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On functional moduli of surface flows

V. Kruglov, O. Pochinka, G. Talanova

Abstract. Currently, a complete topological classification has been ob-
tained with respect to the topological equivalence of Morse-Smale flows,
[9, 7], as well as their generalizations of Q-stable flows on closed surfaces,
[4]. Some results on topological conjugacy classification for such systems
are also known. In particular, the coincidence of the classes of topological
equivalence and conjugacy of gradient-like flows (Morse-Smale flows without
periodic orbits) was established in [3]. In the classical paper [8], it was proved
that in the presence of connections (coincidence of saddle separatrices), the
topological equivalence class of a -stable flow splits into a continuum of
topological conjugacy classes (has moduli). Obviously, each periodic orbit
also generates at least one modulus associated with the period of that orbit.
In the present work, it was established that the presence of a cell in a flow
bounded by two limit cycles leads to the existence of an infinitely many sta-
bility moduli. In addition, a criterion for the topological conjugation of flows
on such cells was found.

Amnorania. Ha cporoanimuiit geHb orpuMaHa ITOBHA KJiacudikalisa Kia-
ciB TonosioriuHol exsiBasenTHOCTI noTokie Mopca-Cwmeitna, [9, 7|, a Takox
IX ysarajibHeHb — {)-CTIfiKiX HOTOKIB Ha 3aMKHyTuX mnoBepxHsx, [4]. Bimo-
Mi JiesdKi pesyabraTd 3 KJiacudikallil TaKux CUCTEM BiJIHOCHO TOIOJIOTTIHOL
crpsizkeHocTi. 30Kkpema, B po6oti [3] BeranoBiIeHO 36ir Kiacis Tomosorivaol
eKBIBAJIEHTHOCTI T CHPSAKEHOCT] I TPAJIIEHTHO-TIOAIOHIX OTOKIB (MOTOKIB
Mopca-Cwmeiisa 6e3 nepioguanux opbir). ¥ kiacuuniit npani [8] mosenero,
IO 3a HAsABHOCTI 3B’s13KM (30iry ciJUIoBUX cemaparpich), KJac TONOJIOr YHOT
ekBiBasieHTHOCTI {2-CTIHKOrO MOTOKY PO3MALA€ThCs Ha KOHTUHYYM KJIaciB TO-
nostorivuol crpszkeHocTi (Mae Moysi). OueBHIHO, IO KOXKHA IEPIOANIHA
opbiTa TaKOK MOPOKYE SIK MIHIMYM OJWH MOJIYJb, TIOB’SI3aHUI 3 TEepioIoM
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opbitu. Y mamiii po6GoTi BCTAHOBJIEHO, IO HAABHICTH y MOTOKY oGJacti (1u-
JiHzpa), 0OMeKeHOI JBOMA IPAHUYHUMHY [IMKJIAME IIPU3BOJAUTS [0 ICHYBaHHS
HECKIHYEHHOTO YHCJIa MOMYJIB cTifikocTi. Takox 3Haiigeno kpurepiit Tomo-
JIOTIYHOI CIIPSI2KEHOCT] TIOTOKIB Ha TAKWUX IMJIHIPIB.

