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Classification of curves on de Sitter
plane

Irina Streltsova

Abstract. In 1917, de Sitter used the modified Einstein equation and pro-
posed a model of the Universe without physical matter, but with a cosmo-
logical constant. De Sitter geometry, as well as Minkowski geometry, is
maximally symmetrical. However, de Sitter geometry is better suited to de-
scribe gravitational fields. It is believed that the real Universe was described
by the de Sitter model in the very early stages of expansion (inflationary
model of the Universe).

This article is devoted to the problem of classification of regular curves on
the de Sitter space. As a model of the de Sitter plane, the upper half-plane on
which the metric is given is chosen. For this purpose, an algebra of differential
invariants of curves with respect to the motions of the de Sitter plane is
constructed. As it turned out, this algebra is generated by one second-order
differential invariant (we call it by de Sitter curvature) and two invariant
differentiations. Thus, when passing to the next jets, the dimension of the
algebra of differential invariants increases by one. The concept of regular
curves is introduced. Namely, a curve is called regular if the restriction of
de Sitter curvature to it can be considered as parameterization of the curve.
A theorem on the equivalence of regular curves with respect to the motions
of the de Sitter plane is proved. The singular orbits of the group of proper
motions are described.

Amnoranis. B 1917 pori me Cirrep Bukopucras MoaudikoBaHe DIBHAHHS
Eitamreitna i 3anpomonysas mozmenb BceecBiTy 6e3 dizuuanoi marepii ame 3
kocmostoriuHoto nocriitnoro. ['eomerpisa e Cirrepa, sk i reomerpis Minkos-
CBKOTO0, € MakcuMasibHo cuMerpuanon. Omnax reomerpisa ge Cirrepa Kpa-
e MiIXO[NUTh [JIsi ONHUCY TPaBITAIIMHAX MOJIB. 30KPEMa, BBAXKAETHCH, IO
posmmpenas BcecBiTy Ha caMux paHHIX CTa/lisgX MOXKe OYTH OIHCAHE came
mozewmio ge Citrepa (indsamniiina momens Beecsiry).

Hana craTTs mpucBsdena mpobiemi Kiaacudikallii peryasapHux KPUBUX B
npocropi ge Citrepa, a B stkocTi Mozesi mionman ge Citrepa obpaHa BepxHS
HiBIJIOIMHA, Ha fKiil 3aaHa MeTpuka. [y po3s’a3aHHs nocTaBaeHol 3a1axdi
mo0Oy10BaHO aaredpy andepeHriaabHuX iHBapiaHTiB KPUBUX BiTHOCHO PyXiB
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mwromunu je Cirrepa. Sk BUSBUIOCH, I ajirebpa MOPOIZKEHa OMHUM Iude-
PEHIaJIbHUM IHBApiaHTOM JIPYTOro TOPSIIKY (MU HA3UBAEMO HOTO KPUBUHON)
de Cimmepa) Ta qBoMa iHBapianTHIME JudePEHIIIOBARHAME. TaKUM TUHOM,
[IPY TIEPEXO/Ii JI0 HACTYIHUX CTPYMEHIB PO3MIpHICTh ajarebpu JudepeHiiiaib-
HUX IHBapiaHTIB 301JIBILYETHCH HA ONUHUINO.

Takoxk B poGOTi BBEJIEHO TIOHATTS PETYIAPHUX KPUBUX. A came, KpUBY HA
mwiomuHi e CiTrepa HABUBAIOTL Pe2yAfpHo10, AKIIO OOMEXKEHHsI KDUBUHU JIe
Cirrepa Ha Hel MOXKHA pO3IVIAIATH K Iapamerpusariiio Kpusol. JloBemeHo
TEOpEMY IPO €KBiBAJIEHTHICTH PETYJISIPHUX KPUBHUX BiJIHOCHO PYXiB IJIONINHA
ne CiTrepa Ta ONUCAHO CHHTYJISIPHI OpOITH TPyNU BJIACHUX PYXIiB.

1. INTRODUCTION

Like Minkowski geometry, de Sitter geometry is one of the formalizations
of the theory of relativity. Model of de Sitter universe was proposed in
[3, 2]. Unlike Minkowski geometry, it is better suited for descriptions of
a nontrivial gravitational field, in particular, the expansion effect of the
universe [7].

At the same time, there is much in common between Minkowski and de
Sitter geometries: both of them are maximally symmetrical. The group
of motions of Minkowski space, that is, the group of transformations pre-
serving the metric, is the 10-parameters Poincaré group, consisting of four
translations (three spatial and one temporal) three purely spatial rotations
and three space-time rotations. The last six transformations form a sub-
group of the Poincaré group (the group of Lorentz transformations).

De Sitter’s space also has a 10-parametric dimensional group of motions.
A review of de Sitter geometry is given in [6].

