
Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✺ ✽✭✸✲✹✮ ✼✾✕✽✺ dω

●❡♦♠❡tr② ♦❢ ❛ ❘❡❧❛t✐✈✐st✐❝ ◗✉❛♥t✉♠ ❈❤❛♦s✿ ◆❡✇
❛♣♣r♦❛❝❤ t♦ ❞②♥❛♠✐❝s ♦❢ q✉❛♥t✉♠ s②st❡♠s ✐♥ ❡❧❡❝✲
tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ s♦♠❡ ❛♣♣❧✐❝❛t✐♦♥s

❆✳❱✳ ●❧✉s❤❦♦✈✱ ❱✳❇✳ ❚❡r♥♦✈s❦②✱ ●✳P✳ Pr❡♣❡❧✐ts❛

❆❜str❛❝t ❲♦r❦ ❣♦❡s ♦♥ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ♥❡✇ r❡❧❛t✐✈✐st✐❝ ❝❤❛♦s✲❣❡♦♠❡tr✐❝ ❛♥❞

q✉❛♥t✉♠✲❞②♥❛♠✐❝ ❛♣♣r♦❛❝❤ t♦ s♦❧✈❡ ♣r♦❜❧❡♠s ♦❢ ❝♦♠♣❧❡t❡ ♠♦❞❡❧❧✐♥❣ r❡❧❛t✐✈✐st✐❝

❝❤❛♦t✐❝ ❞②♥❛♠✐❝s ♦❢ ❛t♦♠s ✐♥ ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✳ ❆s ✉s✉❛❧❧② ❛♥ ❛♣♣r♦❛❝❤

❝♦♥s✐st❡♥t❧② ✐♥❝❧✉❞❡s ❛ ♥✉♠❜❡r ♦❢ ♥❡✇ r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ ♠♦❞❡❧s ❛♥❞ ❛ ♥✉♠❜❡r

♦❢ ♥❡✇ ♦r ✐♠♣r♦✈❡❞ ♠❡t❤♦❞s ♦❢ ❛♥❛❧②s✐s ✭❝♦rr❡❧❛t✐♦♥ ✐♥t❡❣r❛❧✱ ❢r❛❝t❛❧ ❛♥❛❧②s✐s✱

❛❧❣♦r✐t❤♠s✱ ❛✈❡r❛❣❡ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ❢❛❧s❡ ♥❡❛r❡st ♥❡✐❣❤❜♦rs✱ ▲②❛♣✉♥♦✈

❡①♣♦♥❡♥ts✱ s✉rr♦❣❛t❡ ❞❛t❛✱ ♥♦♥✲❧✐♥❡❛r ♣r❡❞✐❝t✐♦♥✱ s♣❡❝tr❛❧ ♠❡t❤♦❞s✱ ❡t❝✳✮ ❲❡

♣r❡s❡♥t ❤❡r❡ ✜rst❧② t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❛t♦♠✐❝ ✐♦♥✐③❛t✐♦♥ q✉❛♥t✐t❛t✐✈❡ ❞❛t❛ ❢♦r

s♦♠❡ ❛t♦♠s ✐♥ ❛ ♠✐❝r♦✇❛✈❡ ❡①t❡r♥❛❧ ✜❡❧❞

❑❡②✇♦r❞s r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ ❝❤❛♦s✱ q✉❛♥t✉♠ s②st❡♠s ✐♥ ✜❡❧❞✱ ❝❤❛♦s✲

❣❡♦♠❡tr✐❝ ❛♥❞ q✉❛♥t✉♠✲❞②♥❛♠✐❝s ❛♣♣r♦❛❝❤

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✵✵✮✺✺❘✵✶✲✺✺❇✶✸

❯❉❑ ✺✶✼✳✾

■♥tr♦❞✉❝t✐♦♥

❚❤✐s ♣❛♣❡r ❣♦❡s ♦♥ ♦✉r ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ ❡♥❡r❣②✱ s♣❡❝tr❛❧ ❛♥❞ ❣❡♦♠❡tr✐❝

❢❡❛t✉r❡s ♦❢ r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ s②st❡♠s ✐♥ ❛♥ ❡①t❡r♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞

r❡✈❡❛❧❡❞ q✉❛♥t✉♠ ❝❤❛♦s ❢❡❛t✉r❡s ♦❢ t❤❡ st✉❞✐❡❞ s②st❡♠s✳ ❚❤❡ ♠❛✐♥ ❛tt❡♥t✐♦♥ ✐s

❞❡✈♦t❡❞ t♦ q✉❛♥t✐t❛t✐✈❡ st✉❞②✐♥❣ t❤❡ ❛t♦♠✐❝ ❞②♥❛♠✐❝s ❡✐❣❡♥ ❡♥❡r❣② ✈❛❧✉❡s ❛♥❞

q✉❛♥t✉♠ ❝❤❛♦s ❢✉♥❞❛♠❡♥t❛❧ ❝❤❛r❛❝t❡r✐st✐❝s✳ ❚❤❡ ❞✐✛❡r❡♥t ❛❧❣♦r②t❤♠s ♦❢ ❛ ✇❤♦❧❡

r❡❧❛t✐✈❝✐st✐❝ ❡♥❡r❣② ❛♣♣r♦❛❝❤ t♦ ❛t♦♠s ✐♥ ❛♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ ❝❤❛♦s✲



✽✵ ❆✳❱✳ ●❧✉s❤❦♦✈ ❡t ❛❧

❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤ t♦ st✉❞②✐♥❣ q✉❛♥t✉♠ ❝❤❛♦s ✐♥ t❤❡ ❝♦♠❧❡① q✉❛♥t✉♠ s②st❡♠s

❬✶❪✕❬✶✹❪✳

▲❡t ✉s r❡ r❡♠✐♥❞ t❤❛t ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝✐t❡❞ s②st❡♠s ✐♥ ❡①t❡r♥❛❧ ❡❧❡❝tr♦♠❛❣✲