Awnnoranus. Ha cerogusimHuii JeHb MCYEPHBIBAIONIUM 00pa30M IOy Ye-
Ha TOIOJIOTHYECKAsl KJIACCH(PUKAINA OTHOCHUTEJBHO TOIOJIOTHYIECKO IKBHU-
BasenTaOCTH OTOKOB Mopca-Cwmeiina [9, 7|, a Takxke mx 0606mennit — €2-
YCTOWYMBBIX IIOTOKOB HA 3aMKHYTBIX [IOBEPXHOCTAX, [4]. MI3BecTHBI HEKOTO-
pble PE3yJILTATHI 110 KJIACCH(UKAIMH TAKAX CUCTEM OTHOCHTEIBHO TOIIOJIOTH-
1eckoii conpszkennoctu. Tak B pabore [3] ycTanoBIeHO COBIAIEHNE KIACCOB
TOIIOJIOIMYECKOIN SKBUBAJIEHTHOCTH U COIIPSYKEHHOCTH I'PAIMEHTHO-TI0I00HBIX
norokos (norokos Mopca-Cwmeilsa 6e3 nepuoauaeckux opbur). B kiaccuue-
CcKoii pabore [8] noKa3aHO, YTO IPU HAJMYNK CBA3KU (COBIAJEHUE CEJIOBBIX
CenapaTpuc), KIacC TOMOJOTUIECKON SKBUBAJEHTHOCTH {)-yCTOHYMBOrO MO-
TOKa PACHAIACTCs HA KOHTHHYYM KJIACCOB TOIIOJIOTHYECKOM COLPSI?KEHHOCTH
(nmeer mozmynm). OUEBHIHO, YTO KAKIAS IIEPUOITIECKAT OPOUTA TAKXKE MO
POXKIaeT KaKk MUHUMYM OJIH MO/[yJIb, CBSI3aHHBI € IIepHOJIOM opouThl. B Ha-
crosreil paboTe YCTAHOBJIEHO, 9TO HAJTUYME Y MOTOKA STIeHKN, OTPAHUIEHHO
JIByMsl [IPEJIEbHBIMU [TUKJIAME IIPUBOJIUT K CYIIECTBOBAHUIO OECKOHEIHOI'O
4qucsia Mojysieit yeroitunBocru. Kpome Toro, HaiijieH KpuTepuili TONOJIOr e~
CKOI1 COIPSI?KEHHOCTH IIOTOKOB HA TAKUX SUCHKaX.

1. INTRODUCTION

Two flows ft, f*: M — M are called topologically equivalent if there
exists a homeomorphism h: M — M sending trajectories of f! into trajec-
tories of f’* preserving orientations of the trajectories. Also, two flows are
topologically conjugate whenever there exists a homeomorphism h: M — M
such that h o f! = f'* o h, which means that h sends trajectories into tra-
jectories preserving not only directions but in addition the time of moving.

Finding invariants describing the class of topological equivalence or topo-
logical conjugacy of each flow from some class of flows means constructing
a topological classification for that class of flows. Note that for some classes
their classifications in the sense of equivalence and conjugacy coincide; for
other classes these classifications are completely different.

In the present paper we study the problem of topological conjugacy.

Morse-Smale flows were initially introduced and studied on the plane in
the classical paper [1] by A. A. Andronov and L. S. Pontryagin. The non-
wandering sets of such flows consist of finitely many hyperbolic fixed points
and finitely many hyperbolic limit cycles, and besides saddle separatrices
intersect only transversally (which means that saddle points of a flow on
the plane can not be connected by a separatrix).
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During the twentieth century, there were obtained topological classifi-
cations of this important class of flows on different manifolds. The most
important combinatorial invariants are the Leontovich-Maier’s scheme [5, 6]
for flows on the plane, the Peizoto’s directed graph [9] for Morse-Smale flows
on closed surfaces and the Oshemkov-Sharko’s three-colour graph [7] also
for Morse-Smale flows on closed surfaces.

All these invariants classify flows only in sense of topological equiva-
lence. The next step is conjugacy. In the paper [3| it was proved that for
gradient-like flows (i.e. Morse-Smale flows without limit cycles) the classes
of topological equivalence and topological conjugacy on surfaces coincide.
But any limit cycle generates infinite many conjugacy classes for each equ-
ivalence class (even two cycles with different periods cannot be conjugate).
For two saddles connected by a separatrix the invariant (called modulus of
stability or modulus of topological conjugacy) was found by J. Palis [8].

The moduli of topological conjugacy have relations to the asymptotic
behaviour of the partial time averages [12]. They express the existence of
the physical measure of an orbit. Such a measure describes the probability
of finding a point of the orbit x(t), for big values of ¢, in the different
regions of the phase space [11]. This makes very important to consider two
non-singular flows on an annulus bounded by two limit cycles and to find
a necessary condition of their topological conjugacy.

