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Dynamics and exact solutions of the
generalized Harry Dym equation

Ruslan I. Matviichuk

Abstract. The Harry Dym equation is the third-order evolutionary partial
differential equation. It describes a system in which dispersion and nonlin-
earity are coupled together. It is a completely integrable nonlinear evolution
equation that may be solved by means of the inverse scattering transform. It
has an infinite number of conservation laws and does not have the Painleve
property. The Harry Dym equation has strong links to the Korteweg-de Vries
equation and it also has many properties of soliton solutions. A connection
was established between this equation and the hierarchies of the Kadomtsev-
Petviashvili equation. The Harry Dym equation has applications in acoustics:
with its help, finite-gap densities of the acoustic operator are constructed.
The paper considers a generalization of the Harry Dym equation, for the
study of which the methods of the theory of finite-dimensional dynamics are
applied. The theory of finite-dimensional dynamics is a natural development
of the theory of dynamical systems. Dynamics make it possible to find fam-
ilies that depends on a finite number of parameters among all solutions of
evolutionary differential equations. In our case, this approach allows us to
obtain some classes of exact solutions of the generalized equation, and also
indicates a method for numerically constructing solutions.

Amnoranis. Pisuauua appi Jiva € eBoomiiHuM piBHSHHA B YaCTUHHUIX
MOXiTHUX TPETHOTO MOPSIIKY 1 OMUCYE CUCTEMU 3 HeiHiitHOIO mucnepciero. Lle
[[JIKOM 1HTErpoBHE HeJliHiliHe PIBHAHHSA, siKe MOXKe OyTu POo3B’d3aHe 3a J10-
ITIOMOT'OI0 3BOPOTHBOI'O IIEPETBOPEHHS pPO3CiloBaHHA. BOHO Mae HeckiHUeHHY
KIJIbKICTh 3aKOHIB 306epexkeHHs 1 He Bosoie BiaacTuBocTio [lennese. PiBusmus
Tappi dima TicHo nos’sa3ane 3 piBusanugam Kopresera-ie Bpica ta mae baraTto
BJIACTHBOCTE DIBHAHB 3 COJIITOHHUMU pimenHsMu. Panime Oyio BcTaHOB-
JIEHO 3B’SI30K MiXK JAHUM DIBHAHHAM Ta iepapxismu piBusgausa Kamomresa-
Ilersiamsini. Bono TakoK Mae 3acTOCyBaHHS B aKyCTHUIII: 3 OO JTOTIOMOIOIO
OYLyIOThCs CKIHYE€HHO-BUMIPHI IIIJIBHOCTI AKyCTHIHOI'O OIIEPATOPA.
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B nawniit poboti posrisiiaeTbes y3arajibHeHHs piBHaHHA appi [limva, 1s Bu-
BYEHHSI SKOT'O 3aCTOCOBYIOTHCA METOJIM TeOPil CKIHIeHHOBUMIPHOI JUHAMIKA
€BOJIIOLIHUX PIBHAHDb B YACTUHHUX IOXIJHUX, IO € IPUPOIHIM PO3BUTKOM
Teopil jguHaMidHEX cucTeM. IuHamika jgae 3MOry 3HalTu ciM’l po3B’d3KiB
PIBHSHDb B YACTUHHUX HOXIJTHUX, sIKi 3aJI€2KATH BiJl CKIHUEHHOI'O YHCJIa ITapa-
MeTpiB. Y HAIIOMY BUIAJKY TAKUH MMiIXiT JO3BOJISIE OTPUMATHU JAEsIKi KIacH
TOYHUX PO3B’4A3KiB y3arajbHeHoro piBuganHg [appi [lima, a Takox BKasye Ha
MOXKJIUBICTh MOGYIOBH YUCJIOBUX METOJIB JJTsl TIOOYIOBHU TX PO3B’SI3KiB.

1. INTRODUCTION
The Harry Dym equation has the following form:
Up = U Uy (1.1)

Apparently the first time this equation was given in paper [4] by M. Krus-
kal, which referred to an unpublished work by Harry Dym. This equa-
tion describes nonlinear dispersion processes and is closely related to the
Korteweg-de Vries equation and the Kadomtsev-Petviashvili equation. The
Harry Dym equation is used in acoustics to construct finite-gap densities of
an acoustic operator [8]. It is a completely integrable nonlinear evolution
equation, which can be solved using the inverse scattering problem.

This article is devoted to a generalized Harry Dym equation (GHD) of
the form

Ut = f(u)uﬂc:rx (1'2)
for some function f. We suppose that the function f belongs to a class C*
in its domain of definition.

For such equations, first and second order dynamic will be constructed,
which will then be used to construct their exact solutions.

The theory of finite-dimensional dynamics is a natural extension of the
theory of dynamical systems to evolutionary partial differential equations.
It describes a system in which dispersion and nonlinearity are coupled to-
gether.

A detailed description of this theory is presented in |3, 7]. Here we give
only the necessary definitions, ideas and results.