♥❡t✐❝ ✜❡❧❞ ❤❛s ❢❡❛t✉r❡s ♦❢ t❤❡ r❛♥❞♦♠✱ st♦❝❤❛st✐❝ ❦✐♥❞ ❛♥❞ ✐ts r❡❛❧✐③❛t✐♦♥ ❞♦❡s

♥♦t r❡q✉✐r❡ t❤❡ s♣❡❝✐✜❝ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ ♠❛t❤❡♠❛t✐❝❛❧ st✉❞②✐♥❣ ❛

♣❤❡♥♦♠❡♥♦♥ ♦❢ st♦❝❤❛st✐❝✐t② ♦r q✉❛♥t✉♠ ❝❤❛♦s ✐♥ ❞②♥❛♠✐❝❛❧ s②st❡♠s ✐s ♣r♦✈✐❞❡❞

❜② ❛ ✇❤♦❧❡ ♥✉♠❜❡r ♦❢ t❡❝❤♥✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥s✱ ✐♥❝❧✉❞✐♥❣ ❛ ♥❡❝❡ss✐t② ♦❢ ✉♥❞❡rst❛♥❞✲

✐♥❣ ❝❤❛♦t✐❝ ❢❡❛t✉r❡s ✐♥ ❛ ✇♦r❦ ♦❢ ❞✐✛❡r❡♥t ❡❧❡❝tr♦♥✐❝ ❞❡✈✐❝❡s ❛♥❞ s②st❡♠s✳ ◆❡✇

✜❡❧❞ ♦❢ ✐♥✈❡st✐❣❛t✐♦♥s ♦❢ t❤❡ q✉❛♥t✉♠ ❛♥❞ ♦t❤❡r s②st❡♠s ❤❛s ❜❡❡♥ ♣r♦✈✐❞❡❞ ❜②

❛ ❣r❡❛t ♣r♦❣r❡ss ✐♥ ❛ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛ ❝❤❛♦s t❤❡♦r② ♠❡t❤♦❞s✳ ■♥ ♣r❡✈✐♦✉s ♦✉r

♣❛♣❡rs ❬✷✲✹❪ ✇❡ ❤❛✈❡ ❣✐✈❡♥ ❛ r❡✈✐❡✇ ♦❢ ♥❡✇ ♠❡t❤♦❞s ❛♥❞ ❛❧❣♦r✐t❤♠s t♦ ❛♥❛❧②s✐s

♦❢ ❞✐✛❡r❡♥t ❞②♥❛♠✐❝❛❧ s②st❡♠s✳

■♥ t❤✐s ♣❛♣❡r ❢♦❧❧♦✇✐♥❣ ❬✹❪ ✇❡ s❤♦rt❧② ♣r❡s❡♥t t❤❡ t❤❡♦r❡t✐❝❛❧ ❢♦✉♥❞❛t✐♦♥s ♦❢

t❤❡ ♥❡✇ ✉♥✐✈❡rs❛❧ r❡❧❛t✐✈✐st✐❝ ❝❤❛♦s✲❣❡♦♠❡tr✐❝ ❛♥❞ q✉❛♥t✉♠✲❞②♥❛♠✐❝ ❛♣♣r♦❛❝❤ t♦

♠♦❞❡❧❧✐♥❣ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝s ♦❢ ❤❡❛✈② ❝♦♠♣❧❡① r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ s②st❡♠s ✐♥ ❛♥

❡①t❡r♥❛❧ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞✱ ♦♣❡♥✐♥❣ ❛ ♥❡✇ ✜❡❧❞ ♦❢ r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ ❝❤❛♦s

✐♥ ❣❡♦♠❡tr② ♦❢ ❛ ❝❤❛♦s✳ ❈❤❛♦s✲❣❡♦♠❡tr✐❝ ❜❧♦❝❦ ✐♥❝❧✉❞❡s ❛ s❡t ♦❢ ♥❡✇ ♦r ♣❛rt✐❛❧❧②

✐♠♣r♦✈❡❞ ♥♦♥✲❧✐♥❡❛r ❛♥❛❧②s✐s ♠❡t❤♦❞s ✭s✉❝❤ ❛s ❝♦rr❡❧❛t✐♦♥ ✭❞✐♠❡♥s✐♦♥ ❉✮ ✐♥t❡✲

❣r❛❧✱ ❢r❛❝t❛❧ ❛♥❛❧②s✐s✱ ❛✈❡r❛❣❡ ♠✉t✉❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ❢❛❧s❡ ♥❡❛r❡st ♥❡✐❣❤❜♦✉rs✱ ▲②❛✲

♣✉♥♦✈ ❡①♣♦♥❡♥ts ✭▲❊✮ ❛♥❞ ❑♦❧♠♦❣♦r♦✈ ❡♥tr♦♣② ✭❑❊✮ ✱ ♣♦✇❡r s♣❡❝tr✉♠ ❛♥❛❧②s✐s✱

t❤❡ s✉rr♦❣❛t❡ ❞❛t❛✱ ♥♦♥❧✐♥❡❛r ♣r❡❞✐❝t✐♦♥✱ ♣r❡❞✐❝t❡❞ tr❛❥❡❝t♦r✐❡s✱ ♥❡✉r❛❧ ♥❡t✇♦r❦

♠❡t❤♦❞s ❡t❝✮✱ q✉❛♥t✉♠✲❞②♥❛♠✐❝❛❧ ❜❧♦❝❦ ✕ ♥❡✇ r❡❧❛t✐✈✐st✐❝ ❛♣♣r♦❛❝❤ t♦ s②st❡♠s

✐♥ ❛ ✜❡❧❞✳ ❋♦r ❛ ♥✉♠❜❡r ♦❢ ❤❡❛✈② s②st❡♠s t❤❡r❡ ❛r❡ ✜rst❧② t❤❡♦r❡t✐❝❛❧❧② ♣r❡s❡♥t❡❞