In this work we show that any such flow has infinitely many moduli of
topological conjugacy.

While considering flows on an annulus it is important to mention recent
results on Morse flows on surfaces with a boundary [10].

2. DYNAMICS OF THE NON-SINGULAR FLOWS ON AN ANNULUS BOUNDED
BY LIMIT CYCLES

A flow is called non-singular if it has no fixed points and its non-wandering
set consists of hyperbolic limit cycles. Every such flow on a surface does
not have cycles homotopic to zero because there is no foliations without
singularities on a disk.

Let us introduce a class G of non-singular flows f* on an annulus K =
St % [0,1] such that connected components of 0K are the two limit cycles
c1 and ¢, ¢ = St x {1} is the stable one, c; = S x {0} is the unstable
one, and besides, ¢; and ¢y are the only limit cycles of f*.

For definiteness we will assume that for any flow f! € G the orientation
of the annulus K coincides on ¢; with a moving of a point x € S* x {1}
by means f! from t = 0 to t = T}. Say that c¢; and cy are consistently
(inconsistently) oriented if the orientation of K coincides (does not coincide)
on cz with a moving of a point x € S' x {0} by means f! from ¢ = 0 to
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t = Ty, see Figure 2.1. We associate with f* a value v = +1 (v = —1) in
case of the consistent (inconsistent) orientation respectively.

So, let ft: K — K be a flow from G, see Figure 2.1, and Ty and T5 be
the periods of ¢; and co respectively.

FIGURE 2.1. An example of a flow from G with the consis-
tent cycle orientation, v = +1

3. LINEARIZATION IN THE NEIGHBORHOOD OF A PERIODIC ORBIT
Let
Py = {(21,1) € R*: 71 <0}, Ozy ={(z1,y1) € Pr: y1 = 0},
Py = {(x2,12) € R?: x5 > 0}, Oz = {(z2,y2) € Py: ya = 0}.
We define flows a! by the following system of ODE:
x; =0,
fr=o o

For i = 1, 2 consider a homeomorphism g;: P, — P; given by the formula

gi(zi,yi) = (20 2,y — T)
and the group G; = {g!" | n € Z}. Denote by II; a space orbit of the action
of the group G; on P; and by ¢;: P; — 1I; the natural projection. Then II;
is a cylinder and the flow af induces via ¢; a unique flow df on II; with a
unique limit cycle & = ¢;(Oy;), see Figure 3.1.

Let K1 = K\c2 and K9 = K\c;. Then by M. Irwin [2] there is a homeo-
morphism 7;: K; — II; conjugating f!|x, with a’.

The existence of a linearizing neighborhood for a periodic orbit is an
analogue of the Grobman-Hartmann theorem for a hyperbolic equilibrium
point. The linearization generates invariant foliations in a neighborhood of
the hyperbolic equilibrium point which depend on a choice of the linearizing
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F1GURE 3.1. Py, IIy, Iz, P; and the flows on them defined by (3.1)

homeomorphism. A significant difference from the Irwin’s linearization is
the uniqueness of the linearizing foliation, which we prove in the following
section.

4. UNIQUENESS OF INVARIANT FOLIATION IN A NEIGHBORHOOD OF THE
HYPERBOLIC PERIODIC ORBIT

Lemma 4.1. There exists a unique one-dimensional foliation =; in K;
such that its leaves &; are cross-sections for the trajectories of flow f! in
K;, fli(z) € &, and fi(z) ¢ & for 0 <t < T; whenever z € ;.

Proof. For definiteness we will prove our lemma for ¢ = 1. The case i = 2
is similar.

First notice that the existence of at least one foliation = with the re-
quired properties follows from linearization. Indeed, let x1 = {y1 = ¢,c €
R} be a foliation on P;, whose leaves are the horizontal semi-lines, and
X1 =q1(x1). Then

Er = (X1)-

Let us prove the uniqueness.

