
Pr♦❝✳ ■♥t❡r♥✳ ●❡♦♠✳ ❈❡♥t❡r ✷✵✶✺ ✽✭✸✲✹✮ ✶✼✕✸✵ dω

❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s

❙❡r❣✐② ▼❛❦s②♠❡♥❦♦ ❊✉❣❡♥❡ P♦❧✉❧②❛❦❤

❆❜str❛❝t ❚❤❡ ♣❛♣❡r st✉❞✐❡s ♥♦♥✲❝♦♠♣❛❝t s✉r❢❛❝❡s ♦❜t❛✐♥❡❞ ❜② ❣❧✉✐♥❣ str✐♣s

R × (−1, 1) ✇✐t❤ ❛t ♠♦st ❝♦✉♥t❛❜❧② ♠❛♥② ❜♦✉♥❞❛r② ✐♥t❡r✈❛❧s ❛❧♦♥❣ s♦♠❡ t❤❡s❡

✐♥t❡r✈❛❧s✳ ❊✈❡r② s✉❝❤ str✐♣ ♣♦ss❡ss❡s ❛ ❢♦❧✐❛t✐♦♥ ❜② ♣❛r❛❧❧❡❧ ❧✐♥❡s✱ ✇❤✐❝❤ ❣✐✈❡s ❛

❢♦❧✐❛t✐♦♥ ♦♥ t❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡✳ ■t ✐s ♣r♦✈❡❞ t❤❛t t❤❡ ✐❞❡♥t✐t② ♣❛t❤ ❝♦♠♣♦♥❡♥t

♦❢ t❤❡ ❣r♦✉♣ ♦❢ ❤♦♠❡♦♠♦r♣❤✐s♠s ♦❢ t❤❛t ❢♦❧✐❛t✐♦♥ ✐s ❝♦♥tr❛❝t✐❜❧❡✳

❑❡②✇♦r❞s ❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥✱ ❢♦❧✐❛t✐♦♥✱ ❤♦♠♦t♦♣② t②♣❡

❯❉❈ ✺✶✺✳✶

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ q✉❛❧✐t❛t✐✈❡ ♣❛rt ♦❢ ♦♥❡ ❝♦♠♣❧❡① ✈❛r✐❛❜❧❡ ❢✉♥❝t✐♦♥s t❤❡♦r② ❝♦♥❝❡r♥s ✇✐t❤

t♦♣♦❧♦❣✐❝❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❛♥❛❧②t✐❝❛❧ ❛♥❞ ♣s❡✉❞♦❤❛r♠♦♥✐❝ ❢✉♥❝t✐♦♥s ❛s ✇❡❧❧

❛s ✇✐t❤ ❢♦❧✐❛t✐♦♥s ♦❢ t❤❡✐r ❧❡✈❡❧✲s❡ts✳ ❙✉❝❤ ❦✐♥❞ ♦❢ ♣r♦❜❧❡♠s ✇❛s ❝♦♥s✐❞❡r❡❞ ❜②

❙✳ ❙t♦✐❧♦✈ ❬✶❪ ❛♥❞ ●✳ ❚✳ ❲❤②❜✉r♥ ❬✷❪ ✇❤♦ ✐♥tr♦❞✉❝❡❞ ♥♦t✐♦♥s ♦❢ ✐♥t❡r♥❛❧ ❛♥❞ ❧✐❣❤t

♦♣❡♥ ♠❛♣s ✭r❡s♣❡❝t✐✈❡❧②✮ ✇❤✐❝❤ r❡✢❡❝t ❝❡rt❛✐♥ ❡ss❡♥t✐❛❧ t♦♣♦❧♦❣✐❝❛❧ ❢❡❛t✉r❡s ♦❢

❛♥❛❧②t✐❝❛❧ ♠❛♣♣✐♥❣s✳ ❆t t❤❡ s❛♠❡ t✐♠❡ ❢♦❧✐❛t✐♦♥s ❜② ❧❡✈❡❧ s❡ts ♦❢ ❤❛r♠♦♥✐❝ ❢✉♥❝✲

t✐♦♥ ♦♥ t❤❡ ♣❧❛♥❡ ✇❡r❡ st✉❞✐❡❞ ❜② ❲✳ ❑❛♣❧❛♥ ❬✸❪✳

❲❡ ✇✐❧❧ s❛② t❤❛t ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f : Z → R ❛❣r❡❡s ✇✐t❤ ❛ 1✲❞✐♠❡♥s✐♦♥❛❧

❢♦❧✐❛t✐♦♥ F ♦♥ Z ✐❢

✕ ❡❛❝❤ ❧❡❛❢ ♦❢ F ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ s♦♠❡ ❧❡✈❡❧✲s❡t f−1(c)✱ c ∈ R❀

✕ ❢♦r ❡❛❝❤ z ∈ R
2 t❤❡r❡ ❛r❡ ❧♦❝❛❧ ❝♦♦r❞✐♥❛t❡s (u, v) ✐♥ ✇❤✐❝❤ z = (0, 0) ❛♥❞

f(u, v) = u+ const✳



✶✽ ❙✳ ▼❛❦s②♠❡♥❦♦✱✳ ❊✳ P♦❧✉❧②❛❦❤

❙✉♣♣♦s❡ F ✐s ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❢♦❧✐❛t✐♦♥ ♦♥ R
2 ✇✐t❤ ❛❧❧ ❧❡❛✈❡s ♥♦♥✲❝♦♠♣❛❝t✳