This article is devoted to the problem of classification of curves in 2-
dimensional de Sitter space. We consider the upper half-plane

M =R2 = {(z,) € Ry > 0},

with the metric
dz? — dy?
gs = ——5——
Yy
as a model of this space. This half-plane will be called de Sitter plane.
The proper motions generate a 3-dimensional Lie group, which we denote
by Gs and call de Sitter group. This group is generated by translations by

x, the transformation
2(—ty? + to? — 2x) 4y
1202 — Atw — t2y2 + 4’ 222 — dtx — t2y> + 4

and homotheties.

<I>t:ac'—>
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The corresponding Lie algebra Gg is generated by the vector fields

0 1 0 0 0 0
X=— V=2 (2 +y%) — — H=x—+y—.
ox’ 2(x +y)@:c+xy8y’ x5$+y
Consider the problem of classifying curves on de Sitter plane that defined
as function graphs y = f(x).

2. THE DIMENSION OF THE ALGEBRA OF DIFFERENTIAL INVARIANTS

Let J* () be the space of k-jets of curves bundle, and let ., yo, y1, - . . , Yk
be the local canonical coordinates in the space J*(r).
The generating functions [4] of the vector fields X, Y, H are

U1
hx = -y, hyzwyo—§($2+y02)7 hg = yo — xy1.

respectively.

A function J on the space of k-jets is called a differential invariant of
order < k of the Lie group Gy, if ¢*(J) = J for each transformation ¢ € Gg,
[1].

Define the projection from J*(r) to JO() by:

Tk - (x7y0>y17 v >yk’) — (xvyO)'

Let a be some point on the manifold M. Since the Lie group Gg acts
transitively on this manifold, N¥ = W,Zl(a) is a smooth manifold with
coordinates y1,...,y,. Let G, = {g € Gs | ga = a} < Gg be the isotropy
group of the point a. Then transformations from the prolonged Lie group
G preserve the manifold N*.

Let G, < Gg be the corresponding to G, Lie subalgebra. We call this
subalgebra the stabilizer of the point a. Note that the point a is a singular
point for each vector field from G,,.

Let us describe the stabilizer G, of the point a(ay,a,) € M. For this
purpose take a vector field Z, € G, with singularity at the point a, so

Zo=aX+pY +~+H

for some constants «, 3,7, i.e.

_ Bip? 2 9 9
Za—<’m:+2(x +yo7) +a ax+(’yyo+5$yo)ay0-

Since the point «a is singular, we have

yax+§(a$2+ay2)+a:0, yay + Baga, = 0.
Therefore
2 _ 2
az —a
o = B = y7 Y= _66%)
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where [ is arbitrary parameter. Put 8 = 1. Then we get
a? —a?
Zy = %XJrY—aIH.

The generating function of the vector field Z, is
1
hz, = 9 (*y(% —(r—ay — ay)(m —ag + ay)) Y1+ (z — az)yo.
So, dimG, =1 and G, = RZ,.
Let Sz, be the evolutionary part of the vector fields Z. Recall, [4], that

0 dhy 0 d*hy 0 d*hy 0
Sz, =hz— R e -
dyo | dx dyy  dx? dy dz! Oy
where
R A
dr — or Moy " Mo
. . . & . d
is the operator of total differentiation and T is the j-th power of e
Notice that the vector fields S(Z’i) is tangent to the submanifold
NF < Jk (7).

Let sy = {x, yo = f(x)} be a curve on M. Its prolongation

= {.ili‘, Yo = f(x)v y1 = f,($)7 sy Yk = f(k)(x)}
(k)

intersects N, k at a unique point. Therefore, the curve s 78 uniquely de-

termined by the point of its intersection with N¥. Let 6 = [s;]¥ be this
point.

A dimension of the orbit of the curve sgpk) at the point 7} '(a) is the

dimension of the orbit of the point § on the submanifold N~.

The dimension of the ng)—orbit of the point 6 is the rank of the 1 x (k+1)-
matrix

(0, ay(1 = i), (1 -7 —3ayy2)y1) -
Since a, > 0, the rank is zero if 1 — y? = yo = 0. Otherwise it equals 1.
Therefore, the set

Ys={1-yi =0, y2 =0}
consists of singular points of the G&k)—orbit.

The general curve has no singular points, therefore the codimension of
its orbit is equal to 1.

Theorem 2.1. The dimension of the algebra of differential invariants of
order < k with respect to the Lie group Gs is k — 1.
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3. CURVATURES OF CURVES ON DE SITTER PLANE

According to Theorem 2.1, the first differential invariants arise in the
second order. Let us find them. The prolongations of the vector fields
X,Y, H into J2(R) are

0
x@ - =
ox’
1 0 0 0
(2) — Z (2 2y Y v oo 9
Y 5 (* +yp) g T o + (yo — yoy?) aler

0
+ (y1 — yi — 3yoy1y2 — :cyg)a—,
Y2

H® = ;x + 90 62 — U2 622
Solving the system of differential equations
X =o, Y@ () =o, H®)(J) =0,
we will find a first differential invariant
Jy = y2y0 + yi —1'
ly? — 1’

The function

F'(@) (@) + (' (x)® —
(f(2))2 — 12

is called a de Sitter curvature of the curve y = f(x).