Suppose that =; and 2, are two foliations with the required properties.
Let us show that there exists a homeomorphism 7j; : K7 — II; which conju-
gates f*| g, with @ and 7, (21) = ¥1. Take a segment [zo, f71(z0)] € & € 1
and let

(20, [ (20)]) = a1([(=2,0), (=1,0))).
Both these segments intersect all trajectories of Int K1 and IntIl;. Put
m(fi(z)) = ai(fm(z)) for z € [20, f1*(20)]. Then by continuity such a
homeomorphism can be extended to the cycles.
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It follows that the homeomorphism 6; = mn, L. I, — II; conjugates the
flow a} with itself. Thus there is a lifting

01 = (1(z1,91). ¥1(z1,31)): P — Py
of 6; (i.e. a map satisfying ¢ o #; = 6; o q1) which conjugates the flow a!
with itself, where ¢1(x1,¥1), ¥1(x1,y1) are certain continuous maps.

Notice that the homeomorphism 6, sends trajectories onto trajectories.
Since the trajectories of a} are vertical lines, it follows that

e1(z1,91) = p1(z1).
By definition the flow a! is given by

af (w1, 1) = (z1,y1 + 1)

Hence, by conjugation,
1z, y1 +t) = i (z,m) + 1. (4.1)

Put ¢1(z1,y1) = ¥1(21,51) — y1, 80 Y1(x1,91) = y1 + P1(21,y1). Then
we get from (4.1) that

Y1+t + (e, + 1) =y + (e, yn) + 4,
whence,

Y1(r1,y1 +t) = Yi(x1,91), teR.
This means that the map ¢ does not depend on y;, so

Y1(w1,y1) = P1(z1).

Then 61 has a form

01(z1,y1) = (p1(z1), y1 + P1(71))-
As II) = P1/G1, where G is the cyclic group generated by the homeo-
morphism ¢1(z1,y1) = (z1/2,y1 — T1), and 6, is projected from P; to IIy,
it follows that g; o 81 = 01 o g1. Therefore

(p1(21/2), y1 + ¥1(21/2) = Th) = (p1(21) /2,51 + Y1(21) — Th),
whence,
Y1(21/2) = (1)

Let us show that in such case 11 (1) is a constant. Indeed, let 1 € Ox7
and y7 = ¥1(x1/2"), n e N. As¢1(x1/2) = ¢1(z1), we get that y' = ¢ (z1)
for every natural n. Moreover, since 11 is a continuous map, it follows that
the constant sequence 7 (x1/2") converges to 11(0) and ¥1(z1) = 11(0)
for every x1 € Oz .

Thus 01(x1,y1) = (p1(z1),y1 + b1), where by is a constant. Hence, 6;
preserves the foliation xi. Therefore

X1 = 01(x1) = o () = m(Z1),



On functional moduli of surface flows 55

and, since X1 = 771(Z1), we obtain that Z; = i7 1 (1) = 1. O
5. A FUNCTIONAL MODULUS
Define the following map ¢: II;\é; — II3\é by
¢ = ',
and let
¢: P1\Oy1 — P\Oys O(x1,y1) = (v(@1,91), (21, 51))s

be its lift (i.e. a map satisfying g 0 ® = ¢ 0 ¢1), where vy(x1,41), 0(x1,91)
are continuous maps.

Recall that the trajectories of a! and a} are vertical lines, and, by de-
finition, the homeomorphism ® conjugates flow a! with flow a} sending
trajectories onto trajectories. Therefore, v(x1,y1) = ~(x1). As before,
at(z;,vi) = (zi,yi + t), whence, by conjugation

g(xhyl + t) = S(xluyl) +t.
Denote 6(z1,y1) :=d(x1,y1) — y1, 50

d(x1,y1) = y1 + 0(x1,y1).

Then
yitt+0(z,y +1t) =y +(z1,y1) + 1.
Hence,
6(z1,91 +1) = 6(w1,91)
and

6(x1,y1) = 6(21).
Thus, ® has a form
®(21,91) = (v(21),y1 + 6(z1)).