❲✳ ❑❛♣❧❛♥ ❬✸❪✱ ❬✹❪ ❡①t❡♥❞✐♥❣ ♦❧❞ r❡s✉❧t ❜② ❊✳ ❑❛♠❦❡ ❬✺❪ ♣r♦✈❡❞ t❤❛t t❤❡♥ t❤❡r❡

❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ f : R
2 → R ✇❤✐❝❤ ❛❣r❡❡s ✇✐t❤ F ✳ ▼♦r❡♦✈❡r✱ ♦♥❡

❝❛♥ ✜♥❞ ❛t ♠♦st ❝♦✉♥t❛❜❧❡ ❝♦✈❡r✐♥❣ {Sα}α∈A ♦❢ R2 s✉❝❤ t❤❛t

✭✶✮ ❡❛❝❤ Sα ❝♦♥s✐sts ♦❢ ❡♥t✐r❡ ❧❡❛✈❡s ♦❢ F ❀

✭✷✮ t❤❡ ❢♦❧✐❛t✐♦♥ ♦♥ Sα ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❢♦❧✐❛t✐♦♥ ♦♥ t❤❡ ♣❧❛♥❡ R
2 ♦r ♦♥ t❤❡

❤❛❧❢✲♣❧❛♥❡ ❜② ♣❛r❛❧❧❡❧ ❧✐♥❡s✳

■♥ ♦t❤❡r ✇♦r❞s✱ R2 ✐s ❣❧✉❡❞ ♦❢ ❝♦✉♥t❛❜❧② ♠❛♥② str✐♣s ❛❧♦♥❣ ♦♣❡♥ ❜♦✉♥❞❛r② ✐♥✲

t❡r✈❛❧s✱ s❡❡ ❋✐❣✉r❡ ✶✳✶✳

❋✐❣✳ ✶✳✶

■♥ ❬✻❪ ❲✳ ❑❛♣❧❛♥ ❛❧s♦ s❤♦✇♥ t❤❛t t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ h : R
2 → R

2

s✉❝❤ t❤❛t t❤❡ ❢✉♥❝t✐♦♥ f ◦ h ✐s ❤❛r♠♦♥✐❝✳ ❚❤✐s r❡s✉❧t ✇❛s ❢✉rt❤❡r ❡①t❡♥❞❡❞ t♦

❢♦❧✐❛t✐♦♥s ✇✐t❤ s✐♥❣✉❧❛r✐t✐❡s ❲✳ ❇♦♦t❤❜② ❬✼❪✱ ❬✽❪✱ ▼✳ ▼♦rs❡ ❛♥❞ ❏✳ ❏❡♥❦✐♥s ❬✾❪✱

▼✳ ▼♦rs❡ ❬✶✵❪✳ ❙❡❡ ❛❧s♦ ❬✾❪✱ ❬✶✶❪✱ ❬✶✷❪✱ ❬✶✸❪✱ ❬✶✹❪✱ ❬✶✺❪

■♥ t❤❡ ❧❛st t✇❡♥t② ②❡❛rs t❤❡ ✐♥t❡r❡st t♦ t❤❡ t♦♣♦❧♦❣✐❝❛❧ ❝❧❛ss✐✜❝❛t✐♦♥ ♦❢ ❢✉♥❝✲

t✐♦♥s ♦♥ s✉r❢❛❝❡s ❛r✐s❡s ❞✉❡ t♦ ❛ ♣r♦❣r❡ss ✐♥ t❤❡ t❤❡♦r② ♦❢ ❍❛♠✐❧t♦♥✐❛❧ ❞②♥❛♠✐❝❛❧

s②st❡♠s ♦❢ s♠❛❧❧ ❞❡❣r❡❡s ♦❢ ❢r❡❡❞♦♠✱ s❡❡ ❡✳❣✳ ❆✳ ❋♦♠❡♥❦♦ ❛♥❞ ❆✳ ❇♦❧s✐♥♦✈ ❬✶✻❪✱

❆✳ ❖s❤❡♠❦♦✈ ❬✶✼❪✱ ❱✳ ❙❤❛r❦♦ ❬✶✽❪✱ ❬✶✾❪✱ ❊✳ P♦❧✉❧②❛❦❤ ❛♥❞ ■✳ ❨✉r❝❤✉❦ ❬✷✵❪✱

❊✳ P♦❧✉❧②❛❦❤ ❬✷✶❪✳

■♥ t❤❡ ♣r❡s❡♥t ♣❛♣❡r ✇❡ ✇✐❧❧ st✉❞② ❤♦♠♦t♦♣✐❝❛❧ ♣r♦♣❡rt✐❡s ♦❢ ❢♦❧✐❛t✐♦♥s ❤❛✈✐♥❣

♣r♦♣❡rt✐❡s ✭✶✮ ❛♥❞ ✭✷✮ ❛❜♦✈❡ ♦♥ ❛r❜✐tr❛r② ♦♣❡♥ s✉r❢❛❝❡s Z✳ ❚❤✉s s✉❝❤ ❛ s✉r❢❛❝❡ ✐s

♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❢❛♠✐❧② ♦❢ str✐♣s {Sα}α∈A ❣❧✉❡❞ ❛❧♦♥❣ s♦♠❡ ❜♦✉♥❞❛r② ✐♥t❡r✈❛❧s✱

