
Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✵✾ ✷✭✸✮ ✻✵✕✻✹ dω

❆s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✭❝♦♥✈❡①✮ ❤②♣❡r✲
s♣❛❝❡s

▼②❦❤❛✐❧♦ ❩❛r✐❝❤♥②✐✱ ▼②❦❤❛✐❧♦ ❘♦♠❛♥s❦②✐

❆❜str❛❝t ■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❤②♣❡rs♣❛❝❡s ♦❢ ❝♦♠♣❛❝t s❡ts ❛♥❞ ❝♦♠♣❛❝t ❝♦♥✈❡①

s❡t ♦❢ t❤❡ ❊✉❝❧✐❞❡❛♥ s♣❛❝❡ R
n✱ n ≥ 2✱ ❜♦t❤ ❛r❡ ❤♦♠❡♦♠♦r♣❤✐❝ t♦ t❤❡ ♣✉❝t✉r❡❞

❍✐❧❜❡rt ❝✉❜❡✳❚❤❡ ♠❛✐♥ r❡s✉❧t ♦❢ t❤✐s ♥♦t❡ st❛t❡s t❤❛t t❤❡s❡ ❤②♣❡rs♣❛❝❡s ❛r❡ ♥♦t

❝♦❛rs❡❧② ❡q✉✐✈❛❧❡♥t✳

❑❡②✇♦r❞s ❍②♣❡rs♣❛❝❡✱ ❝♦♥✈❡① s❡t✱ ❝♦❛rs❡ ❡q✉✐✈❛❧❡♥❝❡

▼❛t❤❡♠❛t✐❝s ❙✉❜❥❡❝t ❈❧❛ss✐✜❝❛t✐♦♥ ✭✷✵✵✵✮✺✹❇✷✵✱ ✺✷❆✷✵✱ ✺✹❊✹✵

❯❉❑ ✺✶✺✳✶✷

✶ ■♥tr♦❞✉❝t✐♦♥

❆s②♠♣t♦t✐❝ t♦♣♦❧♦❣② ✭❝♦❛rs❡ ❣❡♦♠❡tr②✮ ❞❡❛❧s ✇✐t❤ t❤❡ ❧❛r❣❡ s❝❛❧❡ ♣r♦♣❡rt✐❡s ♦❢

♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ♠♦r❡ ❣❡♥❡r❛❧ ♦❜❥❡❝ts ✭❝♦❛rs❡ s♣❛❝❡s❀ s❡❡ ❬✷✱✹❪✮✳ ❚❤❡ r❡s✉❧ts ♦❢

❛s②♠♣t♦t✐❝ t♦♣♦❧♦❣② ❤❛✈❡ t❤❡✐r ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❣❡♦♠❡tr✐❝ ❣r♦✉♣ t❤❡♦r②✱ ❞✐✛❡r❡♥✲

t✐❛❧ ❛♥❞ ❛❧❣❡❜r❛✐❝ t♦♣♦❧♦❣② ❛s ✇❡❧❧ ❛s ✐♥ ❛♥♦t❤❡r ♣❛rts ♦❢ ♠❛t❤❡♠❛t✐❝s✳ ❖♥❡ ♦❢

t❤❡ ♠❛✐♥ ❝♦♥❝❡♣ts ✐♥ t❤❡ ❛s②♠♣t♦t✐❝ t♦♣♦❧♦❣② ✐s t❤❛t ♦❢ ❝♦❛rs❡ ❡q✉✐✈❛❧❡♥❝❡ ✭s❡

t❤❡ ❞❡✜♥✐t✐♦♥ ❜❡❧♦✇✮✳

❋♦r ❛ ♠❡tr✐❝ s♣❛❝❡ (X, ρ) t❤❡ ❤②♣❡rs♣❛❝❡ exp(X) ✭t❤❡ s❡t ♦❢ ❛❧❧ ♥♦♥❡♠♣t②

❝♦♠♣❛❝t s✉❜s❡ts ✐♥ X✮ ✐s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❍❛✉s❞♦r✛ ♠❡tr✐❝ ρH✿

ρH(A,B) = inf{ε > 0 | A ⊂ Oε(B), B ⊂ Oε(A)}.

