
Proceedings of the
International Geometry Center
Vol. 13, no. 1 (2020) pp. 49–60

On functional moduli of surface flows
V. Kruglov, O. Pochinka, G. Talanova

Abstract. Currently, a complete topological classification has been ob-
tained with respect to the topological equivalence of Morse-Smale flows,
[9, 7], as well as their generalizations of Ω-stable flows on closed surfaces,
[4]. Some results on topological conjugacy classification for such systems
are also known. In particular, the coincidence of the classes of topological
equivalence and conjugacy of gradient-like flows (Morse-Smale flows without
periodic orbits) was established in [3]. In the classical paper [8], it was proved
that in the presence of connections (coincidence of saddle separatrices), the
topological equivalence class of a Ω-stable flow splits into a continuum of
topological conjugacy classes (has moduli). Obviously, each periodic orbit
also generates at least one modulus associated with the period of that orbit.
In the present work, it was established that the presence of a cell in a flow
bounded by two limit cycles leads to the existence of an infinitely many sta-
bility moduli. In addition, a criterion for the topological conjugation of flows
on such cells was found.

Анотація. На сьогоднішній день отримана повна класифікація кла-
сів топологічної еквівалентності потоків Морса-Смейла, [9, 7], а також
їх узагальнень – Ω-стійкіх потоків на замкнутих поверхнях, [4]. Відо-
мі деякі результати з класифікації таких систем відносно топологічної
спряженості. Зокрема, в роботі [3] встановлено збіг класів топологічної
еквівалентності та спряженості для градієнтно-подібних потоків (потоків
Морса-Смейла без періодичних орбіт). У класичній праці [8] доведено,
що за наявності зв’язки (збігу сідлових сепаратріси), клас топологічної
еквівалентності Ω-стійкого потоку розпадається на континуум класів то-
пологічної спряженості (має модулі). Очевидно, що кожна періодична
орбіта також породжує як мінімум один модуль, пов’язаний з періодом
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орбіти. У даній роботі встановлено, що наявність у потоку області (ци-
ліндра), обмеженої двома граничними циклами призводить до існування
нескінченного числа модулів стійкості. Також знайдено критерій топо-
логічної спряженості потоків на таких циліндрів.

Аннотация. На сегодняшний день исчерпывающим образом получе-
на топологическая классификация относительно топологической экви-
валентности потоков Морса-Смейла [9, 7], а также их обобщений – Ω-
устойчивых потоков на замкнутых поверхностях, [4]. Известны некото-
рые результаты по классификации таких систем относительно топологи-
ческой сопряженности. Так в работе [3] установлено совпадение классов
топологической эквивалентности и сопряженности градиентно-подобных
потоков (потоков Морса-Смейла без периодических орбит). В классиче-
ской работе [8] доказано, что при наличии связки (совпадение седловых
сепаратрис), класс топологической эквивалентности Ω-устойчивого по-
тока распадается на континуум классов топологической сопряженности
(имеет модули). Очевидно, что каждая периодическая орбита также по-
рождает как минимум один модуль, связанный с периодом орбиты. В на-
стоящей работе установлено, что наличие у потока ячейки, ограниченной
двумя предельными циклами приводит к существованию бесконечного
числа модулей устойчивости. Кроме того, найден критерий топологиче-
ской сопряженности потоков на таких ячейках.

1. INTRODUCTION
Two flows f t, f 1t : M Ñ M are called topologically equivalent if there

exists a homeomorphism h : M Ñ M sending trajectories of f t into trajec-
tories of f 1t preserving orientations of the trajectories. Also, two flows are
topologically conjugate whenever there exists a homeomorphism h : M Ñ M
such that h ˝ f t = f 1t ˝ h, which means that h sends trajectories into tra-
jectories preserving not only directions but in addition the time of moving.
Finding invariants describing the class of topological equivalence or topo-

logical conjugacy of each flow from some class of flows means constructing
a topological classification for that class of flows. Note that for some classes
their classifications in the sense of equivalence and conjugacy coincide; for
other classes these classifications are completely different.
In the present paper we study the problem of topological conjugacy.
Morse-Smale flows were initially introduced and studied on the plane in