❛♥❞ t❤❡r❡❢♦r❡ s✉❝❤ s✉r❢❛❝❡s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ str✐♣♣❡❞ ✳ ❊✈❡r② str✐♣ ❛❞♠✐ts ❛ ♥❛t✉r❛❧

❢♦❧✐❛t✐♦♥ ❜② ♣❛r❛❧❧❡❧ ❧✐♥❡s ✇❤✐❝❤ ❣✐✈❡s ❛ ❢♦❧✐❛t✐♦♥ FZ ♦♥ Z ✇✐t❤ ❛❧❧ ❧❡❛✈❡s ♥♦♥✲

❝♦♠♣❛❝t✳ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s ❢♦❧✐❛t✐♦♥ ❝❛♥♦♥✐❝❛❧ ✳ ▲❡t H
(

FZ

)

❜❡ t❤❡ ❣r♦✉♣ ♦❢ ❛❧❧

❤♦♠❡♦♠♦r♣❤✐s♠s ♦❢ Z ✇❤✐❝❤ ♠❛♣s ❧❡❛✈❡s ♦❢ FZ ♦♥t♦ ❧❡❛✈❡s ♦❢ FZ ✱ ❛♥❞ H0

(

FZ

)

❜❡ t❤❡ ✐❞❡♥t✐t② ♣❛t❤ ❝♦♠♣♦♥❡♥t ♦❢ H
(

FZ

)

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦♣❡♥ ❝♦♠♣❛❝t

t♦♣♦❧♦❣②✳ ❲❡ ✇✐❧❧ ♣r♦✈❡ ✭❚❤❡♦r❡♠ ✹✳✹✮ t❤❛t H0

(

FZ

)

✐s ❝♦♥tr❛❝t✐❜❧❡✳ ❍❡♥❝❡ t❤❡



❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s ✶✾

❤♦♠♦t♦♣② t②♣❡ ♦❢ H
(

FZ

)

r❡❞✉❝❡s t♦ t❤❡ ❝♦♠♣✉t❛t✐♦♥ ♦❢ t❤❡ ❤♦♠❡♦t♦♣② ❣r♦✉♣

✭♦r ♠❛♣♣✐♥❣ ❝❧❛ss ❣r♦✉♣✮ π0H
(

FZ

)

= H
(

FZ

)

/H0

(

FZ

)

♦❢ t❤❡ ❢♦❧✐❛t✐♦♥ FZ ✳ ❆s ❛♥

❡①❛♠♣❧❡ ✇❡ ❝❤❛r❛❝t❡r✐③❡ str✐♣♣❡❞ s✉r❢❛❝❡s ❝♦♥s✐st✐♥❣ ♦❢ ♦♥❡ str✐♣ ✭❚❤❡♦r❡♠ ✸✳✼✮✳

✷ ❙tr✐♣♣❡❞ s✉r❢❛❝❡s

❉❡✜♥✐t✐♦♥ ✷✳✶ ❆ s✉❜s❡t S ⊂ R× [−1, 1] ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ♠♦❞❡❧ str✐♣ ✐❢

✭✶✮ R× (−1, 1) ⊂ S✱

✭✷✮ t❤❡ ✐♥t❡rs❡❝t✐♦♥ S ∩ (R× {−1, 1}) ✐s ❛ ✭♣♦ss✐❜❧② ❡♠♣t②✮ ✉♥✐♦♥ ♦❢ ♦♣❡♥ ✜♥✐t❡

✐♥t❡r✈❛❧s ✇✐t❤ ♠✉t✉❛❧❧② ❞✐s❥♦✐♥t ❝❧♦s✉r❡s✳

❋♦r ❡①❛♠♣❧❡✱ R × (−1, 1) ✐s ❛ ♠♦❞❡❧ str✐♣✱ ✇❤✐❧❡ R × [−1, 1]✱ R × (−1, 1]✱

R× [−1, 1) ❛r❡ ♥♦t✳

❋♦r ❛ ♠♦❞❡❧ str✐♣ S ✇❡ ✇✐❧❧ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

∂−S := S ∩ R× {−1}, ∂+S := S ∩ R× {1}, ∂S := ∂−S ∪ ∂+S.

❈♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ∂−S ✭r❡s♣✳ ∂+S✮ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❧♦✇❡r ✭r❡s♣✳ ✉♣♣❡r✮