Jo(f) =

4. ALGEBRA OF DIFFERENTIAL INVARIANTS
It is not hard to check that the operator

Yo d

v/ .
i lyi — 1] dx

is an invariant differentiation.
The third order invariant can be obtained by applying the operator Vg
to the invariant Js:

8 (ysyi — 3y3y1 — y3)
(yi — 1)

Using the invariant derivation Vg, we can construct higher order differential
invariants:

J3 =

Jy = V(J3)7 coey JE = V(kal)a
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Let us indicate the type of fourth order differential invariant in coordi-
nates:
Y% 5 4 2 4 3 3
Jy = 72(21/31/1 + yoyay1 — 6y3y1 — 4ysyy — 10yoy2ysyi —
(—1+97)?
— 2yoyayt + 15y0ytys + 6yTys + 10yoy1y2ys+

+ 20193 + Youys + 3yoy§>-

Theorem 4.1. The functions Ja, Js, ..., Jg, ... form the basis of local dif-
ferential invariants of a curve with respect to the de Sitter group Gs.

5. EQUIVALENCE OF CURVES

A curve s on de Sitter is called regular if |dJa|s # 0. This means that the
restriction Jo|, of Jy to s can be taken as a new parameter on the curve.
Therefore the restriction of the differential invariant J3 to the curve s can
be represented as a function of 7:

J3|g = F(7).

Theorem 5.1. Suppose that the following conditions are satisfied for two
reqular curves s and 5 on the de Sitter plane:

(1) the functions F(t) and F(7) do not vanish;
(2) the prolongations of the curves s and § to the space of 2-jets belong
to the same connected component.

Then the curves s and s are locally equivalent with respect to the movements
of the de Sitter plane if and only if F' = F.

Proof. Let us prove necessity. Suppose that the curves s and 5 are locally
equivalent. This means that there exists a transformation ® € Gg that
transforms the curve s into §. Therefore the prolongations s and §2 of
these curves to the 2-jet space J?(R) lie on the same connected component.
Moreover, since Jo and J3 are differential invariants, we have F = F.

Prove that condition F = F is sufficient for local equivalence of the
curves s and §. Suppose that the curves s and § are graphs of the functions
y = f(z) and y = f(z) respectively. The ordinary third order differential
equation

J3 = F(Ja), (5.1)

defines the hypersurface E in the space J3(R). The functions y = f(z)
and y = f(x) are solutions of this equation and the curves s and 5O lie
on this hypersurface. Due to condition (2) of the theorem, the restrictions
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of the function 1 — y? to these curves are everywhere not zero. Therefore
equation (5.1) can be solved with respect to the highest derivative:

-1 3
3yo*y1ye” + F <y2y0+yl ) (=147

3
lyf—1|2

Ys = 5.2
yo? (=1 +y12) (5:2)
The generating functions [4] of the vector fields X, Y, H are
2 2
7Y + Ny
hx = —y1, hy =zyo — fo’ ha =yo — zy1
respectively. Therefore corresponding evolutionary vector fields are
g 0 0 0
X="Y17— — Y27~ —Ys5—,
Yo oy 0y2
2 2 2 2
Y1+ iy 0 o TY2+Ygy2) 0
Sy =2y — ——= | — + — -2 —4
Y ( Yo B) > 3% (yo Yoy1 9 oy
2 2
Y3 + 0
+ (1 — my2 — 4} — Byoyry2 — LU T %obs e
2 Y2
0 0 0
Su = (Yo —zy1)5— —xy25— — (y2 + 2y3) 5 —-
( )ayo oy ( )53/2

The restrictions Sx, Sy, Sy to the hypersurface E are shuffling sym-
metries of equation (5.2). These restrictions are linearly independent if
(y? — 1)F # 0. Due to condition (1) of the theorem we have F(7) # 0
and due to condition (2) we also have that y? — 1 # 0. Therefore the last
inequality is true and the vector fields Sx, Sy, Sy are linearly independent
at each point of a connected component. So, the prolonged Lie group Gg
acts transitively on each connected component.

Choose on each curve the points: ag € s®) and by € 53, Since the
shift by variable z belongs to G, we can assume that x(ag) = x(by) = a.
Thus, using a suitable transformation of this Lie group, we can achieve that
ag = bg. So, without loss of generality, we can assume that the functions
y = f(z) and y = f(z) being solutions of differential equation (5.2), have
the same initial data. By the uniqueness theorem for solutions of differential
equations, the functions f and f coincide at least locally.

Thus, using a suitable motion, the curve s can be locally translated into
the curve s. O

Remark 5.2. The described method for finding differential invariants can
be applied to problems of classifying curves in other geometries. In addition,
it is applicable to the classification problems of certain classes of differential
equations, see [5].
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