❝♦rr❡s♣♦♥❞✐♥❣ q✉❛♥t✐t❛t✐✈❡ ✐♦♥✐③❛t✐♦♥ ❞②♥❛♠✐❝s ❛♥❞ ❝❤❛♦s ❝❤❛r❛❝t❡r✐st✐❝s✳

✷✳ ❘❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠ ❝❤❛♦s ✐♥ ❛t♦♠✐❝ ❞②♥❛♠✐❝s ✐♥ ❛ ❉❈ ❡❧❡❝tr✐❝

❛♥❞ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s

❖✉r ❝❤❛♦s✲❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤ t♦ tr❡❛t✐♥❣ ❛ ❝❤❛♦s ❞②♥❛♠✐❝s ❤❛s ❜❡❡♥ ✐♥

❞❡t❛✐❧s ♣r❡s❡♥t❡❞ ❡❛r❧✐❡r ❬✶✲✸❪✳ ❋✉rt❤❡r ✇❡ ♣r❡s❡♥t ❛ ♥❡✇ r❡❧❛t✐✈✐st✐❝ q✉❛♥t✉♠

❛♣♣r♦❛❝❤ t♦ ♠♦❞❡❧✐♥❣ t❤❡ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝s ♦❢ ❛t♦♠✐❝ s②st❡♠s ✐♥ ❛ ❞❝ ❡❧❡❝tr✐❝ ❛♥❞

❛❝ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞s✱ ❜❛s❡❞ ♦♥ t❤❡ t❤❡♦r② ♦❢ q✉❛s✐✲st❛t✐♦♥❛r② q✉❛s✐❡♥❡r❣②

st❛t❡s✱ ♦♣t✐♠✐③❡❞ ♦♣❡r❛t♦r ♣❡rt✉r❜❛t✐♦♥ t❤❡♦r②✱ ♠❡t❤♦❞ ♦❢ ♠♦❞❡❧✲♣♦t❡♥t✐❛❧✱ ❛

❝♦♠♣❧❡① r♦t❛t✐♦♥ ❝♦♦r❞✐♥❛t❡s ❛❧❣♦r✐t❤♠ ♠❡t❤♦❞✳ ❚❤❡ ✉♥✐✈❡rs❛❧ ❝❤❛♦s✲❣❡♦♠❡tr✐❝

❜❧♦❝❦ ✇✐❧❧ ❜❡ ✉s❡❞ ❢✉rt❤❡r t♦ tr❡❛t t❤❡ ❝❤❛♦t✐❝ ✐♦♥✐③❛t✐♦♥ ❝❤❛r❛❝t❡r✐st✐❝s ❢♦r ❛

♥✉♠❜❡r ♦❢ ❤❡❛✈② ❛t♦♠✐❝ s②st❡♠s✳

▲❡t ✉s r❡♠✐♥❞ t❤❛t ✐♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ✜❡❧❞ ❛t♦♠✐❝ ❍❛♠✐❧t♦♥✐❛♥

✐s ✉s✉❛❧❧② ❛s ❢♦❧❧♦✇s✿



●❡♦♠❡tr② ♦❢ ❛ ❘❡❧❛t✐✈✐st✐❝ ◗✉❛♥t✉♠ ❈❤❛♦s ✽✶

H =
1

2
p2 + Vat(r) + zF0 cos(ωt) (1)

❚❤❡ ✜❡❧❞ ✐s ♣❡r✐♦❞✐❝✱ ♦❢ ❝♦✉rs❡ ♦♥❡ s❤♦✉❧❞ ✉s❡ t❤❡ ❋❧♦q✉❡t t❤❡♦r❡♠❀ t❤❡♥ t❤❡

❡✐❣❡♥ ❋❧♦q✉❡t st❛t❡s ΨEj
(r, t) > ❛♥❞ q✉❛s✐❡♥❡r❣✐❡s Ej ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ❡✐❣❡♥

❢✉♥❝t✐♦♥s ❛♥❞ ❡✐❣❡♥ ✈❛❧✉❡s ♦❢ t❤❡ ❋❧♦q✉❡t ❍❛♠✐❧t♦♥✐❛♥ HF = H − i∂t✳ ■♥ t❤❡

❣❡♥❡r❛❧ ❢♦r♠ ✇✐t❤ ✉s✐♥❣ t❤❡ ♠❡t❤♦❞ ♦❢ ❝♦♠♣❧❡① ❝♦♦r❞✐♥❛t❡s t❤❡ ♣r♦❜❧❡♠ r❡❞✉❝❡s

t♦ t❤❡ s♦❧✉t✐♦♥ ♦❢ st❛t✐♦♥❛r② ❙❝❤rÑ†❞✐♥❣❡r ❡q✉❛t✐♦♥✱ ✇❤✐❝❤ ✐s ❛s ❢♦❧❧♦✇s ✐♥ t❤❡

♠♦❞❡❧ ♣♦t❡♥t✐❛❧ ❛♣♣r♦①✐♠❛t✐♦♥✿

(−1/2 · ∇2 + Vat(r) + ωLz + Foz)ΨE(r) = EΨE(r) (2)

✐✳❡✳ t♦ t❤❡ st❛t✐♦♥❛r② ❡✐❣❡♥ ✈❛❧✉❡ ❛♥❞ ❡✐❣❡♥ ✈❡❝t♦rs t❛s❦ ❢♦r s♦♠❡ ♠❛tr✐① ❆

✭✇✐t❤ t❤❡ ❝♦♥s✐❞❡r❛t✐♦♥ ♦❢ s❡✈❡r❛❧ ❋❧♦q✉❡t ③♦♥❡s✮✿ (A − −EjB)Ej >= 0✳ ❆s ❛

❞❡❝♦♠♣♦s✐t✐♦♥ ❜❛s✐s✱ s②st❡♠ ♦❢ t❤❡ ❙t✉r♠ ❢✉♥❝t✐♦♥s ♦❢ t❤❡ ♦♣❡r❛t♦r ♣❡rt✉r❜❛t✐♦♥

t❤❡♦r② ❜❛s✐s ✐s ✉s❡❞✳

■♥ ♦✉r ♥❡✇ t❤❡♦r② ✇❡ st❛rt ❢r♦♠ t❤❡ ❉✐r❛❝ ❍❛♠✐❧t♦♥✐❛♥ ✭✐♥ r❡❧❛t✐✈✐st✐❝ ✉♥✐ts✮✿

H = αp+ β − αZ/ri +
√
αFz, (3)

