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(In)homogeneous invariant compact
convex sets of probability measures

Natalia Mazurenko, Mykhailo Zarichnyi

Abstract. It is proved that for any iterated function system of contractions
on a complete metric space there exists an invariant compact convex sets of
probability measures of compact support on this space. A similar result is
proved for the inhomogeneous compact convex sets of probability measures
of compact support.

Amnoranisg. Maremarwuni migBagman Teopil dpakTasiB 3ampONOHYBAaB
JIxx. Tardincon y 80-X poKax MHHYJIOTO CTOJITTSA. 30KpeMa, BiH O3HAYUB
MOHATTA aTpakTopa (abo iHBapiaHTHOTO 06’€KTa) M IT€pPOBAHOI CHCTEMU
CTHCKYI0UnX Bizobpaxennb (ckopodeno IFS) ma moBHOMY METpUYHOMY IIPO-
cTopi i JIOBIB iCHYBaHHS TAKUX ATPaKTOPIB y rimepupocropi (IpocToposi He-
MOPOKHIX KOMIIAKTHUX TMHOKHH) Ta TIPOCTOPi HMOBIPHICHUX Mip 3 KOMIa-
KTHUME HOCISIMI HA MOBHOMY MeTpudHOMY mpoctopi. JloBenenns [araincona
BUKODPHCTOBYIOTh IIPUHIUII CTHCKYIOUYUX BiZoOpakeHb i, 30KpeMa, IoTpedy-
IOTh BiAIOBiITHOI MeTpu3alil IpocTopy UMOBIpHICHUX Mip.

Hezabapom anasnoriuni pesynbratu 0ya0 OTpUMAHO i I HEOTHOPITHUX
arpakTopis (TO6TO ATPAKTOPIB 3 NPUEIHAHUMU YIIIIHHIOIOYUME MHOKUHA-
MU), AKi € TIPUPOJHUMY y3araJbHCHHIME IHBADIAHTHUX MHOXKHWH Ta iHBapi-
AHTHUX Mip.

V wmiit craTTi MM 3aIIPOBAJIZKYEMO ITOHATTS IHBapiaHTHOroO 00’eKkTa i [FS
y IPOCTOPi KOMITAKTHUX OITyKJINX MHOYKIH UMOBIPHICHAX Mip 3 KOMIAKTHIME
HOCIsIMU ¥ TIOBHOMY METPUIHOMY ITpocTopi. Taki KOMIAKTHI Oy K/ MHOKUHI
Mip MalOTh YUCJIEHHI 3aCTOCYBaHHs Y Teopil ouikyBaHol kopucunocti. Ha Bij-
MiHY BiJl rieprnpocTopy KOMIAKTHUX OIYKJIUX IiJIMHOXKUH ITOBHOTO METPH-
9HOTO MIPOCTOPY, iHBapiaHTHI 00’€KTH B SKOMY BUIVIAIAIOTH PEryJISPHIMHA,
arpakropu IFS y mpocropi KOMIAKTHUX OIYKJIMX MHOXKWH Mip 36epiraioThb
ipperyssipHiCTh, TpUTAMaHHY (PPAKTATHFHUM MHOXKWHAM.

O/HUM 3 OCHOBHUX DPE3yJIbTATIB € TeOpeMa ICHYyBaHHs Ta €JIUHOCTI iHBa-
piaHTHOT KOMIIAKTHOI OITyKJI0I MHOYKHUHU MMOBIPHICHUX Mip 3 KOMIAKTHUMU
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HOCISIMU y IOBHOMY MeTPHYHOMY 11pocTopi. OKpiM TpajuIiiitHoro miIxoy /1o
JIOBEJIEHHA TAKOT'O THUILY PE3yJILTATIB, M0 BUKOPUCTOBYE MPUHIIUAII CTUCKYTO-
9nxX BioOpazkeHb, MU MPOMOHYEMO TaKOXK 1 (DyHKIIOHATBHAN MiIXiz, SKIit
HE OIUPAETHCA HA METPU3AINIO, & HATOMICTh BUKOPHUCTOBYE (DYHKIIOHAIbHE
300paskeHHsT KOMITAKTHUX OITYyKJIMX IJIMHOXKWH Yy MPOCTOpPax WMOBIpHICHUX
Mip.

AmnaJioriuHi pe3yabTaTH OTPUMAHO 1 JJIs BUIIAAKY HEOJHOPIIHMX iHBapi-
AQHTHUX OIIyKJIMX MHOXKHH HMOBIPHICHUX Mip.