the classical paper [1] by A. A. Andronov and L. S. Pontryagin. The non-
wandering sets of such flows consist of finitely many hyperbolic fixed points
and finitely many hyperbolic limit cycles, and besides saddle separatrices
intersect only transversally (which means that saddle points of a flow on
the plane can not be connected by a separatrix).
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During the twentieth century, there were obtained topological classifi-
cations of this important class of flows on different manifolds. The most
important combinatorial invariants are the Leontovich-Maier’s scheme [5, 6]
for flows on the plane, the Peixoto’s directed graph [9] for Morse-Smale flows
on closed surfaces and the Oshemkov-Sharko’s three-colour graph [7] also
for Morse-Smale flows on closed surfaces.
All these invariants classify flows only in sense of topological equiva-

lence. The next step is conjugacy. In the paper [3] it was proved that for
gradient-like flows (i.e. Morse-Smale flows without limit cycles) the classes
of topological equivalence and topological conjugacy on surfaces coincide.
But any limit cycle generates infinite many conjugacy classes for each equ-
ivalence class (even two cycles with different periods cannot be conjugate).
For two saddles connected by a separatrix the invariant (called modulus of
stability or modulus of topological conjugacy) was found by J. Palis [8].
The moduli of topological conjugacy have relations to the asymptotic

behaviour of the partial time averages [12]. They express the existence of
the physical measure of an orbit. Such a measure describes the probability
of finding a point of the orbit x(t), for big values of t, in the different
regions of the phase space [11]. This makes very important to consider two
non-singular flows on an annulus bounded by two limit cycles and to find
a necessary condition of their topological conjugacy.
In this work we show that any such flow has infinitely many moduli of

topological conjugacy.
While considering flows on an annulus it is important to mention recent

results on Morse flows on surfaces with a boundary [10].

2. DYNAMICS OF THE NON-SINGULAR FLOWS ON AN ANNULUS BOUNDED
BY LIMIT CYCLES

A flow is called non-singular if it has no fixed points and its non-wandering
set consists of hyperbolic limit cycles. Every such flow on a surface does
not have cycles homotopic to zero because there is no foliations without
singularities on a disk.
Let us introduce a class G of non-singular flows f t on an annulus K =

S1 ˆ [0, 1] such that connected components of BK are the two limit cycles
c1 and c2, c1 = S1 ˆ t1u is the stable one, c2 = S1 ˆ t0u is the unstable
one, and besides, c1 and c2 are the only limit cycles of f t.
For definiteness we will assume that for any flow f t P G the orientation

of the annulus K coincides on c1 with a moving of a point x P S1 ˆ t1u

by means f t from t = 0 to t = T1. Say that c1 and c2 are consistently
(inconsistently) oriented if the orientation ofK coincides (does not coincide)
on c2 with a moving of a point x P S1 ˆ t0u by means f t from t = 0 to
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t = T2, see Figure 2.1. We associate with f t a value ν = +1 (ν = ´1) in
case of the consistent (inconsistent) orientation respectively.
So, let f t : K Ñ K be a flow from G, see Figure 2.1, and T1 and T2 be

the periods of c1 and c2 respectively.

FIGURE 2.1. An example of a flow from G with the consis-
tent cycle orientation, ν = +1

3. LINEARIZATION IN THE NEIGHBORHOOD OF A PERIODIC ORBIT
Let
P1 = t(x1, y1) P R2 : x1 ď 0u, Ox´

1 = t(x1, y1) P P1 : y1 = 0u,

P2 = t(x2, y2) P R2 : x2 ě 0u, Ox+2 = t(x2, y2) P P2 : y2 = 0u.