❍❡r❡ ❛ ✜❡❧❞ str❡♥❣t❤ ✐♥t❡♥s✐t② ✐s ❡①♣r❡ss❡❞ ✐♥ t❤❡ r❡❧❛t✐✈✐st✐❝ ✉♥✐ts ✭Frel =

α5/2Fat.un.;α ✐s t❤❡ ✜♥❡ str✉❝t✉r❡ ❝♦♥st❛♥t✮✳ ❖♥❡ ❝♦✉❧❞ s❡❡ t❤❛t ❛ r❡❧❛t✐✈✐st✐❝

✇❛✈❡ ❢✉♥❝t✐♦♥ ✐♥ t❤❡ ❍✐❧❜❡rt s♣❛❝❡ ✐s ❛ ❜✐✲s♣✐♥♦r✳ ❯s✐♥❣ t❤❡ ❢♦r♠❛❧ tr❛♥s❢♦r♠❛t✐♦♥

♦❢ ❝♦✲♦r❞✐♥❛t❡s r → r exp(iθ) ✐♥ t❤❡ ❍❛♠✐❧t♦♥✐❛♥

✭❄❄✮✱ ♦♥❡ ❝♦✉❧❞ ❣❡t✿

H(θ) = (αcp− Z/r) exp(−iθ) + β −
√
αFz exp(iθ), (4)

■♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ ❛♥ ❛♥❛❧♦❣♦✉s ♥♦♥✲r❡❧❛t✐✈✐st✐❝ t❤❡♦r②✱ ❤❡r❡ t❤❡r❡ ✐s ❛r✐s❡♥

❛ t❡❝❤♥✐❝❛❧ ♣r♦❜❧❡♠✳ ■♥ ❢♦r♠✉❧❛❡ ✭✸✮ t❤❡r❡ ✐s t❡r♠ β✱ ✇❤✐❝❤ ❝❛♥ ♥♦t ❜❡ s✐♠♣❧②

tr❛♥s❢♦r♠❡❞✳ ❖♥❡ ♦❢ t❤❡ s♦❧✈✐♥❣ r❡❝❡♣t✐♦♥s ♦s ❛ ❧✐♠✐t❛t✐♦♥ ♦❢ ❛ s✉❜✲s♣❛❝❡ ♦❢ t❤❡

❍❛♠✐❧t♦♥✐❛♥ ❡✐❣❡♥✲❢✉♥❝t✐♦♥s ❜② st❛t❡s ♦❢ t❤❡ ❞❡✜♥✐t❡ s②♠♠❡tr② ✭♠♦♠❡♥t✉♠ J

❛♥❞ ♣❛r✐t② Ð ✮✳ ❚❤✉s st❛t❡s ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s✿

ΨM
PJ = 1/r

(

f(r)ΥM
lJ (n, σ)

g(r)ΥM
l′J(n, σ)

)

(5)

❍❡r❡ l(l′) ❛♥❞ s♣✐♥ Ð✳ ✳ ✳ ✐♥ t❤❡ ❝♦✉♣❧✐♥❣ s❝❤❡♠❡ ❣✐✈❡ ❛ st❛t❡ ✇✐t❤ t❤❡ t♦t❛❧

♠♦♠❡♥t✉♠ J ❛♥❞ ✐ts ♣r♦❥❡❝t✐♦♥ MJ = M ✳ ❆❝t✐♦♥ ♦❢ t❤❡ ❍❛♠✐❧t♦♥✐❛♥ ✭✸✮ ♦♥ t❤❡

❢✉♥❝t✐♦♥s ✭✺✮ ✇✐t❤ ❞❡✜♥✐t❡ J r❡s✉❧ts ✐♥✿



✽✷ ❆✳❱✳ ●❧✉s❤❦♦✈ ❡t ❛❧

⌢

H (θ)ΨM
PJ = αr(

⌢
p r − iω(J+1/2)

r β) exp(−iθ)ΨM
PJ+

+(β − αZ
r exp(−iθ)−

√
αFz exp(−iθ))ΨM

PJ

(6)

✇❤❡r❡ αr =

(

0....σn

σn...0

)

✱ β =

(

1....0

0..− 1

)

✱ pr = −i(1/r)(d/dr)r✱ n = r/r✱ σ ✲

t❤❡ P❛✉❧✐ ♠❛tr✐❝❡s❀ ♣❛r❛♠❡t❡r ω =− 1✱ ✐❢ l = J − 1/2 ❛♥❞ ω = 1✱ ✐❢ l = J + 1/2.