❜♦✉♥❞❛r② ✐♥t❡r✈❛❧s✳

❉❡✜♥✐t✐♦♥ ✷✳✷ ❆ str✐♣♣❡❞ s✉r❢❛❝❡ ✐s t❤❡ q✉♦t✐❡♥t s♣❛❝❡

Z =
⊔

α∈A

Sα

/

{Yβ

φβ

∼ Xβ}β∈B , ✭✷✳✶✮

✇❤❡r❡

✭❛✮
⊔

α∈A

Sα ✐s ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ♠♦❞❡❧ str✐♣s❀

✭❜✮ {Xβ , Yβ}β∈B ⊂
⋃

α∈A

∂Sα ✐s ❛ ❢❛♠✐❧② ♦❢ ♣❛✐rs ♦❢ ❜♦✉♥❞❛r② ✐♥t❡r✈❛❧s s✉❝❤ t❤❛t

Xβ 6= Yβ✱ Yβ 6= Yβ′ ❛♥❞ Xβ 6= Xβ′ ❢♦r β 6= β′ ∈ B❀

✭❝✮ φβ : Yβ → Xβ✱ β ∈ B✱ ✐s ❛♥ ❛✣♥❡ ❤♦♠❡♦♠♦r♣❤✐s♠ ♣r❡s❡r✈✐♥❣ ♦r r❡✈❡rs✐♥❣

♦r✐❡♥t❛t✐♦♥s✳

❚❤✉s ❛ str✐♣♣❡❞ s✉r❢❛❝❡ ✐s ❛ s✉r❢❛❝❡ ♦❜t❛✐♥❡❞ ❢r♦♠ ❛ ❢❛♠✐❧② ♠♦❞❡❧ str✐♣s ❜②

✐❞❡♥t✐❢②✐♥❣ s♦♠❡ ♣❛✐rs ♦❢ ❜♦✉♥❞❛r② ✐♥t❡r✈❛❧s ✈✐❛ ❛✣♥❡ ❤♦♠❡♦♠♦r♣❤✐s♠s✳ ■t ✐s

❛❧❧♦✇❡❞ t❤❛t t✇♦ str✐♣s ❛r❡ ❣❧✉❡❞ ❛❧♦♥❣ ♠♦r❡ t❤❛♥ ♦♥❡ ♣❛✐r ♦❢ ❜♦✉♥❞❛r② ❝♦♠♣♦✲

♥❡♥ts✳ ❖♥❡ ♠❛② ❛❧s♦ ❣❧✉❡ t♦❣❡t❤❡r ✐♥t❡r✈❛❧s ❜❡❧♦♥❣✐♥❣ t♦ t❤❡ ❜♦✉♥❞❛r② ♦❢ s❛♠❡

str✐♣ S✱ ❛♥❞ ❡✈❡♥ t♦ t❤❡ s❛♠❡ ❧♦✇❡r ♦r ✉♣♣❡❞ ♣❛rt ♦❢ ∂S✳
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❘❡♠❛r❦ ✷✳✸ ◆♦t✐❝❡ t❤❛t ✐❢ a < b ❛♥❞ c < d✱ t❤❡♥ t❤❡r❡ ❛r❡ ❡①❛❝t❧② t✇♦ ❛✣♥❡

❤♦♠❡♦♠♦r♣❤✐s♠s φ+, φ− : (a, b) → (c, d) s✉❝❤ t❤❛t φ+ ♣r❡s❡r✈❡s ♦r✐❡♥t❛t✐♦♥ ❛♥❞

φ− r❡✈❡rs❡s ✐t✳ ◆❛♠❡❧②✱

φ+(t) =
d− c

b− a

(
t− a

)
+ c, φ−(t) =

c− d

b− a

(
t− a

)
+ d, ✭✷✳✷✮

❢♦r t ∈ (a, b)✳

❘❡♠❛r❦ ✷✳✹ ❚❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t t❤❡ ❣❧✉✐♥❣ ♠❛♣s ❛r❡ ❛✣♥❡ ✐s t❡❝❤♥✐❝❛❧ ❛♥❞

♥♦t ❝r✉❝✐❛❧✱ ❤♦✇❡✈❡r ✐t ✇✐❧❧ ❜❡ ❡ss❡♥t✐❛❧❧② ✉s❡❞ ✐♥ t❤❡ ♣r♦♦❢ ♦❢ ▲❡♠♠❛ ✹✳✸✳

▲❡t Z ❜❡ ❛ str✐♣♣❡❞ s✉r❢❛❝❡✱ ❞❡✜♥❡❞ ❜② ✭✷✳✶✮✱ ❛♥❞

q :
⊔

α∈A

Sα −→ Z

❜❡ t❤❡ q✉♦t✐❡♥t ♠❛♣✳ ❚❤❡♥ Z ✐s ❛ ♥♦♥✲❝♦♠♣❛❝t t✇♦✲❞✐♠❡♥s✐♦♥❛❧ ♠❛♥✐❢♦❧❞ ✇❤✐❝❤

❝❛♥ ❜❡ ♥♦♥❝♦♥♥❡❝t❡❞✱ ♥♦♥✲♦r✐❡♥t❛❜❧❡✱ ❛♥❞ ❤❛✈❡ ❜♦✉♥❞❛r②✳ ❊✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦♠✲

♣♦♥❡♥t ♦❢ ∂Z ✐s ❛♥ ✐♥t❡r✈❛❧✳ ❆❧s♦ ♥♦t✐❝❡ t❤❛t ❛ s✉❜s❡t U ⊂ Z ✐s ♦♣❡♥ ✐❢ ❛♥❞ ♦♥❧②

✐❢ q−1(U) ✐s ♦♣❡♥ ✐♥
⊔

α∈A

Sα✳

❋♦r ❡❛❝❤ α ∈ A ❧❡t

ξα : Sα →֒
⊔

α∈A

Sα
q

−−→ Z

❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ t❤❡ ✐♥❝❧✉s✐♦♥ ♦❢ Sα ✐♥t♦
⊔

α∈A
Sα ✇✐t❤ t❤❡ q✉♦t✐❡♥t ♠❛♣

q✳ ❲❡ ✇✐❧❧ ❝❛❧❧ ξα ❛ ❝❤❛rt ♠❛♣ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ Sα✳

■t ✇✐❧❧ ❛❧s♦ ❜❡ ❝♦♥✈❡♥✐❡♥t t♦ ✉s❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦t❛t✐♦♥✿

Ŝα = ξα(Sα), ∂−Ŝα = ξα(∂−Sα), ∂+Ŝα = ξα(∂+Sα), ∂Ŝα = ξα(∂Sα).