A method for constructing attractors for second-order evolutionary dif-
ferential equations was proposed in [1], on the basis of which an algorithm
for the numerical solution of such equations was developed in [6].

2. FINITE-DIMENSIONAL DYNAMICS

Consider an ordinary differential equation of (k + 1)-th order

y ) = p (x,y, vy .. ,y(’“)) : (2.1)
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This equation generates a one-dimensional distribution P on the jet space
J¥(R) such that its integral curves are prolongations of the solutions graphs
into the space J*(R). The distribution P is generated by the vector field

D d +y d +- 4y d +h 4
= =0 15— T e Y

ox Yo OYe—1 Oy
where x, Yo, y1, . . ., yr are coordinates on Jk(]R).

A vector field X on J¥(R) is called an infinitesimal symmetry of equa-
tion (2.1) if translations along X save P.

Infinitesimal symmetries form Lie algebra Symm P with respect to the
Lie bracket. An infinitesimal symmetry is called characteristic if transla-
tions along it save each integral curve of the distribution P. Characteristic
symmetries form an ideal in Symm P which we denote by CharP.

The quotient Lie algebra ShuffP := SymmP/CharP is called the Lie
algebra of shuffling symmetries.

Each shuffling symmetry can be identified with a vector field of the form

0 0 9 0 k 0

Sp= 07— +D()5 - + D)5+ + D)5

where ¢ is a function on J*(R) that is called a generating function of the
corresponding shuffling symmetry.

Let y = y(z) be a solution of equation (2.1), ¢ a generating function
of a shuffling symmetry, and ®; the translation along the vector field Ss.
Then the function u(t,z) = (@5 1)* (y(z)) is a solution of the evolutionary
partial differential equation

ou
a—:qﬁ(x,u,ul,uQ,...,uk) (2.2)
t

oxd’

Equation (2.1) is called a finite-dimensional dynamics of equation (2.2).
The number k + 1 is called an order of the dynamics.

The following theorem (see [1]) provides a method for calculating finite-
dimensional dynamics of evolutionary equations.

with the initial data u(0,z) = y(x), where u; =

Theorem 2.1. The ordinary differential equation
F=ypy1 — Mz, y0,y1,-- -, y6) =0
is a dynamics of evolutionary equation (2.2) if and only if

[¢, F] =0 mod DF, (2.3)
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where DF = (F, D(F), D*(F),...) is the generated by the function F dif-
ferential ideal,

0
+yo—+ - (2.4)

0 0
D= + Y1 =
oy

ox Yo

is the operator of total derivative, and

6.F] =Y <a¢ i(F) - aFDW))

i=0 i i
is a prolongation of the classical Poisson-Lie bracket into the jet space (see,
for example, [5]).
3. FIRST ORDER DYNAMICS
Find first order dynamics of GHD equation (1.2) in the following form:
F =y + A(yo), (3.1)
where A is a function. Then the Poisson-Lie bracket is

(6, F] = f(y0) A" (yo)ys + 3 (o) A" (yo)yry2 + f' (y0)ysA(yo)-

Applying the operator of total differentiation by x to the equation F' = 0,
we obtain the following expressions of derivatives of the second and third
order:

y2 = — A'(yo)ur,
ys = — A"(yo)y? — A'(0)yo-
Then equation (2.3) has the form
A (ffAA" + fA” + AFA" + 3fA'A") = 0. (3.2)

This equation has the trivial solution A(yy) = 0 and nontrivial one

yodyo dyo
Al) = \/ ([ v Fog) o s

1
+4 /Cy JJ ——dyodyo + Coyo + Cs.
f(yo)

If A(yo) # 0 and C; # 0 for some constants a, b then equation (3.2) can be
solved with respect to the function f:

f(yo) =

I
(A2(y0))"

where C is arbitrary constant.
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The restriction of the function ¢ to equation F' = 0 is

6= —£(0) (A2(y0) A" (o) — Alwo) (4'(w0)")

Example 3.1 (Classical Harry Dym Equation). The function f(u) = u
corresponds to the classical Harry Dym Equation. In this case

Cy + 20542 + 2C
A(yo) = i\/ ! 22y0 340
Yo

3

To simplify the calculations, we put C1 = 2, Cy = C3 = 0 and suppose that

A(yo) = \/% Then the vector field

1 0
VY0 0yo
Translations along this vector field from ¢t = 0 to ¢ and the inverse trans-
formation are

S =

1 3/2 2/3
O, :(z, yo) — <$,4 (Syo/ - 12t> > ,

X 3 32 2/3
q)t_ :(x7y0) — z, <2t + yO > )

and the general solution of the equation

1
/ = 0
Y VYo
is
1
y(x) =7 (a - 122)%/3 (3.3)

where « is arbitrary constant. Its graph is shown in Figure 3.1.

FIGURE 3.1. Graph of solution (3.3) with o = 10
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Applying the transformation ®, ! to this solution, we obtain the following
solution of the classical Harry Dym equation:

u(t,z) = i (8 — 12(x +£))2/%. (3.4)

Remark 3.2. Constructed solution (3.4) is similar to the solution obtained
by an auto-Backlund transformation [2]:

u(t,z) = (—3a(z + 4a2t))2/3 :

Example 3.3. Let f(u) = u!'/3 then

A(yo) = i\/ng/g + Cayo + Cs.