❇② cc(Rn) ✇❡ ❞❡♥♦t❡ t❤❡ s✉❜s❡t ♦❢ expRn ❝♦♥s✐st✐♥❣ ♦❢ ❛❧❧ ❝♦♥✈❡① s✉❜s❡ts✳

■t ✐s ❦♥♦✇♥ t❤❛t t❤❡ ❤②♣❡rs♣❛❝❡s expRn ❛♥❞ cc(Rn)✱ n ≥ 2✱ ❛r❡ ❜♦t❤ ❤♦♠❡✲

♦♠♦r♣❤✐❝ t♦ Q \ {∗}✱ ✇❤❡r❡ Q ✐s t❤❡ ❍✐❧❜❡rt ❝✉❜❡ ✭s❡❡ r❡s♣❡❝t✐✈❡❧② ❬✶❪ ❛♥❞ ❬✸❪✮✳



❆s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❤②♣❡rs♣❛❝❡s ✻✶

■♥ t❤✐s ♥♦t❡ ✇❡ s❤♦✇ t❤❛t✱ ❢♦r ❡✈❡r② ♥❛t✉r❛❧ n✱ t❤❡ ❤②♣❡rs♣❛❝❡s expRn ❛♥❞

cc(Rn) ❛r❡ ♥♦t ❝♦❛rs❡❧② ❡q✉✐✈❛❧❡♥t✳

✷ Pr❡❧✐♠✐♥❛r✐❡s

❲❡ ✜rst r❡❝❛❧❧ t❤❡ ♥❡❝❡ss❛r② ❞❡✜♥✐t✐♦♥s❀ s❡❡✱ ❡✳❣✳✱ ❬✷❪ ❢♦r ❞❡t❛✐❧s✳ ❆ ♠❡tr✐❝ s♣❛❝❡

✐s ❝❛❧❧❡❞ ♣r♦♣❡r ✐❢ ❡✈❡r② ❝❧♦s❡❞ ❜❛❧❧ ✐♥ ✐t ✐s ❝♦♠♣❛❝t✳ ❆ ♠❛♣ ♦❢ ♠❡tr✐❝ s♣❛❝❡s ✐s

❝❛❧❧❡❞ ♠❡tr✐❝❛❧❧② ♣r♦♣❡r ✐❢ t❤❡ ♣r❡✐♠❛❣❡ ♦❢ ❡✈❡r② ❜♦✉♥❞❡❞ s❡t ✐s ❜♦✉♥❞❡❞✳

❆ ♠❛♣ f : X → Y ❜❡t✇❡❡♥ ♠❡tr✐❝ s♣❛❝❡s (X, d) ❛♥❞ (Y, ̺) ✐s ❝❛❧❧❡❞ ❛s②♠♣✲

t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③ ✐❢ t❤❡r❡ ❡①✐st λ, s > 0 s✉❝❤ t❤❛t

̺(f(x), f(y)) ≤ λd(x, y) + s, x, y ∈ X.

❆ ♠❛♣ f : X → Y ❜❡t✇❡❡♥ ♠❡tr✐❝ s♣❛❝❡s (X, d) ❛♥❞ (Y, ̺) ✐s ❛♥ ❛s②♠♣t♦t✐✲

❝❛❧❧② ❜✐✲▲✐♣s❝❤✐t③ ❡♠❜❡❞❞✐♥❣ ✐❢ t❤❡r❡ ❡①✐st C > 0✱ D ≥ 0 s✉❝❤ t❤❛t

1

C
d(x, y)−D ≤ ̺(f(x), f(y)) ≤ Cd(x, y) +D

❢♦r ❡✈❡r② x, y ∈ X✳

❆ ♠❛♣ f : X → Y ❜❡t✇❡❡♥ ♠❡tr✐❝ s♣❛❝❡s (X, d) ❛♥❞ (Y, ̺) ✐s ❝❛❧❧❡❞ ❛ ❝♦❛rs❡

❡♠❜❡❞❞✐♥❣ ✐❢ t❤❡r❡ ❡①✐st ♥♦♥❞❡❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥s ϕ1, ϕ2 : [0,∞) → [0,∞) s✉❝❤

t❤❛t

ϕ1(d(x, y)) ≤ ̺(f(x), f(y)) ≤ ϕ2(d(x, y)), x, y ∈ X.