❚♦ ❢✉rt❤❡r ❞✐❛❤♦♥❛❧✐③✉✈❛t② ❍❛♠✐❧t♦♥✐❛♥ s❡❧❡❝t✐♥❣ t❤❡ ❝♦rr❡❝t ❜❛s✐s ❢✉♥❝t✐♦♥s

✐♥ s✉❜s♣❛❝❡✱ ✐♥❝❧✉❞✐♥❣ s❡❧❡❝t✐♥❣ t❤❡ ❢♦❧❧♦✇✐♥❣ ❢✉♥❝t✐♦♥s ✭s❧❡t❡r♦✈s❦♦❤♦ ✈♦❞♥②❡✲

♣♦❞✐❜♥♦❤♦ ♦r t②♣❡✮✿

Ψa,M
PJ = 1/r

(

F (r)ΥM
lJ (n, σ)

0

)

(7a)

Ψ b,M
PJ = 1/r

(

0

iG(r)ΥM
l′J(n, σ)

)

(7b)

■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♠❛tr✐① ❡❧❡♠❡♥ts ✭✻✮ ✇✐❧❧ ❜❡ ♥♦✲③❡r♦t❤ ♦♥❧② ❜❡t✇❡❡♥

t❤❡ st❛t❡s ✇✐t❤ t❤❡ s❛♠❡ MJ ✳ ■♥ ❢❛❝t t❤✐s ♠♦♠❡♥t ✐s ❛ s✐♥❣❧❡ ❧✐♠✐t❛t✐♦♥ ♦❢ t❤❡

✇❤♦❧❡ ❛♣♣r♦❛❝❤✳

❚r❛♥s❢♦r♠❛t✐♦♥ ♦❢ ❝♦✲♦r❞✐♥❛t❡s ✐♥ t❤❡ P❛✉❧✐ ❍❛♠✐❧t♦♥✐❛♥ ✭✐♥ ❝♦♠♣❛r✐s♦♥ ✇✐t❤

t❤❡ ❙❝❤r♦❞✐♥❣❡r ❡q✉❛t✐♦♥ ❍❛♠✐❧t♦♥✐❛♥ ✐t ❝♦♥t❡♥ts ❛❞❞✐t✐♦♥❛❧ ♣♦t❡♥t✐❛❧ t❡r♠ ♦❢

❛ ♠❛❣♥❡t✐❝ ❞✐♣♦❧❡ ✐♥ ❛♥ ❡①t❡r♥❛❧ ✜❡❧❞✮ ❝❛♥ ❜❡ ♣❡r❢♦r♠❡❞ ❜② t❤❡ ❛♥❛❧♦❣♦✉s ✇❛②✳

❍♦✇❡✈❡r✱ ♣r♦❝❡❞✉r❡ ✐♥ t❤✐s ❝❛s❡ ✐s s✐❣♥✐✜❝❛♥t❧② s✐♠♣❧✐✜❡❞✳ ❚❤❡ ♦t❤❡r ❞❡t❛✐❧s ♦❢

t❤❡ ♣r❡s❡♥t❡❞ ❛♣♣r♦❛❝❤ ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬✷✲✺❪✳

✸✳ ◆✉♠❡r✐❝❛❧ ❛♣♣❧✐❝❛t✐♦♥ ❛♥❞ ❝♦♥❝❧✉ss✐♦♥s

❆s ✐❧❧✉str❛t✐♦♥✱ ❜❡❧♦✇ ✇❡ ♣r❡s❡♥t s♦♠❡ r❡s✉❧ts ♦❢ ♦✉r ♥✉♠❡r✐❝❛❧ ♠♦❞❡❧❧✐♥❣ ✐♦♥✲

✐③❛t✐♦♥ ❞②♥❛♠✐❝s ❢♦r ❘②❞❜❡r❣ ❛t♦♠s ❘❜✱ ❈s✱ ❋r ✭❘❜✿ n = 50− 80;Cs, Fr : n =

60 − 80✮ ✐♥ ❛ ♠✐❝r♦✇❛✈❡ ✜❡❧❞ ✭F = (1.2 − 3.2).10−9a.u.;ω/2π = 8.87, 36HGz✮✳

■♥ ♣❛rt✐❝✉❧❛r✱ ✐♥ ❚❛❜❧❡ ✶ ✭❢r♦♠ ❘❡❢✳ ❬✺❪✮ t❤❡r❡ ❛r❡ ♣r❡s❡♥t❡❞ ♦✉r ♥❡✇ r❡❧❛t✐✈✐st✐❝

t❤❡♦r② ❞❛t❛ ♦♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❘❜ ✐♦♥✐③❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② Ð ✉♣♦♥ t❤❡ ❋✱ ✐♥✲

t❡r❛❝t✐♦♥ t✐♠❡ ✏❛t♦♠✲✜❡❧❞✑✳ ❋♦r ❝♦♠♣❛r✐s♦♥ t❤❡r❡ ❛r❡ ❧✐st❡❞ t❤❡ ♥♦♥✲r❡❧❛t✐✈✐st✐❝

t❤❡♦r❡t✐❝❛❧ ❞❛t❛ ❜② ❑r✉❣✲❇✉❝❤❧❡✐t♥❡r ❬✶✺❪❀ ❚❤✷ ✕ ●❧✉s❤❦♦✈✱Pr❡♣❡❧✐ts❛ ❡t❛❧ ❬✸❪✳

❚❛❜❧❡ ✶✳ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ✐♦♥✐③❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② P ❢♦r ❘❜ ✭l0 = 0,m0 =

0, n0 = 60−66✮ ♦♥ n0✱ F ✭❛t✳✉♥✐ts✮✱ ✭♦t❤❡r ♣❛r❛♠❡t❡rs✿ t = 327.2π/ω❀ ❢r❡q✉❡♥❝②

ωc = ω/2π = 36GHz, 8.87GHz✮✿ ❚❤✶✲ ♥✉♠❡r✐❝❛❧ s✐♠✉❧❛t✐♦♥ ♦❢ t❤❡ ❙❝❤rÑ†❞✐♥❣❡r
❡q✉❛t✐♦♥ ❜② ❑r✉❣✲❇✉❝❤❧❡✐t♥❡r ❬✶✺❪❀ ❚❤✷ ✕ ●❧✉s❤❦♦✈✱Pr❡♣❡❧✐ts❛ ❡t❛❧ ❬✸❪❀ ❚❤✸ ✕ t❤✐s