1. INTRODUCTION

Hutchinson [7] proved the existence of invariant sets and invariant pro-
bability measures for the iterated function systems in the complete metric
spaces. The structure of these two proofs is similar and it exploits, in
particular, the functoriality of the constructions involved (i.e., the hyper-
spaces and spaces of probability measures) as well as existence of special
metrizations. This led to several generalizations of the existence results, in
particular, to the cases of inclusion hyperspaces (i.e., two-valued measures)
[11] and idempotent measures on ultrametric spaces [9].

Another approach is applied in [10] and it is proved therein that there
exists an invariant idempotent measure (see [18| for topological aspects of
the theory of idempotent measures) for an iterated function system on a
complete metric space.

Recently, a related notion of inhomogeneous invariant set and measure
was introduced in [15]. The properties of these sets and measures were
studied in various publications (see, e.g., [5, 1, 13]).

The compact convex sets of probability measures are used in the maxmin
expected utility (MEU) theory [6].

2. PRELIMINARIES

2.1. Hyperspaces. Let exp X denote the set of all nonempty compact
subsets of a Tychonov space X. A base of the Vietoris topology on exp X
consists of the sets of the form

{WUy,...,Uyy={AcexpX | Ac AngUia AnU; # & for all i},

where n € N and Uy,...,U, are open sets in X. The obtained space is
called the hyperspace of X.

Actually, exp is a functor in the category of Tychonov spaces and con-
tinuous maps. Given a map f: X — Y, the map exp f: exp X — expY
acts as follows: exp f(A) = f(A), A€ exp X.
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If (X, d) is a metric space, then the Vietoris topology on exp X is induced
by the Hausdorff metric dgy,

dy(A,B)=inf{r >0| Ac O,(B), Bc O,(A)},

where O,(C) stands for the open r-neighborhood of a subset C.

By ux: expexp X = exp? X — exp X we denote the union map. This
map is known to be well defined and, in the case of metric space, nonex-
panding.

2.2. Kantorovich metric. By P(X) we denote the space of probability
measures on a compact Hausdorff space X. We regard the set of probability
measures on X also as a set of normed linear functionals on the Banach
space C'(X) of continuous real-valued functions on X. Given pu € P(X), we
let () = §y wdp, ¢ € C(X).

The set P(X) is endowed with the weak* topology. A base of this topo-
logy is comprised by the sets of the form

OCpo; 1, -, pni &) = {pe P(X) | [u(wi) — po(wi)| <& i=1,...,n},

where pg € P(X), p1,...,pn€ C(X), e > 0.
Let (X,d) be a compact metric space. By 1-LIP(X) we denote the set
of all nonexpanding functions on X, i.e. functions ¢: X — R satisfying

lp(z) — p(y)| < d(z,y)

for all z,y € X. The Kantorovich metric dx on the space of probability
measures P(X) is defined as follows:

di (u,v) = sup{|u(p) — v(p)| | ¢ € I-LIP(X)}.

Every continuous map f: X — Y between compact spaces induces the
map

P(f): P(X) — P(Y)
defined by P(f)(u)(A) = u(f~1(A)) for any u € P(X) and any measurable
subset A < Y. In terms of functionals, P(f)(u)(¢) = u(ef) for all p €
P(X) and ¢ € C(Y).

Actually, P is a functor in the category Comp of compact Hausdorff
spaces.

There is a procedure of extensions of functors from the category Comp
to the category of Tychonov spaces [4]. In the case of the functor P,
this procedure gives the space of probability measures of compact support.
Recall that the support of u e P(X) is the minimal closed set A < X such
that p(X\A) = 0. Alternatively, the support of p is the minimal closed
set A ¢ X with the property that, for all p,9 € C(X), p|a = 9|4 implies

plp) = ().
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2.3. Convex sets of probability measures. Let X be a compact Haus-
dorff space. Denote by ccP(X) the hyperspace of closed convex subsets of
the space P(X). Given a continuous map f: X — Y between compact
spaces, we define the map ccP(f) : ccP(X) — ccP(Y) as follows:

ccP(f)(4) = {P(f)(n) | pe A}, Ae ccP(X).

It is known that ccP is a functor on the category Comp (see, e.g. [16]).
Given A € ccP(X), we say that the set U{supp(p) | p € A} is the support of
A (denoted supp(A)). (Hereafter, for any set Y in a topological space, we
denote by Y its closure). Again, applying construction from [4] we extend
the functor ccP onto the category of Tychonov spaces. We preserve the
notation ccP for this extension.

For any metrizable space X, the space ccP(X) is exactly the hyperspace
of closed convex subsets A of P(X) such that supp(A) is compact.