❆ ♠❛♣ f : X → Y ✐s ❛ ❝♦❛rs❡ ❡q✉✐✈❛❧❡♥❝❡ ✐❢ f ✐s ❛ ❝♦❛rs❡ ❡♠❜❡❞❞✐♥❣ ❛♥❞

t❤❡r❡ ❡①✐sts r > 0 s✉❝❤ t❤❛t t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ f(X) ❡q✉❛❧s Y ✳ ❊q✉✐✈❛❧❡♥t❧②✱

♦♥❡ ❝❛♥ ❞❡s❝r✐❜❡ ❝♦❛rs❡ ❡q✉✐✈❛❧❡♥❝❡s ✐♥ ❝❛t❡❣♦r✐❝❛❧ t❡r♠s✳ ❏✳ ❘♦❡ ❬✹❪ ✐♥tr♦❞✉❝❡❞

t❤❡ ❝❛t❡❣♦r② ✇❤♦s❡ ♦❜❥❡❝ts ❛r❡ ♣r♦♣❡r ♠❡tr✐❝ s♣❛❝❡s ❛♥❞ ✇❤♦s❡ ♠♦r♣❤✐s♠s ❛r❡

❝♦❛rs❡❧② ✉♥✐❢♦r♠✱ ♠❡tr✐❝❛❧❧② ♣r♦♣❡r ♠❛♣s✳ ❚✇♦ s♣❛❝❡s X,Y ❛r❡ ❝♦❛rs❡❧② ❡q✉✐✈❛✲

❧❡♥t ✐❢ t❤❡r❡ ❛r❡ ♠♦r♣❤✐s♠s f : X → Y ❛♥❞ g : Y → X s✉❝❤ t❤❛t t❤❡ ❝♦♠♣♦s✐t✐♦♥s

gf ❛♥❞ fg ❛r❡ ♦❢ ✜♥✐t❡ ❞✐st❛♥❝❡ t♦ t❤❡ ✐❞❡♥t✐t② ♠❛♣s 1X ❛♥❞ 1Y r❡s♣❡❝t✐✈❡❧②✳

❆ ♠❡tr✐❝ s♣❛❝❡ (X, d) ✐s ❝❛❧❧❡❞ ❣❡♦❞❡s✐❝ ✐❢✱ ❢♦r ❡✈❡r② x, y ∈ X✱ t❤❡r❡ ❡①✐sts ❛♥

✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣ α : [0, d(x, y)] → X s✉❝❤ t❤❛t α(0) = x✱ α(d(x, y)) = y✳ ■t

✐s ❦♥♦✇♥ ✭s❡❡ ❬✷❪✮ t❤❛t ❛♥② ❝♦❛rs❡ ✉♥✐❢♦r♠ ♠❛♣ f : X → Y ♦❢ ♠❡tr✐❝ s♣❛❝❡s ✐s

❛s②♠♣t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③ ♣r♦✈✐❞❡❞ X ✐s ❛ ❣❡♦❞❡s✐❝ s♣❛❝❡✳

▲❡♠♠❛ ✶ ❚❤❡ s♣❛❝❡ cc(Rn) ✐s ❛ ❣❡♦❞❡s✐❝ s♣❛❝❡✳

Pr♦♦❢ ▲❡t A,B ∈ cc(Rn) ❛♥❞ dH(A,B) = c✳ ■t ✐s ❡❛s② t♦ s❡❡ t❤❛t t❤❡ ♠❛♣

α : [0, c] → cc(Rn)✱

t 7→
c− t

c
A+

t

c
B, t ∈ [0, c],

✐s ❛♥ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣✳



✻✷ ❩❛r✐❝❤♥②✐ ▼✳✱ ❘♦♠❛♥s❦②✐ ▼✳

▲❡♠♠❛ ✷ ❚❤❡ s♣❛❝❡ expRn ✐s ❛ ❣❡♦❞❡s✐❝ s♣❛❝❡✳

Pr♦♦❢ ▲❡t A,B ∈ expRn) ❛♥❞ dH(A,B) = c✳ ●✐✈❡♥ t ∈ [0, c]✱ ❞❡✜♥❡

Ct =

{

c− t

c
a+

t

c
b | a ∈ A, b ∈ B, d(a, b) ≤ c

}

.