As II; = P;/G;, where Gj is the cyclic group generated by the diffeomor-
phism g;(z,y) = (2(*1)2%, yi—Ti) and ®: P;\Oy; — P»\Oysa is projected to
¢: 111\¢é — II2\é2 then either the equality goo® = ®og; or g;l od =Pog
holds. These cases correspond to 1) v = +1 and 2) v = —1, respectively.

Therefore, in the case 1)

(2v(z1), 31 +0(21) = T2) = (v(21/2), 1 + 6(21/2) = T1),
whence
(5(3;1) = (5(3?1/2) + 15 — 1.
In the case 2)

(v(@1)/2, y1 + 0(21) + T2) = (v(21/2), 1+ 6(21/2) — T1)
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and thus
5(1‘1) = 5(&?1/2) — Tg — Tl.

Indeed, the map § measures a deviation of a leave of =; from a leave
of =5 in the following sense. Let x; € Oxz]. Then ~(z1) € Owér and
1y *(g2(y(21),0)) belong to the leaf & € = for every x1 € Ozy. It follows
from the definition of § that

72 (0 (ga(v (1), 0)))

belongs to the leave & € Z; for every x € Oz, see Figure 5.1.

B

2-2ef2 1-gff

FIGURE 5.1. Geometrical meaning of §

The map §: Ox; — Oys can be projected to 5: 51 — ST as follows. Let
B: Ox; — Oz be given by the formula (z1) = z1/2 and

B ={p"(x1) | neZ}.

Then S = Oz /B. Denote by ps: Oz; — S! the natural projection and
let e: Oyy — Oysy be given by the following formulas:

1) for v =41, e(y2) = y2 + (To — T1) if To # T1, and e(y2) = y2 + 1 if

Ty =1Tx;

2) for v =—1, e(y2) = yo — (To + T1).
Let E = {e"(y2) | n € Z}. Then S' = R/E. Denote by p.: Oys — S* the
natural projection. Then we have a well-defined map §: 51 > 5t given by
the formula

0(s) = pe(6(p5"(s))), se S
We will prove below that the equivalence class of this map with re-

spect to the following equivalent relation is a complete invariant of a flow
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ft: K — K up to a topological conjugacy. In other words, such a flow has
a functional modulus. o

Let us call two maps 0,8’ by equivalent if there is a homeomorphism
J: 51— st preserving orientation and a constant sg € S' such that

&' (9(s)) = d(s) + so.

Denote all objects of f"* correponding to the ones of f' by the same
letters and with additional sign ’.

Theorem 5.1. Two flows ft, f'*: K — K are topologically conjugated iff
1) T, = Ti,;
2) v="1/;
3) the maps 5 and &' are equivalent.

Proof. Necessity. Let h: K — K be a homeomorphism conjugating f*
with f". Since hl., i = 1,2, is also conjugating, it follows that T; = 77,
which proves 1). By assumption for any flow from G the orientation of the
annulus K coincides on the stable cycle with a moving in the positive time.
This implies that h preserves the orientation of K. Then the cycles ci, ¢
and ¢}, ¢, are consistently or inconsistently oriented simultaneously, which
establishes 2).

By assumption ho ft = f"* o h. Denote by 6;: P; — P; a lift of the home-
omorphism h|g,. Then 6; topologically conjugates a! with itself. Similarly
to the proof of Lemma 4.1 it is possible to show that

0i(zs,y:) = (i(xs), yi + bi),

where @;(x;) is a continuous map and b; is a constant.
Notice that we have two maps from P; to P given by the formulas

D(z1,y1) = (v(21), y1 +9(21)),  ®'(21,91) = (V' (1), 91 + ' (21)),

where v(z1), 0(x1), 7/ (x1), 0'(x1) are certain continuous maps. On the
other hand, we have that ® =60 ® 06 ! which implies that

®'(z1,51) = (22(3(7 " (21))), 91+ b2 + (7" (21)) = by).
Thus,

§' (1) = 8(p1 " (21)) + v2,

where yg = by — by or, equivalently,
8'(1(21)) = 6(21) + 5.