To simplify the calculations, we put C; = 25,Cy = C3 = 0 and suppose
that A(yg) = yg/ %, Then the restriction of the function ¢ to the equation

F=0is¢= —8y3/ 6 and the corresponding evolutionary vector field is
= 5 5/6 0
S=— —
9y0 ayo
Then

_ 15625 54 1/3\°
1 :(@,40) — (‘T 24794911296 <t Bl ’

_ 15625 54 1/3\°
o Y (PP i R 5 .
e (@ %) (x 24794911296( 5

The general solution of the equation vy’ + yg/ b=0is

¥(®) = J6656

where « is arbitrary constant. Applying the transformation ®, L to this
solution, we obtain the following solution of GHD equation:

(z+a)°,

Ut = u1/3ux:cac
(see Figure 3.3):

1 6
t,r) = 9(z +a) +5t)" . 3.5
u(t,z) 24794911296 (O ) ) (8:5)

Example 3.4. Let f(u) = e" then
A(yo) = ++/C1yo + Cae¥o + Cs.
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FIGURE 3.2. Graph of solution (3.5)

In order to simplify the calculations, put C; = 0,C% = —1,(C3 = 0. Then
Y —
A(yo) = 6_70, whence ¢ = _%efyo/27 and

16
Dy 1 (z,y0) — (x,—ln + yo>.
(te= 2 — 4)2

The general solution of the equation v/ + e~ %2 =0 is

4
y(x) = —In m7

where « is arbitrary constant. Applying the transformation @, L to this

solution, we obtain the following solution of the GHD equation u; = e“tyzz:

4

u(t,z) = —2In B ta) 10

(3.6)

(see Figure (3.4)).

4. SECOND ORDER DYNAMICS

In this section we will describe the second order dynamics of the equa-
tion (1.2) in the following form:

F =y + A(yo)y1 + B(yo), (4.1)
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FIGURE 3.3. Graph of solution (3.6)

where A, B are some functions. Notice that the equation 2.3 can be written
as the following overdetermined system:

B2(3fA' + Af') =

3B(—fB"+ (A> = B')f'+3fAA") =0

fA/// _|_ 2f/A// + A/f// — 0’

—GfAA”—i-fB”/ +2f’B” _ 8AA/f/+ (B/ _ AQ)f” _ Sf(A,)Z =0,

—6fBA" —3fAB" — ABf" + (—7f'B + (6(A* — $B')) f)A'+

{ +2Af'(A%2 - 2B") = 0.

Solving this system for nontrivial f (i.e. f # 0) we get three solutions:
(1) A= B =0, f is arbitrary;

(2) A=0,B=Cy +C,f ﬂ, f is arbitrary;
f(o)

1 Cs
3) A=+——— B =C5+ Cy\ A3y, ,
(3) T 34 Cy § A%dyo, f = Ve
where C1,...,C5 are arbitrary constants.

Consider these cases sequentially. B
Case 1. Equation (4.1) has the form y” = 0. But since ¢ = 0, the vector

field S = 0 vanishes and we cannot construct solutions of equation (1.2).
Case 2. Equation (4.1) has the form

dyo
"+ Cy+ C =0
Y T2 Fwo)
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and ¢ = —Cyy;. Therefore

— 0 dyo > 0
S=_—Coy— —Cy [ Cy +C S
oy~ ( Y2 ) o)) on

Case 3. Equation (4.1) has the form
y// + hn _ 2C +
VCayo + Co Cay/Cayo + C2

For simplicity, put C; = a,Cy = b, C3 = C4y = 0, C5 = ¢ and suppose that
the function A is positive, i.e.

A( )-#
W) = e

Then the equation (4.1) will have the form
p 1

U ey

and its solution can be found in implicit form:

—4Cn/ay + b — 2arctanh(2C1v/ay + b),

+1In(4C%ay + 4bC? — 1) F 2In Cy + 4C1x + Cy = 0,

Ch.

B(yo) =0, f(yo) = c(ayo + b)*/2.

=0

(4.2)

where C, (s are constants. Note that the function y is 2-valued. Since the
vector field (2.4) has the form

T )
- Oz yl&’yo Vayo +b oy’

the restriction of the function ¢ to the equation F' =0 is

- ¢
¢ = §y1(2\/ ayo + b+ ayy).

and the corresponding evolutionary vector field is

_ ¢ 0 cy1 (3ayy + 24/ayg +b) ©
5 = D (2 fagy £ b+ a) -+ LWLV FD) T
2 Yo 2¢/ayo +b oy
This vector field generates the shift transformation ®;. Applying the trans-
formation @, ! to the expression, we get an implicit representation of the
solution to GHD equation

uy = c(au + b)3/2umx.

Unfortunately, shift transforms cannot be found explicitly, but one can use
the method of numerical integration.
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