❚❤❡♥ t❤❡ ♠❛♣ t 7→ Ct ✐s ❛♥ ✐s♦♠❡tr✐❝ ❡♠❜❡❞❞✐♥❣ ♦❢ t❤❡ s❡❣♠❡♥t [0, c] ✐♥t♦ expRn

s✉❝❤ t❤❛t 0 7→ A ❛♥❞ c 7→ B✳

■❢ x0 ✐s ❛ ❣✐✈❡♥ ❜❛s❡ ♣♦✐♥t ♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ (X, d)✱ ✇❡ s❛② t❤❛t ‖x‖ = d(x, x0)

✐s t❤❡ ♥♦r♠ ♦❢ x ∈ X✳ ❲❡ ❝❤♦♦s❡ {0} ❛s t❤❡ ❜❛s❡ ♣♦✐♥t ✐♥ ❜♦t❤ cc(Rn) ❛♥❞ expRn✳

▲❡t C ≥ 1✱ r,R > 0✳ ●✐✈❡♥ ❛ ♠❡tr✐❝ s♣❛❝❡ X✱ ❞❡✜♥❡

ΦC,r(R) =ΦX
C,r(R) = max{|A| | A ⊂ B̄Cr(x) ✐s r✲❞✐s❝r❡t❡,

‖x‖ ≤ R}.

▲❡t D > 0✳ ❆ s✉❜s❡t A ♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ X ✐s s❛✐❞ t♦ ❜❡ D✲❞✐s❝r❡t❡ ✐❢

d(x, y) ≥ D✱ ❢♦r ❡✈❡r② x, y ∈ X✱ x 6= y✳ ■t ✐s ❛ ❢♦❧❦❧♦r❡ ✭❛♥❞ ❡❛s② t♦ s❡❡✮ t❤❛t

❛♥② ❛s②♠♣t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③ ♠❛♣ ♦❢ ❛ D✲❞✐s❝r❡t❡ s♣❛❝❡ ✭❢♦r s♦♠❡ D > 0✮ ✐s

▲✐♣s❝❤✐t③✳

Pr♦♣♦s✐t✐♦♥ ✶ ❙✉♣♣♦s❡ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③ ❡♠❜❡❞❞✐♥❣

♦❢ ❛ ♠❡tr✐❝ s♣❛❝❡ X ✐♥t♦ ❛ ♠❡tr✐❝ s♣❛❝❡ Y ✳ ❚❤❡♥ t❤❡r❡ ❡①✐st K > 0 ❛♥❞ r0 > 0

s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② C ≥ 1✱ r ≥ r0✱ t❤❡r❡ ❡①✐sts R0 > 0 s✉❝❤ t❤❛t

ΦX
C,r ≤ ΦY

KC, r

K

(KR)

❢♦r ❡✈❡r② R > R0✳

Pr♦♦❢ ●✐✈❡♥ ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③ ❡♠❜❡❞❞✐♥❣ f : X → Y ✱ ✜♥❞ K > 0 ❛♥❞

r0 > 0 s✉❝❤ t❤❛t✱ ❢♦r ❛♥② K✲❞✐s❝r❡t❡ s✉❜s♣❛❝❡ X ′ ♦❢ X t❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞s✿

1

K
d(x, y) ≤ ̺(f(x), f(y)) ≤ Kd(x, y)

❢♦r ❡✈❡r② x, y ∈ X ′✳

❚❤❡ ❝♦♥❝❧✉s✐♦♥ ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ✐♠❛❣❡ ♦❢ ❛♥②

r✲❞✐s❝r❡t❡ s❡t ✇❤❡r❡ r ≥ r0✱ ✐♥ X✱ ✐s ❛♥ (r/K)✲❞✐s❝r❡t❡ s✉❜s❡t ♦❢ Y ✳



❆s②♠♣t♦t✐❝ ♣r♦♣❡rt✐❡s ♦❢ ❤②♣❡rs♣❛❝❡s ✻✸

✸ ▼❛✐♥ r❡s✉❧t

▲❡♠♠❛ ✶ ▲❡t r > 0✳ ❚❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ ❛♥② ❢❛♠✐❧② ♦❢ r✲❞✐s❥♦✐♥t ❝♦♥✈❡① s❡ts ✐♥

t❤❡ C1r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ❛♥② W ∈ cc(Rn) ✇✐t❤ ‖W‖ ≤ R ✭✐♥ t❤❡ s♣❛❝❡ cc(Rn)✮