Let ¥ = ¢1: Ox; — Oz and @zp/goﬂopglz St — Sl Then

§'(9(s)) = 8(s) + so,
where so = pe(y9) and s = pg(z1). This proves 3).



58 V. Kruglov, O. Pochinka, G. Talanova

Sufficiency. Suppose conditions 1)-3) holds. We should construct a
conjugating homeomorphism h: K — K for f! and f*, and that will prove
the Theorem.

By assumption, the cycles ¢1, ¢z and ¢}, ¢, have the same periods respec-
tively and the same consistent or inconsistent orientations.

Also, there is a preserving orientation homeomorphism J: 8! — S and
a constant sg € S! such that

&' (9(s)) = d(s) + so, s € SL.

Let ¥: Ox] — Oz be a lift of 19, and 61: P, — P; a homeomorphism
defined by the formula

O1(z1,y1) = (V(z1), y1)-
Then 60; conjugates a} with itself and can be projected to a homeomorphism
h: K1 — K, conjugating f! with f’* by the formula
h:ni_loqlo&oql_lom.

To prove that the homeomorphism A can be extended to ¢y by conjugat-
ing f'|e, with f"|¢ it is enough to show that its lift fa: P2\Oya — P2\Oy»
has a form

02 (w2, y2) = (p2(x2),y2 + b2),

where p2(x2) is a continuous map and by is a constant.
Indeed, let 6,0’ : R~ — R be lifts of 6 and ¢’ respectively, such that

&' (0(z1)) = 6(21) + 19,

where p.(y9) = so. By definition of the maps ® and @ we have that
0y = ®' 00 0 d~ !, whence

O2(w2,52) = (7 (v (22))), y2 — 6(v " (22)) + &' (W(v(22)))).
Put
p2 ="y 21 =" (22), by = Y.
Then 02(x2,y2) = (p2(x2),y2 + b2). O

6. REALIZATION OF THE INVARIANTS BY A FLOW

By Theorem 5.1, a class of the topological conjugacy of a flow f!: K —
K is uniquely determined by a collection (T4, T5, v, 3), where 17, T5 > 0,
ve{—1,41}, and § : S! — S is a continuous map (of arbitrary degree).
In this section we will prove here a realization theorem.
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Theorem 6.1. For arbitrary collection (11,15, v, 5) with above properties
there exists a flow ft € G from the conjugate class corresponding to these
mvariants.

Proof. Let 11, T5 > 0 and 5: 8! — S! be a continuous function. Define a
map ¢: Oz — Oya by the formulas

§(z1) =p. o b ops(a1), 6(—1) =0.

Let v : Ox] — OacéIr given by the formula v(z;) = —é for v = +1 and
~v(x1) = —x1 for v = —1. Define also the map ®: P\Oy; — P>\Oys by

Q(x1,91) = (7(901)7 Y1+ 5@1))
and let

gb =q20 )] Oqf1 : Hl\él — Hg\ég.
Let us represent the annulus K as a factor space K = II; ug Il> and
denote by 7 : II; L Il — K the natural projection. Then the required
flow f!: K — K coincides with 7 o @} o r~! on 7(II;) and coincides with
roabor!on r(Ily). O

7. CONCLUSION

In the paper the non-singular flows on an annulus with only two limit
cycles on the boundary components of the annulus are considered and the
criteria of the topological conjugacy for such flows is obtained. A complete
invariant of the conjugacy class is a triple: a pair of the periods, a type of
the orientation consistency, and a continuous map §: 8" - S, The direct
corollary of this criterion is the existence of uncountably many moduli for
the considered flows.

The moduli of topological conjugacy are related with the asymptotic be-
havior of the partial time averages. They express an existence of a physical
measure of an orbit describing the probability of finding a point of the orbit
x(t), for big values of ¢, in distinct regions of the phase space. This makes
the obtained result very important.
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