■♥ ♣❛rt✐❝✉❧❛r✱ t❤❡ ✐♠❛❣❡ Ŝα = ξα(Sα) ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ str✐♣ ♦❢ Z✳ ◆♦t✐❝❡ t❤❛t ✐❢

ξα ✐s ♥♦t ❛♥ ❡♠❜❡❞❞✐♥❣✱ t❤❡♥ ∂−Ŝα ❛♥❞ ∂+Ŝα ♠❛② ✐♥t❡rs❡❝t✳

❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❛ss✉♠♣t✐♦♥s ✭❜✮ ❛♥❞ ✭❝✮ ❣✉❛r❛♥t❡❡ t❤❛t ❜♦t❤ r❡str✐❝✲

t✐♦♥s ξα|∂
−
Sα

❛♥❞ ξα|∂+Sα
❛r❡ ✐♥❥❡❝t✐✈❡✳

✸ ❈❛♥♦♥✐❝❛❧ ❢♦❧✐❛t✐♦♥ ♦♥ ❛ str✐♣♣❡❞ s✉r❢❛❝❡

◆♦t✐❝❡ t❤❛t ❡❛❝❤ ♠♦❞❡❧ str✐♣ S ❛❞♠✐ts ❛ ♦♥❡✲❞✐♠❡♥s✐♦♥❛❧ ❢♦❧✐❛t✐♦♥ FS ✇❤♦s❡

❧❡❛✈❡s ❛r❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts ♦❢ ∂S ❛♥❞ s❡ts R× {t}✱ t ∈ (−1, 1)✳

▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❧❡t Z ❜❡ ❛ str✐♣♣❡❞ s✉r❢❛❝❡✳ ❙✐♥❝❡ ✐ts str✐♣s ❛r❡ ❣❧✉❡❞ ❜②

❤♦♠❡♦♠♦r♣❤✐s♠s ♦❢ ❧❡❛✈❡s✱ t❤❡ ❢♦❧✐❛t✐♦♥s ♦♥ str✐♣s ♦❢ Z ②✐❡❧❞ ❛ ❢♦❧✐❛t✐♦♥ FZ ♦♥

Z✳ ❲❡ ✇✐❧❧ ❝❛❧❧ t❤✐s ❢♦❧✐❛t✐♦♥ ❝❛♥♦♥✐❝❛❧ ✳



❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s ✷✶

▲❡t Γ (F) = Z/F ❜❡ t❤❡ s♣❛❝❡ ♦❢ ❧❡❛✈❡s ❡♥❞♦✇❡❞ ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

q✉♦t✐❡♥t t♦♣♦❧♦❣②✱ ❛♥❞ p : Z → Γ (F) ❜❡ t❤❡ q✉♦t✐❡♥t ♠❛♣✳ ❚❤❡♥ ❜② ❞❡✜♥✐t✐♦♥

❛ s✉❜s❡t V ⊂ Γ (Z) ✐s ♦♣❡♥ ✐❢ ❛♥❞ ♦♥❧② ✐❢ ✐ts ✐♥✈❡rs❡ ✐♠❛❣❡ p−1(V ) ✐s ♦♣❡♥ ✐♥ Z✳

❚❤✉s ♦♣❡♥ s✉❜s❡ts ♦❢ Γ (F) ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ♦♣❡♥ s❛t✉r❛t❡❞ s✉❜s❡ts ♦❢ Z✳

▲❡♠♠❛ ✸✳✶ Γ (F) ✐s ❛ T1✲s♣❛❝❡✳

Pr♦♦❢ ❲❡ s❤♦✉❧❞ ♣r♦✈❡ t❤❛t ❡✈❡r② ♦♥❡✲♣♦✐♥t s❡t {x} ⊂ Γ (F) ✐s ❝❧♦s❡❞ ✐♥ Γ (F)✱

✐✳❡✳ t❤❛t ❡❛❝❤ ❧❡❛❢ ω ♦❢ F ✐s ❝❧♦s❡❞ ✐♥ Z✳ ❙✐♥❝❡ Z =
⊔

α∈A
Sα

/
{Yβ

φβ

∼ Xβ}β∈B ✱

s❡❡ ✭✷✳✶✮✱ ✇❡ s❤♦✉❧❞ ❝❤❡❝❦ t❤❛t ❡✈❡r② ❧❡❛❢ ✐♥ ❛ ♠♦❞❡❧ str✐♣ ✐s ❝❧♦s❡❞✳ ❇✉t t❤❡

❧❛tt❡r ✐s ❡✈✐❞❡♥t ❢♦r ❧❡❛✈❡s ❜❡❧♦♥❣✐♥❣ t♦ ✐♥t❡r✐♦rs ♦❢ str✐♣s IntSα = R × (−1, 1)

❛♥❞ ❢♦❧❧♦✇s ❢r♦♠ ✭✷✮ ♦❢ ❉❡✜♥✐t✐♦♥ ✷✳✶ ❢♦r ❧❡❛✈❡s ❜❡❧♦♥❣✐♥❣ t♦ ∂Sα = Sα \ IntSα✳

❆ ❤♦♠❡♦♠♦r♣❤✐s♠ h : Z → Z ′ ❜❡t✇❡❡♥ str✐♣♣❡❞ s✉r❢❛❝❡s ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛♥

F✲❤♦♠❡♦♠♦r♣❤✐s♠ ✇❤❡♥❡✈❡r ✐t ♠❛♣s ❧❡❛✈❡s ♦❢ FZ ♦♥t♦ ❧❡❛✈❡s ♦❢ FZ′ ✳

❊✈✐❞❡♥t❧②✱ ❢♦r ❡❛❝❤ ❧❡❛❢ ω ✇❡ ❤❛✈❡ ❡①❛❝t❧② ♦♥❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣♦ss✐❜✐❧✐t✐❡s✳

✭❛✮ ω ❜❡❧♦♥❣s t♦ Ŝγ \ ∂Ŝγ ❢♦r s♦♠❡ γ ∈ A❀ ✐♥ t❤✐s ❝❛s❡ ω ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ✐♥t❡r♥❛❧ ✳

✭❜✮ ω ⊂ ∂Ŝγ ⊂ ∂Z ❢♦r s♦♠❡ γ ∈ A❀ ✐♥ t❤✐s ❝❛s❡ ω ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ ❛ ❜♦✉♥❞❛r② ❧❡❛❢✳

✭❝✮ ω ⊂ ∂εŜγ ∩ ∂ε′ Ŝγ′ ❢♦r s♦♠❡ γ, γ′ ∈ A ❛♥❞ ε, ε′ ∈ {±}✳ ❚❤❡♥

ω = ξγ(Xβ) = ξγ′(Yβ)

❢♦r s♦♠❡ β ∈ B✳ ❚❤✐s s✐t✉❛t✐♦♥ s♣❧✐ts ✐♥t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝❛s❡s✿

✭❝✶✮ γ = γ′✱ X = ∂εSγ ✱ ❛♥❞ Y = ∂ε′Sγ ❀ s♦ ω = ∂−Ŝγ = ∂+Ŝγ = ∂Ŝγ ❀

✭❝✷✮ γ 6= γ′✱ X = ∂εSγ ✱ ❛♥❞ Y = ∂ε′Sγ ✱ s♦ ω = ∂εŜγ = ∂ε′ Ŝγ′ ❀

✭❝✸✮ X 6= ∂εSγ ♦r Y 6= ∂ε′Sγ ✱ ✐♥ t❤✐s ❝❛s❡ ω ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ s♣❡❝✐❛❧ ✳

❖✉r ❛✐♠ ✐s t♦ r❡❞✉❝❡ t❤❡ s✐t✉❛t✐♦♥ t♦ t❤❡ ❝❛s❡ ✇❤❡♥ t❤❡r❡ ✐s ♥♦ ❧❡❛✈❡s ♦❢ t②♣❡s

✭❝✶✮ ❛♥❞ ✭❝✷✮✳ ❋♦r t❤✐s ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✳

▲❡♠♠❛ ✸✳✷ ▲❡t S = R× (−1, 1) ❛♥❞ T = S \
(
(−∞,−1] ∪ [1,+∞)

)
× 0✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ h : S → T ✜①❡❞ ♦✉ts✐❞❡ R×(− 1
2 ,

1
2 ) ❛♥❞ ♣r❡s❡r✈✐♥❣

❤♦r✐③♦♥t❛❧ ❧✐♥❡s✱ t❤❛t ✐s h(x, y) = (α(x, y), y) ❢♦r s♦♠❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥ α✱

s❡❡ ❋✐❣✉r❡ ✸✳✶✳

Pr♦♦❢ ▲❡t σ : R → (−1, 1) ❜❡ ❛ C∞✲❞✐✛❡♦♠♦r♣❤✐s♠ ❣✐✈❡♥ ❜② σ(t) = t
t2+1 ✳

❊✈✐❞❡♥t❧②✱ σ′(t) = 1−t2

(1+t2)2 ✳ ❉❡✜♥❡ h : S → T ❜② t❤❡ ❢♦r♠✉❧❛✿
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❋✐❣✳ ✸✳✶

h(x, y) =



































(

σ(x), 0
)

, y = 0,
(

σ′(− 1

|y| ) · (x+ 1

|y| ) + σ(− 1

|y| ) , y
)

, y 6= 0, x ∈ (−∞,− 1

|y| ],
(

σ(x), y
)

, y 6= 0, x ∈ [− 1

|y| ,
1

|y| ],
(

σ′( 1

|y| ) · (x− 1

|y| ) + σ( 1

|y| ) , y
)

, y 6= 0, x ∈ ( 1

|y| ,+∞).

❚❤❡ ✈❡r✐✜❝❛t✐♦♥ t❤❛t h ✐s ✐♥❞❡❡❞ ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ ❤❛✈✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣

♣r♦♣❡rt✐❡s ✇❡ ❧❡❛✈❡ ❢♦r t❤❡ r❡❛❞❡r✳

❈♦r♦❧❧❛r② ✸✳✸ ▲❡t S = R
2 ❛♥❞ T = R

2\
(

(−∞,−1]∪ [1,+∞)
)

×{2n}n∈Z✳ ❚❤❡♥

t❤❡r❡ ❡①✐sts ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ h : S → T ✜①❡❞ ♦✉ts✐❞❡ R×∪n∈Z(2n− 1

2
, 2n+ 1

2
)

❛♥❞ ♣r❡s❡r✈✐♥❣ ❤♦r✐③♦♥t❛❧ ❧✐♥❡s✱ t❤❛t ✐s h(x, y) = (α(x, y), y) ❢♦r s♦♠❡ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ α✱ s❡❡ ❋✐❣✉r❡ ✸✳✷✳