✐s ≤ C22
Rn−1

✱ ✇❤❡r❡ C2 = C2(r, C1)✳

■♥ ♦t❤❡r ✇♦r❞s✱ Φ
cc(Rn)
C,r (R) ≤ C22

Rn−1

✳

Pr♦♦❢ ▲❡t A ❜❡ ❛ ♠❛①✐♠❛❧ ✭✇✐t❤ r❡s♣❡❝t t♦ ✐♥❝❧✉s✐♦♥✮ (r/3)✲❞✐s❝r❡t❡ s✉❜s❡t ♦❢

U ✱ ✇❤❡r❡ ❜② U ✇❡ ❞❡♥♦t❡ t❤❡ 2C1r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡ s❡t ∂W ✳

❙✉♣♣♦s❡ t❤❛t A1, A2 ∈ cc(Rn)✱ A1 6= A2✱ dH(Ai, B̄R(0)) < C1r✱ i = 1, 2✳

❚❤❡♥ ❛❧s♦ dH(∂Ai, S
n−1
R ) < C1r✳ ❙✐♥❝❡ A1 6= A2✱ dH(A1, A2) ≥ r ❛♥❞ t❤❡r❡❢♦r❡

✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② ✇❡ ♠❛② ❛ss✉♠❡ t❤❛t t❤❡r❡ ❡①✐sts x ∈ U s✉❝❤ t❤❛t

x ∈ A1 ❛♥❞ Br(x) ∩ A2 = ∅✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts a ∈ A s✉❝❤ t❤❛t a ∈ Br/2(x) ⊂

Or/2(A1)✳ ❈❧❡❛r❧②✱ a /∈ Or/2(A2)✳

❉❡♥♦t❡ ❜② A ❛ ❢❛♠✐❧② ♦❢ r✲❞✐s❥♦✐♥t ❝♦♥✈❡① s❡ts ✐♥ ❛ C1r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ t❤❡

s❡t ∂W ✭✐♥ t❤❡ s♣❛❝❡ cc(Rn)✮✳ ❲❡ ❝♦♥❝❧✉❞❡ ❢r♦♠ ✇❤❛t ✐s s❤♦✇♥ ❛❜♦✈❡ t❤❛t t❤❡r❡

❡①✐sts ❛♥ ❡♠❜❡❞❞✐♥❣ K 7→ A ∩Or/2(K) ♦❢ A ✐♥t♦ t❤❡ s❡t 2A✳

■t ❡❛s✐❧② ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ t❤❡ ♦✉t❡r ❝♦♥✈❡① ❜♦❞✐❡s

t❤❛t t❤❡ ♠❛①✐♠✉♠ ♦❢ t❤❡ ✈♦❧✉♠❡ ♦❢ U ✐s ❛tt❛✐♥❡❞ ✇❤❡♥ W = B̄R(0)✳ ❙✐♥❝❡ ✐♥

t❤✐s ❝❛s❡ t❤❡ ✈♦❧✉♠❡ ♦❢ U ✐s C3R
n−1✱ t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ A ✐s C4R

n−1 ✭❤❡r❡✱

Ci = Ci(C1, r)✱ i = 3, 4✮ ❛♥❞ ✇❡ ♦❜t❛✐♥ t❤❛t t❤❡ ❝❛r❞✐♥❛❧✐t② ♦❢ t❤❡ ❢❛♠✐❧② A ✐s

≤ 2C4R
n−1

= C22
Rn−1

✳

▲❡♠♠❛ ✷ ▲❡t C ≥ 1✳ ❚❤❡♥ ΦexpR
n

C,r (R) ≥ C32
Rn

✱ R ≥ R0✱ ❢♦r s♦♠❡ C3 =

C3(C, r) ❛♥❞ s♦♠❡ R0 ≥ 0✳

Pr♦♦❢ ❙✉♣♣♦s❡ t❤❛t A(R) = 3rZn ∩ B̄R(0)✳ ❚❤❡♥ A ✐s ❛ 3r✲❞✐s❝r❡t❡ s❡t✳ ❋♦r ❛♥②

Λ ⊂ A(R)✱ ❧❡t AΛ(R) = B̄R(0) \Or(Λ)✳ ❚❤❡ ♠❛♣ Λ 7→ AΛ(R) ✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ ✐t