Now, assume that X is compact and define a map

Ox: ccP?(X) — ccP(X),

as follows, see [12]. First, for any compact convex subset K of a locally
convex space, denote by bg: P(K) — K the barycenter map. Since P(X)
is a subset of the dual space C'(X)" endowed with the weak* topology, the
hyperspace ccP(X) can be regarded as a compact convex subset of a locally
convex space [14] and therefore one can consider the barycenter map

beep(x): P(ccP(X)) — ccP(X).
Finally, define 0x by the formula

Ox () = | beep(x) (M), A€ ccP?(X).
Med

Note that the continuity of fx is a consequence of the continuity of the
barycenter map [3, Chapt. III, §3, Corollary of Proposition 9] and the union
map [17, Proposition 5.2|.

In the case when B is a compact convex subset of the convex hull of a
set {Mu, ..., My,}, where M, ..., M, € P(ccP(X)), we have

0x(B) = {Z aibeep(x)(Mi) | a1, .. an =0, Z a; =1, Z a;M; € 53} :
i=1 i=1 i=1

Now, let (X, d) be a metric space. We endow ccP(X) with the Hausdorff
metric induced by the Kantorovich metric on P(X). By [8, Proposition
3.2], the map Ox : ccP?(X) — ccP(X) is nonexpanding.

Let ¢ > 0. A map f: X — Y from a metric space (X,d) to a metric
space (Y, o) is called c-Lipschitz if o(f(x), f(y)) < ¢-d(z,y) for all z,y € X.
As mentioned above, the 1-Lipschitz maps are also called nonexpanding.
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Proposition 2.4. Let f: X — Y be a c-Lipschitz map. Then ccP(f) is
also a c-Lipschitz map.

Proof. The proof is a consequence of known results on the estimations of
constants for the maps of hyperspaces |7, 2.4 (i)] and of spaces of probability
measures |7, Theorem 4.4 (1)(i)]. O

3. RESuLTS

Let (X,d) be a complete metric space and {fi, f2,..., fn} be a finite
family of contractions on X (that is, an iterated function system, IFS).
Let us consider the discrete topology on the set {1,2,...,n}. Then the
space P({1,2,...,n}) can be regarded as the standard (n — 1)-dimensional
simplex A"~1 in R”,

n
Anil = {(IEl,...,JJn)ERn|I‘Z’ =0, Z[L‘l:l}
=1

by identifying Y a;0; € P({1,2,...,n}) with (ag,...,a,) € AL,
i=1
For B € ccP({1,2,...,n}) define the map ®p: ccP(X) — ccP(X) as
follows. Let A € ccP(X) and ga: {1,2,...,n} — ccP(X) be the map
sending i to ccP(f;)(A). Then we set

®p(A) = 0x(ccP(ga)(B)).

We say that A € ccP(X) is an invariant set of probability measures for
{f1, f2,..., fn} and B whenever A = ®p(A).

Theorem 3.1. For any IFS {fi, fo,..., fn} and B € ccP({1,2,...,n})
there exists a unique invariant closed convex set of probability measures.

Proof. We first consider the case of compact space X. Note that the map
®p is a contraction. This follows from the fact that the functor ccP pre-
serves c-maps and the map fx is nonexpanding. By the Banach Contraction
Principle, there exists a unique A € ccP(X) such that A = ®(A).

In the case of noncompact space X, consider the map ¥: exp X — exp X

defined as follows: ¥ (D) = '\_le fi(D). It follows from [7, 3.1 (3)(viii)] that

the set @1 Ui(D) is compact for any D € exp X.
Now, consider an arbitrary C € ccP(X) and let K = supp(C). Then the
set Y = 61 Ui (K) is compact. Note that f;(Y)cY,i=1,...,n. Since
1=

C € ccP(Y) c ccP(X),
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the above arguments show that there exists an invariant closed convex set
of probability measures Ay € ccP(Y) < ccP(X). O

Suppose that we are given an IFS {f1, fa,..., fn} on X, B is an element
of ccP({0,1,...,n}), and C € ccP(X). For any A € ccP(X) let

9ac:{0,1,2,...,n} — ccP(X)
be defined by the formulas:

91470(0) = C? g%,C(Z) = CCP(fZ)(A)v (Z = 17 oo 7n)'
Define @ @ ccP(X) — ccP(X) by

B.0(A) = Ox(ccP(g4 o) (B))-

Then the set A satisfying A = ®’(A) is called an inhomogeneous invariant
convex set of probability measures.

Theorem 3.2. For any IFS {f1, f2,..., fn}, B € ccP({0,1,...,n}) and
C € ccP(X) there ezists a unique inhomogeneous invariant convex set of
probability measures.