We define flows ati by the following system of ODE:
"

ẋi = 0,

ẏi = 1.
(3.1)

For i = 1, 2 consider a homeomorphism gi : Pi Ñ Pi given by the formula
gi(xi, yi) =

(
2(´1)ixi, yi ´ Ti

)
and the group Gi = tgni | n P Zu. Denote by Πi a space orbit of the action
of the group Gi on Pi and by qi : Pi Ñ Πi the natural projection. Then Πi

is a cylinder and the flow ati induces via qi a unique flow ãti on Πi with a
unique limit cycle c̃i = qi(Oyi), see Figure 3.1.
Let K1 = Kzc2 and K2 = Kzc1. Then by M. Irwin [2] there is a homeo-

morphism ηi : Ki Ñ Πi conjugating f t|Ki with ãti.
The existence of a linearizing neighborhood for a periodic orbit is an

analogue of the Grobman-Hartmann theorem for a hyperbolic equilibrium
point. The linearization generates invariant foliations in a neighborhood of
the hyperbolic equilibrium point which depend on a choice of the linearizing
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FIGURE 3.1. P1, Π1, Π2, P2 and the flows on them defined by (3.1)

homeomorphism. A significant difference from the Irwin’s linearization is
the uniqueness of the linearizing foliation, which we prove in the following
section.

4. UNIQUENESS OF INVARIANT FOLIATION IN A NEIGHBORHOOD OF THE
HYPERBOLIC PERIODIC ORBIT

Lemma 4.1. There exists a unique one-dimensional foliation Ξi in Ki

such that its leaves ξi are cross-sections for the trajectories of flow f t in
Ki, fTi(z) P ξi, and f t(z) R ξi for 0 ă t ă Ti whenever z P ξi.
Proof. For definiteness we will prove our lemma for i = 1. The case i = 2
is similar.
First notice that the existence of at least one foliation Ξ1 with the re-

quired properties follows from linearization. Indeed, let χ1 = ty1 = c, c P

Ru be a foliation on P1, whose leaves are the horizontal semi-lines, and
χ̃1 = q1(χ1). Then

Ξ1 = η´1
1 (χ̃1).

Let us prove the uniqueness.
Suppose that Ξ1 and Ξ̂1 are two foliations with the required properties.

Let us show that there exists a homeomorphism η̂1 : K1 Ñ Π1 which conju-
gates f t|K1 with ãt1 and η̂1(Ξ̂1) = χ̃1. Take a segment [z0, fT1(z0)] Ă ξ̂1 P Ξ̂1

and let
η̂1([z0, f

T1(z0)]) = q1([(´2, 0), (´1, 0)]).

Both these segments intersect all trajectories of IntK1 and IntΠ1. Put
η̂1(f

t(z)) = ãt1(η̂1(z)) for z P [z0, f
T1(z0)]. Then by continuity such a

homeomorphism can be extended to the cycles.
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It follows that the homeomorphism θ̃1 = η̂1η
´1
1 : Π1 Ñ Π1 conjugates the

flow ãt1 with itself. Thus there is a lifting
θ1 = (φ1(x1, y1), ψ̃1(x1, y1)) : P1 Ñ P1

of θ̃1 (i.e. a map satisfying q1 ˝ θ1 = θ̃1 ˝ q1) which conjugates the flow at1
with itself, where φ1(x1, y1), ψ̃1(x1, y1) are certain continuous maps.
Notice that the homeomorphism θ1 sends trajectories onto trajectories.

Since the trajectories of at1 are vertical lines, it follows that
φ1(x1, y1) = φ1(x1).

By definition the flow at1 is given by
at1(x1, y1) = (x1, y1 + t).

Hence, by conjugation,
ψ̃1(x1, y1 + t) = ψ̃1(x1, y1) + t. (4.1)

Put ψ1(x1, y1) := ψ̃1(x1, y1) ´ y1, so ψ̃1(x1, y1) = y1 + ψ1(x1, y1). Then
we get from (4.1) that

y1 + t+ ψ1(x1, y1 + t) = y1 + ψ1(x1, y1) + t,

whence,
ψ1(x1, y1 + t) = ψ1(x1, y1), t P R.

This means that the map ψ does not depend on y1, so
ψ1(x1, y1) = ψ1(x1).

Then θ1 has a form
θ1(x1, y1) = (φ1(x1), y1 + ψ1(x1)).