✐♠❛❣❡ ✐s ❛♥ r✲❞✐s❝r❡t❡ s✉❜s❡t ♦❢ t❤❡ r✲♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ {0} ✐♥ expRn✳

❙✐♥❝❡ t❤❡ ♥✉♠❜❡r ♦❢ ♣♦✐♥ts ♦❢ A(R) ✐s ❛t ❧❡❛st C ′Rn✱ ❢♦r s♦♠❡ C ′ > 0 ❛♥❞

R ≥ R0✱ ❢♦r s♦♠❡ R0✱ ✇❡ ❛r❡ ❞♦♥❡✳

❚❤❡♦r❡♠ ✶ ❚❤❡ s♣❛❝❡s expRn ❛♥❞ cc(Rn) ❛r❡ ♥♦t ❝♦❛rs❡❧② ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢ ❆ss✉♠❡ t❤❡ ❝♦♥tr❛r②✱ t❤❡♥ t❤❡r❡ ❡①✐st ❝♦❛rs❡❧② ✉♥✐❢♦r♠ ♠❛♣s f : expRn →

cc(Rn) ❛♥❞ g : cc(Rn) → expRn s✉❝❤ t❤❛t gf ❛♥❞ fg ❛r❡ ♦❢ ✜♥✐t❡ ❞✐st❛♥❝❡ t♦

1expRn ❛♥❞ 1cc(Rn) r❡s♣❡❝t✐✈❡❧②✳ ❙✐♥❝❡ t❤❡ s♣❛❝❡s expRn ❛♥❞ cc(Rn) ❛r❡ ♣r♦✈❡♥

t♦ ❜❡ ❣❡♦❞❡s✐❝✱ t❤❡ ♠❛♣s f ❛♥❞ g ❛r❡ ❛s②♠♣t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③✳ ▼♦r❡♦✈❡r✱ t❤❡

♠❛♣ f ✐s ❛♥ ❛s②♠♣t♦t✐❝❛❧❧② ▲✐♣s❝❤✐t③ ❡♠❜❡❞❞✐♥❣✳



✻✹ ❩❛r✐❝❤♥②✐ ▼✳✱ ❘♦♠❛♥s❦②✐ ▼✳

◆♦✇ ✇❡ ✉s❡ ▲❡♠♠❛s ✶✱ ✷✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✶ ✐♥ ♦r❞❡r t♦ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡r❡

❡①✐st ❝♦♥st❛♥ts C2, C3 > 0 ❛♥❞ R0 ≥ 0 s✉❝❤ t❤❛t C22
R

n

≤ C32
R

n−1

✱ ✇❤❡♥❡✈❡r

R ≥ R0✳ ❚❤✐s ❣✐✈❡s ✉s ❛ ❝♦♥tr❛❞✐❝t✐♦♥✳

✹ ❘❡♠❛r❦s

❋♦r n ≥ 1 t❤❡ r❡s✉❧t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞✐♠❡♥s✐♦♥❛❧ ❛r❣✉♠❡♥ts✿ t❤❡ s♣❛❝❡ expR

✐s ✐♥✜♥✐t❡✲❞✐♠❡♥s✐♦♥❛❧ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❛s②♠♣t♦t✐❝ ❞✐♠❡♥s✐♦♥❀ s❡❡ ❬✷❪✮ ✇❤✐❧❡ t❤❡

❛s②♠♣t♦t✐❝ ❞✐♠❡♥s✐♦♥ ♦❢ cc(R) ✐s ✷✳

❇② expc X ✇❡ ❞❡♥♦t❡ t❤❡ ❤②♣❡rs♣❛❝❡ ♦❢ ❝♦♥t✐♥✉❛ ♦❢ ❛ s♣❛❝❡ X✱ t❤✐s ✐s ❛

s✉❜s♣❛❝❡ ✐♥ expX ✇❤♦s❡ ❡❧❡♠❡♥ts ❛r❡ ❝♦♠♣❛❝t ❝♦♥♥❡❝t❡❞ s✉♥s❡ts ✐♥ X✳ ■t ✐s ♥♦t

❦♥♦✇♥ ✇❤❡t❤❡r t❤❡ s♣❛❝❡s cc(Rn) ❛♥❞ expc Rn ❛r❡ ❝♦❛rs❡❧② ❡q✉✐✈❛❧❡♥t✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ q✉❡st✐♦♥ ❝♦♥❝❡r♥s t❤❡ ❤②♣❡r❜♦❧✐❝ s♣❛❝❡ H
n✿ ❛r❡ t❤❡ s♣❛❝❡s