✇♦r❦



●❡♦♠❡tr② ♦❢ ❛ ❘❡❧❛t✐✈✐st✐❝ ◗✉❛♥t✉♠ ❈❤❛♦s ✽✸

❚❤✳✶ ❚❤✳✷ ❚❤✳✸ ❚❤✳✶ ❚❤✳✷ ❚❤✳✷

n0 F =

3.1 ·

10−9

ωc = 36

F =

3.1 ·

10−9

ωc = 36

F =

3.1 ·

10−9

ωc = 36

F =

2.8 ·

10−9

ωc =

8.87

F = 3.1 ·

10−9

ωc = 8.87

F = 3.1 ·

10−9

ωc = 8.87

✻✵ ✵✱✷✺ ✵✱✷✺✷ ✵✱✷✼ ✵✱✷✵ ✵✱✷✶ ✵✱✷✹

✻✸ ✵✱✸✻ ✵✱✸✺✽ ✵✱✸✽ ✵✱✸✵ ✵✱✸✶ ✵✱✸✸

64∗ ✲ ✲ ✵✱✸✻ ✲ ✲ ✵✱✸✶

✻✺ ✵✱✸✹ ✵✱✸✹✼ ✵✱✸✼ ✵✱✷✽ ✵✱✷✾ ✵✱✸✷

✻✻ ✵✱✸✻ ✵✱✸✼✶ ✵✱✸✾ ✵✱✸✹ ✵✱✸✺ ✵✱✸✽

❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡♦r❡t✐❝❛❧ r❡s✉❧ts ✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❜② ▼✉♥✐❝❤ ❣r♦✉♣

❢♦r ❘❜✿ ✭n0 > 60✱ F = (1.2 − 3.2).10−9 ❛✳✉✳✱ ω/2π = 8.87GHz✮ ❬✶✺✱✶✻❪ s❤♦✇s

t❤❛t ❛❧❧ ❧✐st❡❞ ❞❛t❛ ❛r❡ ✐♥ ❛ r❡❛s♦♥❛❜❧❡ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t✱ ❤♦✇❡✈❡r✱ t❤❡

❜❡st ❛❝❝✉r❛❝② ✐s ♣r♦✈✐❞❡❞ ❜② r❡❧❛t✐✈✐st✐❝ t❤❡♦r②✳ ■♥ t❛❜❧❡ ✷ ✇❡ ✜rst❧② ♣r❡s❡♥t ♥❡✇

❞❛t❛ ♦♥ ❞❡♣❡♥❞❡♥❝❡ ♦❢ t❤❡ ❈s ✐♦♥✐③❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② Ð ✉♣♦♥ t❤❡ ❋✱ ✐♥t❡r❛❝t✐♦♥

t✐♠❡ ✏❛t♦♠✲✜❡❧❞✑ ✭t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❛s ✐♥ t❛❜❧❡ ✶✮✳ ❯♥❢♦rt✉♥❛t❡❧②✱ ❤❡r❡ t❤❡r❡

❛r❡ ♥♦ ❛♥② ❛❧t❡r♥❛t✐✈❡ t❤❡♦r❡t✐❝❛❧ ♦r ❡①♣❡r✐♠❡♥t❛❧ r❡s✉❧ts✳

❚❛❜❧❡ ✷✳ ❉❡♣❡♥❞❡♥❝❡ ♦❢ ✐♦♥✐③❛t✐♦♥ ♣r♦❜❛❜✐❧✐t② P ❢♦r ❈s ✭ l0 = 0,m0 = 0, n0 =

65− 75✮ ♦♥ n0✱ F ✭t❤❡ s❛♠❡ ♣❛r❛♠❡t❡rs ❛s ✐♥ t❛❜❧❡ ✶✮✿ t❤✐s ✇♦r❦

t❤✐s ✇♦r❦ t❤✐s ✇♦r❦ t❤✐s ✇♦r❦ t❤✐s ✇♦r❦

n0 F = 2.8 ·

10−9

ω/2π = 36

F = 3.1 ·

10−9

ω/2π = 36

F = 2.8 ·

10−9

8.87GHz

F = 3.1·10−9

8.87GHz

✻✺ ✵✱✸✼ ✵✱✹✵ ✵✱✸✸ ✵✱✸✼

✻✽ ✵✱✹✻ ✵✱✹✾ ✵✱✹✸ ✵✱✹✼

71∗ ✵✱✹✹ ✵✱✹✽ ✵✱✹✶ ✵✱✹✸

✼✹ ✵✱✺✺ ✵✱✺✼ ✵✱✺✷ ✵✱✺✹

❆s ✐t ❤❛s ❜❡❡♥ ♥♦t❡❞ ✐♥ ❬✺❪✱ ✐♥ ✇❤♦❧❡✱ ♦✉r ♠♦❞❡❧✐♥❣ r❡❧❛t✐✈✐st✐❝ ❞②♥❛♠✐❝s ♦❢

✐♦♥✐③❛t✐♦♥ ❛❧❦❛❧✐ ❘②❞❜❡r❣ st❛t❡s ✐♥ t❤❡ ♠✐❝r♦✇❛✈❡ ✜❡❧❞ ❢♦r ♠❛✐♥ q✉❛♥t✉♠ ♥✉♠✲

❜❡rs n0(n0 ∼ n∗) t❤❡r❡ ❛r❡ t❤❡ ❧♦❝❛❧ ✈✐♦❧❛t✐♦♥s ♦❢ ♣r♦❜❛❜✐❧✐t② s♠♦♦t❤ ❣r♦✇t❤ ❛s✲

s♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❝♦♠♣❧❡① ❋❧♦q✉❡t s♣❡❝tr✉♠✱ ❧✐♥❦ ❜❡t✇❡❡♥ t❤❡ q✉❛s✐✲st❛t✐♦♥❛r②