As Π1 = P1/G1, where G1 is the cyclic group generated by the homeo-
morphism g1(x1, y1) = (x1/2, y1 ´ T1), and θ1 is projected from P1 to Π1,
it follows that g1 ˝ θ1 = θ1 ˝ g1. Therefore

(φ1(x1/2), y1 + ψ1(x1/2) ´ T1) = (φ1(x1)/2, y1 + ψ1(x1) ´ T1),

whence,
ψ1(x1/2) = ψ1(x1).

Let us show that in such case ψ1(x1) is a constant. Indeed, let x1 P Ox´
1

and yn1 = ψ1(x1/2
n), n P N. As ψ1(x1/2) = ψ1(x1), we get that yn1 = ψ1(x1)

for every natural n. Moreover, since ψ1 is a continuous map, it follows that
the constant sequence ψ1(x1/2

n) converges to ψ1(0) and ψ1(x1) = ψ1(0)
for every x1 P Ox´

1 .
Thus θ1(x1, y1) = (φ1(x1), y1 + b1), where b1 is a constant. Hence, θ1

preserves the foliation χ1. Therefore
χ̃1 = θ̃1(χ̃1) = η̂1η

´1
1 (χ̃1) = η̂1(Ξ1),



On functional moduli of surface flows 55

and, since χ̃1 = η̂1(Ξ1), we obtain that Ξ1 = η̂´1
1 (χ̃1) = Ξ̂1. □

5. A FUNCTIONAL MODULUS
Define the following map ϕ : Π1zc̃1 Ñ Π2zc̃2 by

ϕ = η2η
´1
1 ,

and let
Φ: P1zOy1 Ñ P2zOy2 Φ(x1, y1) =

(
γ(x1, y1), δ̃(x1, y1)

)
,

be its lift (i.e. a map satisfying q2 ˝ Φ = ϕ ˝ q1), where γ(x1, y1), δ̃(x1, y1)
are continuous maps.
Recall that the trajectories of at1 and at2 are vertical lines, and, by de-

finition, the homeomorphism Φ conjugates flow at1 with flow at2 sending
trajectories onto trajectories. Therefore, γ(x1, y1) = γ(x1). As before,
ati(xi, yi) = (xi, yi + t), whence, by conjugation

δ̃(x1, y1 + t) = δ̃(x1, y1) + t.

Denote δ(x1, y1) := δ̃(x1, y1) ´ y1, so
δ̃(x1, y1) = y1 + δ(x1, y1).

Then
y1 + t+ δ(x1, y1 + t) = y1 + δ(x1, y1) + t.

Hence,
δ(x1, y1 + t) = δ(x1, y1)

and
δ(x1, y1) = δ(x1).

Thus, Φ has a form
Φ(x1, y1) = (γ(x1), y1 + δ(x1)).

As Πi = Pi/Gi, where Gi is the cyclic group generated by the diffeomor-
phism gi(x, y) =

(
2(´1)ixi, yi´Ti

)
and Φ: P1zOy1 Ñ P2zOy2 is projected to

ϕ : Π1zc̃1 Ñ Π2zc̃2 then either the equality g2˝Φ = Φ˝g1 or g´1
2 ˝Φ = Φ˝g1

holds. These cases correspond to 1) ν = +1 and 2) ν = ´1, respectively.
Therefore, in the case 1)(

2γ(x1), y1 + δ(x1) ´ T2
)
=

(
γ(x1/2), y1 + δ(x1/2) ´ T1

)
,

whence
δ(x1) = δ(x1/2) + T2 ´ T1.

In the case 2)(
γ(x1)/2, y1 + δ(x1) + T2

)
=

(
γ(x1/2), y1 + δ(x1/2) ´ T1

)
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and thus
δ(x1) = δ(x1/2) ´ T2 ´ T1.

Indeed, the map δ measures a deviation of a leave of Ξ1 from a leave
of Ξ2 in the following sense. Let x1 P Ox´

1 . Then γ(x1) P Ox+2 and
η´1
2 (q2(γ(x1), 0)) belong to the leaf ξ2 P Ξ2 for every x1 P Ox´

1 . It follows
from the definition of δ that

f δ(x1)
(
η´1
2 (q2(γ(x1), 0))

)
belongs to the leave ξ1 P Ξ1 for every x P Ox´

1 , see Figure 5.1.