cc(Hn) ❛♥❞ expHn ❝♦❛rs❡❧② ❡q✉✐✈❛❧❡♥t❄

❘❡❢❡r❡♥❝❡s

✶✳ ❉✳ ❲✳ ❈✉rt✐s✱ ❘✳ ▼✳ ❙❝❤♦r✐✱ ❍②♣❡rs♣❛❝❡s ♦❢ P❡❛♥♦ ❝♦♥t✐♥✉❛ ❛r❡ ❍✐❧❜❡rt ❝✉❜❡s✱ ❋✉♥❞✳ ▼❛t❤✳
✶✵✶ ✭✶✾✼✽✮✱ ✶✾✕✸✽✳

✷✳ ❆✳ ◆✳ ❉r❛♥✐s❤♥✐❦♦✈✱❆s②♠♣t♦t✐❝ t♦♣♦❧♦❣②✱ ❯s♣❡❦❤✐ ▼❛t✳ ◆❛✉❦ ✺✺ ✭✷✵✵✵✮✱ ♥♦✳ ✻✭✸✸✻✮✱ ✼✶✕✶✶✻
✭❘✉ss✐❛♥✮❀ ❊♥❣❧✐s❤ tr❛♥s❧✳✱ ❘✉ss✐❛♥ ▼❛t❤✳ ❙✉r✈❡②s ✺✺ ✭✷✵✵✵✮✱ ♥♦✳ ✻✱ ✶✵✽✺✕✶✶✷✾✳

✸✳ ❙✳ ❇✳ ◆❛❞❧❡r✱ ❏r✳✱ ❏✳ ◗✉✐♥♥ ❛♥❞ ◆✳ ▼✳ ❙t❛✈r❛❦♦s✱❍②♣❡rs♣❛❝❡ ♦❢ ❝♦♠♣❛❝t ❝♦♥✈❡① s❡ts✱ P❛❝✐❢✳
❏✳ ▼❛t❤✳ ✽✸✭✶✾✼✾✮✱ ✹✹✶✕✹✻✷✳

✹✳ ❏✳ ❘♦❡✱ ▲❡❝t✉r❡s ✐♥ ❈♦❛rs❡ ●❡♦♠❡tr②✱ ❯♥✐✈❡rs✐t② ▲❡❝t✉r❡ ❙❡r✐❡s✱ ❱♦❧✳ ✸✶✱ ❆♠❡r✐❝❛♥ ▼❛t❤✲
❡♠❛t✐❝❛❧ ❙♦❝✐❡t②✿ Pr♦✈✐❞❡♥❝❡✱ ❘❤♦❞❡ ■s❧❛♥❞✱ ✷✵✵✸✱ ✶✼✺ ♣♣✳

▼②❦❤❛✐❧♦ ❩❛r✐❝❤♥②✐

■✈❛♥ ❋r❛♥❦♦ ◆❛t✐♦♥❛❧ ❯♥✐✈❡rs✐t② ♦❢ ▲✈✐✈✱

✶ ❯♥✐✈❡rs②t❡ts❦❛ ❙tr✳✱ ✷✾✵✵✵ ▲✈✐✈

❊✲♠❛✐❧✿ ♠③❛r❅❧✐t❡❝❤✳❧✈✐✈✳✉❛

▼②❦❤❛✐❧♦ ❘♦♠❛♥s❦②✐

■✈❛♥ ❋r❛♥❦♦ ❉r♦❤♦❜②❝❤ ❙t❛t❡ P❡❞❛❣♦❣✐❝❛❧ ❯♥✐✈❡rs✐t②✱

❉r♦❤♦❜②❝❤✱ ▲✈✐✈ r❡❣✐♦♥✱ ✸ ❙tr②✐s❦❛ ❙tr✳

❊✲♠❛✐❧✿ r♦♠❛♥s❦✐②✳♠✐❤❛❅✉❦r✳♥❡t