st❛t❡s ❛♥❞ ❛ ❝♦♥t✐♥✉✉♠✱ t❤❡ ❣r♦✇✐♥❣ ✐♥✢✉❡♥❝❡ ♦❢ ♠✉❧t✐♣❤♦t♦♥ r❡s♦♥❛♥❝❡s✳ ❚❤❡

♣✐❝t✉r❡ ❜❡❝♦♠❡s ❜② ♠♦r❡ ❝♦♠♣❧✐❝❛t❡❞ ❞✉❡ t♦ t❤❡ s✐♥❣❧❡✲♣❤♦t♦♥ ♥❡❛r✲r❡s♦♥❛♥❝❡

tr❛♥s✐t✐♦♥s ✇✐t❤ q✉❛s✐✲r❛♥❞♦♠ ❞❡t✉♥✐♥❣ ❢r♦♠ r❡s♦♥❛♥❝❡ ❛♥❞ q✉❛♥t✉♠ ♣❤❛s❡ s❤✐❢t

❞✉❡ t♦ s❝❛tt❡r✐♥❣ ❘②❞❜❡r❣ ❡❧❡❝tr♦♥ ♦♥ t❤❡ ❛t♦♠✐❝ ❝♦r❡✳ ■t ✐s ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤

❛❧t❡r♥❛t✐✈❡ ❝♦♠♠❡♥ts ✐♥ ❬✸✱✶✺❪✳ ❲❡ ❤❛✈❡ ❛❧s♦ ✉s❡❞ t❤❡ ❝❤❛♦s✲❣❡♦♠❡tr✐❝ ❛♣♣r♦❛❝❤



✽✹ ❆✳❱✳ ●❧✉s❤❦♦✈ ❡t ❛❧

❬✺❪ t♦ ❡st✐♠❛t❡ ♣❛r❛♠❡t❡rs ♦❢ r❡❧❛t✐✈✐st✐❝ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝s ❢♦r t❤❡ ❘②❞❜❡r❣ ❛t♦♠s

❘❜✱ ❈s✱ ❋r ✐♥ ♠✐❝r♦✇❛✈❡ ✜❡❧❞✿ ❝♦rr❡❧❛t✐♦♥ ❞✐♠❡♥s✐♦♥✱ ▲❊✱ ❑❊✳ ■♥ ❚❛❜❧❡ ✸ ❬✺❪ t❤❡r❡

✇❡r❡ ❧✐st❡❞ t❤❡ ♥✉♠❡r✐❝❛❧ ▲❊ ✈❛❧✉❡s✱ ❑♦❧♠♦❣♦r♦✈ ❡♥tr♦♣② Kentr ✱ ❢♦r t❤r❡❡ ❛t♦♠✐❝

s②st❡♠s P♦s✐t✐✈✐t② ✜rst t✇♦ ▲❊ s❤♦✇❡rs ❝❡rt❛✐♥❧② ❡✈✐❞❡♥❝❡ ♦❢ ❝❤❛♦t✐❝ ❞②♥❛♠✐❝s

❢♦r st✉❞✐❡❞ s②st❡♠s ✐♥ ❛ ♠✐❝r♦✇❛✈❡ ✜❡❧❞✳ ❲❡ ❤❛✈❡ ❝♦♥str✉❝t❡❞ t❤❡ q✉❛♥t✐t❛t✐✈❡

❞✐❛❣r❛♠ ♦❢ ❡✛❡❝ts ♦❢ t❤❡ q✉❛♥t✉♠ ✢✉❝t✉❛t✐♦♥s✱ st❛❜✐❧✐③❛t✐♦♥✱ ❞❡st❛❜✐❧✐③❛t✐♦♥✱ ❞❡✲

❧♦❝❛❧✐③❛t✐♦♥ ❛♥❞ ♣❡r❢♦r♠❛♥❝❡ ♦❢ t❤❡ ❑♦❧♠♦❣♦r♦✈✲❆r♥♦❧❞✲▼♦③❡r t❤❡♦r❡♠ ✐♥ r❡❧❛✲

t✐✈✐st✐❝ ❛t♦♠✐❝ ❞②♥❛♠✐❝s✳ ❲❡ ❤❛✈❡ ❢♦✉♥❞ t❤❛t t❤❡ r❡❣✐♠❡ ♦❢ t❤❡ ❝❤❛♦t✐❝ ✐♦♥✐③❛t✐♦♥

❢♦r t❤❡ ▲✐✱ ❘❜ ✐♥ ❛ ♠✐❝r♦✇❛✈❡ ✜❡❧❞ ❛t ωo = ωn3

o
> 0.29(Rb), 0.25(Cs), 0.16(Fr)

s✇✐t❝❤❡s t♦ ❞②♥❛♠✐❝ st❛❜✐❧✐③❛t✐♦♥ ♦♥❡✳ ■♥ ✇❤♦❧❡ ✉s✐♥❣ r❡❧❛t✐✈✐st✐❝ ❝❤❛♦s✲❣❡♦♠❡tr✐❝

❛♥❞ q✉❛♥t✉♠✲❞②♥❛♠✐❝❛❧ ❛♣♣r♦❛❝❤❡s ❛❧❧♦✇ t♦ ❣❡t t❤❡ r❡s✉❧ts✱ ✇❤✐❝❤ ❝♦♥✜r♠ ❛♥

✉♥✐✈❡rs❛❧✐t② ❛♥❞ ❝❤❛r♠ ♦❢ r❡❧❛t✐✈✐st✐❝ ❝❤❛♦t✐❝ ♣❤❡♥♦♠❡♥❛ ❛s ✐♥ r❡❧❛t✐✈✐st✐❝ ❛t♦♠✐❝

s②st❡♠s ✐♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝ ♠✐❝r♦✇❛✈❡ ✜❡❧❞ ❛s ♦t❤❡r q✉❛♥t✉♠ s②st❡♠s ❛♥❞ ❞❡✲