FIGURE 5.1. Geometrical meaning of δ

The map δ : Ox´
1 Ñ Oy2 can be projected to δ̂ : S1 Ñ S1 as follows. Let

β : Ox´
1 Ñ Ox´

1 be given by the formula β(x1) = x1/2 and
B = tβn(x1) | n P Zu.

Then S1 = Ox´
1 /B. Denote by pβ : Ox´

1 Ñ S1 the natural projection and
let e : Oy2 Ñ Oy2 be given by the following formulas:

1) for ν = +1, e(y2) = y2 + (T2 ´ T1) if T2 ‰ T1, and e(y2) = y2 + 1 if
T2 = T1;

2) for ν = ´1, e(y2) = y2 ´ (T2 + T1).
Let E = ten(y2) | n P Zu. Then S1 = R/E. Denote by pe : Oy2 Ñ S1 the
natural projection. Then we have a well-defined map δ̂ : S1 Ñ S1 given by
the formula

δ̂(s) = pe
(
δ(p´1

β (s))
)
, s P S1.

We will prove below that the equivalence class of this map with re-
spect to the following equivalent relation is a complete invariant of a flow
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f t : K Ñ K up to a topological conjugacy. In other words, such a flow has
a functional modulus.
Let us call two maps δ̂, δ̂1 by equivalent if there is a homeomorphism

ϑ̂ : S1 Ñ S1 preserving orientation and a constant s0 P S1 such that
δ̂1
(
ϑ̂(s)

)
= δ̂(s) + s0.

Denote all objects of f 1t correponding to the ones of f t by the same
letters and with additional sign 1.

Theorem 5.1. Two flows f t, f 1t : K Ñ K are topologically conjugated iff
1) Ti = T 1

i ;
2) ν = ν 1;
3) the maps δ̂ and δ̂1 are equivalent.

Proof. Necessity. Let h : K Ñ K be a homeomorphism conjugating f t
with f 1t. Since h|ci , i = 1, 2, is also conjugating, it follows that Ti = T 1

i ,
which proves 1). By assumption for any flow from G the orientation of the
annulus K coincides on the stable cycle with a moving in the positive time.
This implies that h preserves the orientation of K. Then the cycles c1, c2
and c1

1, c
1
2 are consistently or inconsistently oriented simultaneously, which

establishes 2).
By assumption h˝f t = f 1t ˝h. Denote by θi : Pi Ñ Pi a lift of the home-

omorphism h|Ki . Then θi topologically conjugates ati with itself. Similarly
to the proof of Lemma 4.1 it is possible to show that

θi(xi, yi) = (φi(xi), yi + bi),

where φi(xi) is a continuous map and bi is a constant.
Notice that we have two maps from P1 to P2 given by the formulas
Φ(x1, y1) = (γ(x1), y1 + δ(x1)), Φ1(x1, y1) = (γ1(x1), y1 + δ1(x1)),

where γ(x1), δ(x1), γ1(x1), δ1(x1) are certain continuous maps. On the
other hand, we have that Φ1 = θ2 ˝ Φ ˝ θ´1

1 which implies that
Φ1(x1, y1) =

(
φ2(γ(φ

´1
1 (x1))), y1 + b2 + δ(φ´1

1 (x1)) ´ b1
)
.

Thus,
δ1(x1) = δ(φ´1

1 (x1)) + y02,

where y02 = b2 ´ b1 or, equivalently,
δ1(φ1(x1)) = δ(x1) + y02.

Let ϑ = φ1 : Ox
´
1 Ñ Ox´

1 and ϑ̂ = pβ ˝ ϑ ˝ p´1
β : S1 Ñ S1. Then

δ̂1(ϑ̂(s)) = δ̂(s) + s0,

where s0 = pe(y
0
2) and s = pβ(x1). This proves 3).
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Sufficiency. Suppose conditions 1)-3) holds. We should construct a
conjugating homeomorphism h : K Ñ K for f t and f 1t, and that will prove
the Theorem.
By assumption, the cycles c1, c2 and c1

1, c1
2 have the same periods respec-

tively and the same consistent or inconsistent orientations.
Also, there is a preserving orientation homeomorphism ϑ̂ : S1 Ñ S1 and

a constant s0 P S1 such that

δ̂1(ϑ̂(s)) = δ̂(s) + s0, s P S1.