❋✐❣✳ ✸✳✷

❘❡♠❛r❦ ✸✳✹ ◆♦t✐❝❡ t❤❛t T ❢r♦♠ ▲❡♠♠❛ ✸✳✷ ✐s ❛ str✐♣♣❡❞ s✉r❢❛❝❡ ❣❧✉❡❞ ♦❢ t✇♦

str✐♣s T0 ❛♥❞ T1 s♦ t❤❛t ω = (−1, 1) × 0 ✐s ❛ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✷✮✱ s❡❡ ❋✐❣✉r❡ ✸✳✶✳

❚❤❡♥ ▲❡♠♠❛ ✸✳✷ ❝❧❛✐♠s t❤❛t t❤❡s❡ t✇♦ str✐♣s ❝❛♥ ❜❡ r❡♣❧❛❝❡❞ ✇✐t❤ ❛ ✉♥✐q✉❡ ♦♥❡

s♦ t❤❛t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✷✮ ❜❡❝♦♠❡s ✐♥t❡r♥❛❧✱ ✐✳❡✳ ❤❛✈✐♥❣ t②♣❡ ✭❛✮✳

▼♦r❡♦✈❡r✱ ❈♦r♦❧❧❛r② ✸✳✸ s❤♦✇s t❤❛t ❡✈❡♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ str✐♣s ❣❧✉❡❞ ✐♥

❛ ✇❛② s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✷ ❝❛♥ ❛❧s♦ ❜❡ r❡♣❧❛❝❡s ✇✐t❤ ♦♥❡ ♦♣❡♥ str✐♣✳

▲❡t S ❜❡ ❛ ♠♦❞❡❧ str✐♣ s✉❝❤ t❤❛t ∂+S = (−2, 2) ❛♥❞ ∂−S = (−2, 2)✱ s❡❡

❋✐❣✉r❡ ✸✳✸✳

❉❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❤♦♠❡♦♠♦r♣❤✐s♠s φc, φm : ∂+S → ∂−S ❜②

φc(t) = t, φm(t) = −t,



❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s ✷✸

❋✐❣✳ ✸✳✸

❢♦r ❛❧❧ t ∈ (−2, 2)✳ ▲❡t ❛❧s♦ C = S/φc✱ M = S/φm ❜❡ t❤❡ q✉♦t✐❡♥ts ♦❢ S ♦❜t❛✐♥❡❞

❜② ✐❞❡♥t✐❢②✐♥❣ ✐ts ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ✈✐❛ φc ❛♥❞ φm r❡s♣❡❝t✐✈❡❧②✳ ■t ❢♦❧❧♦✇s

❢r♦♠ ▲❡♠♠❛ ✸✳✷ t❤❛t C ✐s ❛♥ ♦♣❡♥ ❝②❧✐♥❞❡r ❛♥❞ M ✐s ❛♥ ♦♣❡♥ ▼☎♦❜✐✉s ❜❛♥❞✳

▼♦r❡♦✈❡r✱ t❤❡ ❧❡❛❢ ♦❜t❛✐♥❡❞ ❜② ❣❧✉✐♥❣ ∂+S ✇✐t❤ ∂−S ✐s ♦❢ t②♣❡ ✭❝✶✮✳

▲❡♠♠❛ ✸✳✺ ■❢ Z ❤❛s ❛ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✶✮✱ t❤❡♥ ✐t ✐s F✲❤♦♠❡♦♠♦r♣❤✐❝ ❡✐t❤❡r ✇✐t❤

C ♦r ✇✐t❤ M ✳

Pr♦♦❢ ❙✉♣♣♦s❡ ω = ∂−Ŝγ = ∂+Ŝγ ✐s ❛ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✶✮ ❢♦r s♦♠❡ γ ∈ A✳ ▲❡t ❛❧s♦

(a, b) × {−1} = ∂−Sγ ❛♥❞ (c, d) × {1} = ∂+Sγ ❜❡ t❤❡ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ♦❢

Sγ ✱ s♦

Sγ = (a, b)× {−1}
⋃

R× (−1, 1)
⋃

(c, d)× {1}.

❙✐♥❝❡ ω = ∂−Ŝγ = ∂+Ŝγ ✱ ✐t ❢♦❧❧♦✇s t❤❛t

Sγ = q−1(Ŝγ) ⊂
⊔

α∈A

Sα.

❇✉t Sγ ✐s ❛♥ ♦♣❡♥ ❝❧♦s❡❞ s✉❜s❡t ♦❢
⊔

α∈A

Sα✱ ✇❤❡♥❝❡ ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ❢❛❝t♦r

t♦♣♦❧♦❣② ♦♥ Z ✐t ❢♦❧❧♦✇s t❤❛t Ŝγ ✐s ♦♣❡♥ ❝❧♦s❡❞ ✐♥ Z✱ ❛♥❞ s♦ ✐t ❝♦✐♥❝✐❞❡s ✇✐t❤ Z✳