✈✐❝❡s✳

❘❡❢❡r❡♥❝❡s

✶✳ ●✉t③✇✐❧❧❡r ▼✳✱❈❤❛♦s ✐♥ ❈❧❛ss✐❝❛❧ ❛♥❞ ◗✉❛♥t✉♠ ▼❡❝❤❛♥✐❝s✳✲◆✳✲❨✳✿❙♣r✐♥❣❡r✲❱❡r❧❛❣✱ ✶✾✾✵✳✲
✼✷✵♣✳

✷✳ ●❧✉s❤❦♦✈ ❆✳❱✳✱ ❙✈✐♥❛r❡♥❦♦ ❆✳❆✳✱ ❇✉②❛❞③❤✐ ❱✳❱✳✱ ❩❛✐❝❤❦♦ P✳❆✳✱ ❚❡r♥♦✈s❦② ❱✳❇✳✱ ❈❤❛♦s✲
❣❡♦♠❡tr✐❝ ❛ttr❛❝t♦r ❛♥❞ q✉❛♥t✉♠ ♥❡✉r❛❧ ♥❡t✇♦r❦s ❛♣♣r♦❛❝❤ t♦ s✐♠✉❧❛t✐♦♥ ❝❤❛♦t✐❝ ❡✈♦✲
❧✉t✐♦♥❛r② ❞②♥❛♠✐❝s ❞✉r✐♥❣ ♣❡r❝❡♣t✐♦♥ ♣r♦❝❡ss✴✴ ❆❞✈❛♥❝❡s ✐♥ ◆❡✉r❛❧ ◆❡t✇♦r❦s✱ ❋✉③③②
❙②st❡♠s ❛♥❞ ❆rt✐✜❝✐❛❧ ■♥t❡❧❧✐❣❡♥❝❡✱ ❙❡r✐❡s✿ ❘❡❝❡♥t ❆❞✈❛♥❝❡s ✐♥ ❈♦♠♣✉t❡r ❊♥❣✐♥❡❡r✐♥❣
✭●❞❛♥s❦✱❊❯✮✳✲✷✵✶✹✳✲❱♦❧✳✷✶✳✲P✳✶✹✸✲✶✺✵✳

✸✳ ●❧✉s❤❦♦✈ ❆✳❱✳✱ ❑❤❡ts❡❧✐✉s ❖✳❨✉✳✱ ❙✈✐♥❛r❡♥❦♦ ❆✳❆✳✱ Pr❡♣❡❧✐ts❛ ●✳P✳❊♥❡r❣② ❛♣♣r♦❛❝❤ t♦
❛t♦♠s ✐♥ ❛ ❧❛s❡r ✜❡❧❞ ❛♥❞ q✉❛♥t✉♠ ❞②♥❛♠✐❝s ✇✐t❤ ❧❛s❡r ♣✉❧s❡s ♦❢ ❞✐✛❡r❡♥t s❤❛♣❡✴✴✴■♥✿
❈♦❤❡r❡♥❝❡ ❛♥❞ ❯❧tr❛s❤♦rt P✉❧s❡❞ ❊♠✐ss✐♦♥✱ ❊❞✳ ❉✉❛rt❡ ❋✳ ❏✳ ✭■♥t❡❝❤✱ ❱✐❡♥♥❛✮✳✲✷✵✶✶✳✲
P✳✶✺✾✲✶✽✻✳

✹✳ ●❧✉s❤❦♦✈ ❆✳❱✳✱ Pr❡♣❡❧✐ts❛ ●✳P✳✱ ▲❡♣✐❦❤ ❨❛✳■✳✱ ❇✉②❛❞③❤✐ ❱✳❱✳✱ ❚❡r♥♦✈s❦② ❱✳❇✳✱ ❩❛✐❝❤❦♦
P✳❆✳✱ ❈❤❛♦t✐❝ ❞②♥❛♠✐❝s ♦❢ ♥♦♥✲❧✐♥❡❛r ♣r♦❝❡ss❡s ✐♥ ❛t♦♠✐❝ ❛♥❞ ♠♦❧❡❝✉❧❛r s②st❡♠s ✐♥ ❡❧❡❝tr♦✲
♠❛❣♥❡t✐❝ ✜❡❧❞ ❛♥❞ s❡♠✐❝♦♥❞✉❝t♦r ❛♥❞ ✜❜❡r ❧❛s❡r ❞❡✈✐❝❡s✿ ♥❡✇ ❛♣♣r♦❛❝❤❡s✱ ✉♥✐❢♦r♠✐t② ❛♥❞
❝❤❛r♠ ♦❢ ❝❤❛♦s✴✴ ❙❡♥s♦r ❊❧❡❝tr♦♥✐❝s ❛♥❞ ▼✐❝r♦s②st❡♠s ❚❡❝❤♥✳✲✷✵✶✹✳✲❱♦❧✳✶✶✱◆✹✳✲P✳✹✸✲✺✼✳

✺✳ ●❧✉s❤❦♦✈ ❆✳❱✳✱ ❚❡r♥♦✈s❦② ❱✳❇✳✱ ❇✉②❛❞③❤✐ ❱✳❱✳✱ Pr❡♣❡❧✐ts❛ ●✳P✳✱ ●❡♦♠❡tr② ♦❢ ❛ ❘❡❧❛t✐✈✐s✲
t✐❝ ◗✉❛♥t✉♠ ❈❤❛♦s✿ ◆❡✇ ❛♣♣r♦❛❝❤ t♦ ❞②♥❛♠✐❝s ♦❢ q✉❛♥t✉♠ s②st❡♠s ✐♥ ❡❧❡❝tr♦♠❛❣♥❡t✐❝
✜❡❧❞ ❛♥❞ ✉♥✐❢♦r♠✐t② ❛♥❞ ❝❤❛r♠ ♦❢ ❛ ❝❤❛♦s✴✴ ■♥t❡r♥❛t✐♦♥❛❧ ❙❝✐❡♥t✐✜❝ ❏♦✉r♥❛❧ ✏Pr♦❝❡❡❞✐♥❣s
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