absent. Therefore the powers of x less
than x — m are canceled and the recurrence equation is simplified.
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Corollary 2.8. Fach Gould-Hopper polynomial g, (x,h) satisfies the fol-
lowing three-term recurrent equation

gn (@, h) —xgy' (2, h) —mh(n—1) - (n —m+1)gp* (2, h) = 0.
From the latter recurrence together with (1.1), which, in turn, implies
D*Py(z) =n(n—1)---(n — k+1)Py (),

it follows that each Gould-Hopper polynomial g/""(x,h) satisfies the m-th
order differential equation (see also [15])

ng (@, h) — (g (x, 1)) — him (g7 (x, 1)) "™ = 0.

Example 2.9. When m = 2 and hm™ = —2 that Gould-Hopper poly-
nomials become the Hermite polynomials H,(z) with mh = —1, and the
latter recurrence turns into well-known one for the Hermite polynomials

([16]):
Hy(x) —xHp—1(x) + (n — 1)Hy—2(x) = 0.

3. ANOTHER RECURRENT FORM OF THE CONNECTION PROBLEM
SOLUTION FOR TWO DIFFERENT GENERALIZED HYPERGEOMETRIC
APPELL POLYNOMIAL FAMILIES

Also, we admit that applying the same method of the equating of the
powers of ¢ we can specify the unknown coefficients oy, in formula (1.2) in
another way.

Lemma 3.1. Given two arbitrary power series A(t) and B(t) such that

o0 e}
Alt) = Z ant™, B(t) = Z but™,
n=0 n=0
where ag = by = 1, the coefficients of their ratio
A(t) i k
22N gt
BO) =
are expressed by the following recurrent formula
i—1

C; = a; — Z bz;jCj, with co = 1.
§=0
Going back to the hypergeometric function we consider the transfer func-
tion Aj(t) which is written in the form A;(t) = %0 ant™, of the generalized
n=
hypergeometric Appell polynomial A%k) (m,x). The values A, of the cor-
responding generalized hypergeometric Appell polynomials Aq(zk) (m,z) for
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x = 0 and the coefficients a,, of its transfer function series A;(¢) are related
by the simple formula

A, =a,n!.

Applying Lemma 3.1, we obtain the recursive expressions for both the
inverse problem and the explicit form of the generalized hypergeometric

Appell polynomial Aq(f) (m,x) via the values of A,,.

Theorem 3.2. The following identities hold

n!
i) AW (m,z) = Cli ki,
0 Ama) =, o e
B (
(ii) 2" = ) cri A, g (m, x)
=0
i—1 Ak( i
where cp; = — ———~— ¢, with co = 1. In particular,
PN A
co =1, ek = —agk + 2as,ax — aj,
Ck = —af;, Cak = —aak + a3y + 2azpa, — 3askai + ag,
Cor = —asgk + aj,

For two different generalized hypergeometric functions A(t) and B(t) we
obtain the following basic result.

Theorem 3.3. Let ki, ks € N be such that ky > ko and (k1,ke) = 1. Then
for two different generalized hypergeometric functions A(t) and B(t) such
that

al,...,a mqth
Alt) =k b177b5 (_1) kkl ] Z alﬁntkln ap = 1,
_ala sy O mZth kzn
B =Fy Biy.oos By (=™ ke Z Drgn t bo =1,

the coefficients of their ratio

Alt) < i
B(t)_iZOCZt
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are defined by the recurrence
i—1
co = 1, C; = a; — Z kaj Ci—koj-
=0

Thus, applying this theorem for two different generalized hypergeometric
Appell polynomial families, we obtain the following statement.

Corollary 3.4. Given two different generalized hypergeometric Appell poly-
nomial families A%kl)(ml,x) and B,(L’Q)(mQ,x) with the transfer functions
A(t) and B(t), respectively, which is defined by the conditions of the Theo-
rem 3.3, the solution of their connection problem has the form
n
Ay 2) = 3 1 eny B (s, ), (31)
i

where connective coefficients ¢; are defined by Theorem 3.3, with a, = ‘2—?,
bn,

= %, and An, B, being the values of the corresponding polynomials
A%kl)(ml, x) and Bﬁkz)(mg,x) at x = 0.

Example 3.5. In the case when k; = 3 and ky = 2 the first eight connec-
tion coeflicients are given by the following formulas:

co =1, cs = —baas,
c1 =0, c6 = ag — bg + 2byby — b3,
cp = —by, cr = ag(by + b3),
c3 = as, cg = —aghy — bg + 2bgby — 3byb% + b + b2,
cqg = —by + 62,
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