Let ϑ : Ox´
1 Ñ Ox´

1 be a lift of ϑ̂, and θ1 : P1 Ñ P1 a homeomorphism
defined by the formula

θ1(x1, y1) = (ϑ(x1), y1).

Then θ1 conjugates at1 with itself and can be projected to a homeomorphism
h : K1 Ñ K1 conjugating f t with f 1t by the formula

h = η1´1
1 ˝ q1 ˝ θ1 ˝ q´1

1 ˝ η1.

To prove that the homeomorphism h can be extended to c2 by conjugat-
ing f t|c2 with f 1t|c1

2
it is enough to show that its lift θ2 : P2zOy2 Ñ P2zOy2

has a form
θ2(x2, y2) = (φ2(x2), y2 + b2),

where φ2(x2) is a continuous map and b2 is a constant.
Indeed, let δ, δ1 : R´ Ñ R be lifts of δ̂ and δ̂1 respectively, such that

δ1(ϑ(x1)) = δ(x1) + y02,

where pe(y02) = s0. By definition of the maps Φ and Φ1 we have that
θ2 = Φ1 ˝ θ1 ˝ Φ´1, whence

θ2(x2, y2) =
(
γ1(ϑ(γ´1(x2))), y2 ´ δ(γ´1(x2)) + δ1(ϑ(γ´1(x2)))

)
.

Put

φ2 = γ1ϑγ´1, x1 = γ´1(x2), b2 = y02.

Then θ2(x2, y2) = (φ2(x2), y2 + b2). □

6. REALIZATION OF THE INVARIANTS BY A FLOW
By Theorem 5.1, a class of the topological conjugacy of a flow f t : K Ñ

K is uniquely determined by a collection (T1, T2, ν, δ̂), where T1, T2 ą 0,
ν P t´1,+1u, and δ̂ : S1 Ñ S1 is a continuous map (of arbitrary degree).
In this section we will prove here a realization theorem.
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Theorem 6.1. For arbitrary collection (T1, T2, ν, δ̂) with above properties
there exists a flow f t P G from the conjugate class corresponding to these
invariants.
Proof. Let T1, T2 ą 0 and δ̂ : S1 Ñ S1 be a continuous function. Define a
map δ : Ox´

1 Ñ Oy2 by the formulas
δ(x1) = p´1

e ˝ δ̂ ˝ pβ(x1), δ(´1) = 0.

Let γ : Ox´
1 Ñ Ox+2 given by the formula γ(x1) = ´ 1

x1
for ν = +1 and

γ(x1) = ´x1 for ν = ´1. Define also the map Φ: P1zOy1 Ñ P2zOy2 by
Φ(x1, y1) =

(
γ(x1), y1 + δ(x1)

)
and let

ϕ = q2 ˝ Φ ˝ q´1
1 : Π1zc̃1 Ñ Π2zc̃2.

Let us represent the annulus K as a factor space K = Π1 Yϕ Π2 and
denote by r : Π1 \ Π2 Ñ K the natural projection. Then the required
flow f t : K Ñ K coincides with r ˝ ãt1 ˝ r´1 on r(Π1) and coincides with
r ˝ ãt2 ˝ r´1 on r(Π2). □

7. CONCLUSION
In the paper the non-singular flows on an annulus with only two limit

cycles on the boundary components of the annulus are considered and the
criteria of the topological conjugacy for such flows is obtained. A complete
invariant of the conjugacy class is a triple: a pair of the periods, a type of
the orientation consistency, and a continuous map δ̂ : S1 Ñ S1. The direct
corollary of this criterion is the existence of uncountably many moduli for
the considered flows.
The moduli of topological conjugacy are related with the asymptotic be-

havior of the partial time averages. They express an existence of a physical
measure of an orbit describing the probability of finding a point of the orbit
x(t), for big values of t, in distinct regions of the phase space. This makes
the obtained result very important.
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