Proof. Similarly to the proof of the previous theorem, in the compact
case we apply the Banach Contraction Principle to the map ®’. The non-
compact case can be reduced to the compact one similarly as in the proof
of Theorem 3.1. g

Proposition 3.3. If the set B € ccP({1,2,...,n}) from the definition of
mvariant convex set of probability measures is a singleton, then the obtained
mwvariant convex set of probability measures is a singleton as well.

Proof. Let B = {u} € ccP({1,2,...,n}), for some u € P({1,2,...,n}),
n

where p = >} a;0;. We start with Ag = {vp} € ccP(X). Then clearly
i=1

A= @(4o) = {3 aiP(f)(w) | = (1)
i=1

and this easily implies that the invariant set of probability measures Ay

in this case is {vy}, where vy, is the invariant measure in the sense of [7]
n

corresponding to the IFS {f1,..., fn} and p = > «;0;. O
i=1

A similar statement can be formulated and proved in the inhomogeneous
case. Therefore our considerations are in some sense extensions of known
results from [7] and [15] on probability measures.
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4. FUNCTIONAL APPROACH

Let X be a compact Hausdorff space. Every A € ccP(X) determines a
functional Fs: C(X) — R defined as follows:

Fa(p) =suppu(p), e C(X).
neA

Proposition 4.1. If A, B € ccP(X) and A # B, then Fs # Fp.

Proof. Denote by
v P(X)— [] Ry
eC(X)
the canonical embedding ¢(u) = (u(¥))sec(x), Where Ry, is a copy of R for
every p € C(X).
Without loss of generality one may assume that there exists u € A\B.
Since B is compact, there are @1, ..., ¢k € C(X), for some k € N, such that

k
p(p) ¢ p(B), where p:  [[ Ry, — [ Ry, is the canonical projection.
peC(X) =1
Since p(B) is compact and convex, it follows from the hyperplane sep-

k
aration theorem that there exists a linear functional [: R,, — R such
=1

that sup,cp l(p(v)) < U(p(n)).
Then there exists (q,...,1;) € R* such that

k
l(.%'l, .. .,xk) = Z l,;xi, (xl, c. ,I‘k) € Rk.
i=1

k
Now, let ¢» = > l;;. Then for each v € P(X)
i=1

k k
v(¥) =v (Z m) = > Liv(e) = Up(u(v))).
=1 =1

Therefore, p(v) > supv(v) = Fp(v). Hence Fa(y) = pu(v) > Fp(y), ie.
veB

Fy # Fg. 0

Let 7* be the weak* topology on the set F = {F4 | A € ccP(X)}, ie.,
the topology induced from the product topology on RE(X). A base of this
topology is comprised by the sets of the form

O/<FA0;()017"‘79071;8>:
= {FA | Ae CCP(X)7 |FA(SOZ) _FAo(C}Di” <g, 22177”},
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where Ag € ccP(X), p1,...,p,€ C(X), e > 0.

Proposition 4.2. The map A — Fa: ccP(X) — F is continuous.

Proof. Note that the sets O'(Fa,; o; ), where Ag € ccP(X), po € C(X),
and £ > 0, comprise a subbase for the topology 7*.

Given such a set O'(Fa,;vo0;€) and pu € Ag, consider the set O{u; po; ).
Then the family {O{u; o;€) | ;€ Ao} is an open cover of Ag. Let

{O</~Li;¢0§€> | i=1,... 7n}
be a finite subcover of this cover. Then (O{u1;@o;€), ..., Oun; o;€)) is a
neighborhood of Ay in ccP(X).
We are going to show that for each A € (O{u1;¢0;€),...,O0un; o;€))
the functional Fiy € O'(F4,; po;€). This will finish the proof.
If max{u(po) | © € A} = po(p) for some pg € A, then there exists
i €{1l,...,n} such that ug € O{u;; po;€). Then

Falpo) = po(eo) < pi(po) +& < Fag(po) + ¢
One can similarly prove that Fa, (o) < Fa(po) + €. O

Corollary 4.3. The map A — Fy: ccP(X) — F is a homeomorphism.

Proof. Due to compactness of X, the space ccP(X) is compact, and the
assertion follows from the hausdorffness of F and Proposition 4.1. U

Now the mentioned functional representation A — F4 of compact convex
sets of probability measures allows us to obtain a purely functional proof
of the main results of this paper in the spirit of [10, Theorem 1].

5. REMARKS

In the case when X = R™ and the maps fi, ..., f, are similarities, one can
find many pictures of invariant and inhomogeneous sets in the literature.

The invariant probability measures can be visualized in a gray scale by
using the random iteration algorithm (see [2, Chapt. IX] for details). An
open problem is that of visualization of invariant convex sets of probability
measures.
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