❚❤✉s Z ✐s ♦❜t❛✐♥❡❞ ❜② ❣❧✉✐♥❣ (c, d) × {+1} ✇✐t❤ (a, b) × {−1} ❜② ❛♥ ❛✣♥❡

❤♦♠❡♦♠♦r♣❤✐s♠ φγ ✳ ■❢ φγ ♣r❡s❡r✈❡s ♦r✐❡♥t❛t✐♦♥ t❤❡♥ Z ✐s ❤♦♠❡♦♠♦r♣❤✐❝ ✇✐t❤

C✳ ❖t❤❡r✇✐s❡✱ Z ✐s ❤♦♠❡♦♠♦r♣❤✐❝ ✇✐t❤ M ✳

❉❡✜♥✐t✐♦♥ ✸✳✻ ❆ str✐♣♣❡❞ s✉r❢❛❝❡ ✇✐❧❧ ❜❡ ❝❛❧❧❡❞ r❡❞✉❝❡❞ ✐❢ ✐t ❤❛s ♥♦ ❧❡❛✈❡s ♦❢

t②♣❡s ✭❝✶✮ ❛♥❞ ✭❝✷✮ t❤❛t ✐s ❡✈❡r② ❧❡❛❢ ♦❢ t②♣❡ ✭❝✮ ✐s ♦❢ t②♣❡ ✭❝✸✮✳

❚❤❡♦r❡♠ ✸✳✼ ❊✈❡r② ❝♦♥♥❡❝t❡❞ str✐♣♣❡❞ s✉r❢❛❝❡ Z ✇✐t❤ ❝♦✉♥t❛❜❧❡ ❜❛s❡ ✐s F✲

❤♦♠❡♦♠♦r♣❤✐❝ ❡✐t❤❡r t♦ ❛ ❝②❧✐♥❞❡r C ♦r t♦ ❛ ▼☎♦❜✐✉s ❜❛♥❞ M ✱ ♦r t♦ ❛ r❡❞✉❝❡❞

s✉r❢❛❝❡✳

Pr♦♦❢ ❙✐♥❝❡ Z ❤❛s ❝♦✉♥t❛❜❧❡ ❜❛s❡✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡ ♥✉♠❜❡r ♦❢ str✐♣s ✐♥ Z ✐s ❛t

♠♦st ❝♦✉♥t❛❜❧❡✳

❲❡ ✇✐❧❧ ♥♦✇ ❞❡✜♥❡ ❛ ❝❡rt❛✐♥ ❣r❛♣❤ G ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

✕ t❤❡ ✈❡rt✐❝❡s ♦❢ G ❛r❡ str✐♣s ♦❢ Z ❝♦♥t❛✐♥✐♥❣ ❧❡❛✈❡s ♦❢ t②♣❡s ✭❝✶✮ ♦r ✭❝✷✮❀

✕ ✐❢ t❤❡r❡ ❡①✐sts ❛ ❧❡❛❢ ω ♦❢ t②♣❡ ✭❝✶✮ s✉❝❤ t❤❛t ω = ∂−Ŝγ = ∂+Ŝγ ❢♦r s♦♠❡

γ ∈ A✱ t❤❡♥ ✇❡ ❛ss✉♠❡ t❤❛t ω ✐s ❛ ❧♦♦♣ ❛t ✈❡rt❡① Ŝγ ❀



✷✹ ❙✳ ▼❛❦s②♠❡♥❦♦✱✳ ❊✳ P♦❧✉❧②❛❦❤

✕ t✇♦ s✉❝❤ ✈❡rt✐❝❡s Ŝγ ❛♥❞ Ŝγ′ ❛r❡ ❝♦♥♥❡❝t❡❞ ❜② ❛♥ ❡❞❣❡ ✐♥ G ✐❢ ❛♥❞ ♦♥❧② ✐❢

t❤❡r❡ ❡①✐sts ❛ ❧❡❛❢ ω ♦❢ t②♣❡ ✭❝✷✮ s✉❝❤ t❤❛t ω = ∂−Ŝγ = ∂+Ŝγ′ ♦r ω = ∂+Ŝγ =

∂−Ŝγ′ ✳

■t ❢♦❧❧♦✇s t❤❛t ❡❛❝❤ ✈❡rt❡① ♦❢ G ❤❛s ❞❡❣r❡❡ ❡✐t❤❡r 1 ♦r 2✳ ❚❤❡r❡❢♦r❡ ❡✈❡r② ❝♦♥✲

♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ G ❤❛s ♦♥❡ ♦❢ t❤❡ ❢♦r♠s ✭✐✮✲✭✈✮ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳✹✳

❋✐❣✳ ✸✳✹

❙✉♣♣♦s❡ G ✐s ♥♦♥✲❡♠♣t② ❛♥❞ ❧❡t K ❜❡ ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ G✳ ❈♦♥s✐❞❡r

t❤❡ ❝❛s❡s ✭✐✮✲✭✈✮ ♦❢ ❋✐❣✉r❡ ✸✳✹✳

✭✐✮ ❙✉♣♣♦s❡ K ✐s ❛ ✜♥✐t❡ ♥♦♥✲❝❧♦s❡❞ ♣❛t❤ ❝♦♥s✐st✐♥❣ ♦❢ n ❡❞❣❡s✳ ❆s ♥♦t❡❞

✐♥ ❘❡♠❛r❦ ✸✳✹ ❡❛❝❤ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✷✮ ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ❛♥ ✐♥t❡r♥❛❧ ♦♥❡ ❛❢t❡r

❝❤❛♥❣✐♥❣ ♣❛rt✐t✐♦♥ ♦❢ Z ❜② str✐♣s ✇✐t❤♦✉t ❝❤❛♥❣✐♥❣ ❢♦❧✐❛t✐♦♥ FZ ✳ ❚❤✐s ♠❡❛♥s

t❤❛t ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❡❞❣❡ ♦❢ G ✇✐t❤ ❞✐st✐♥❝t ❡♥❞s ❝❛♥ ❜❡ r❡❞✉❝❡❞✳ ❆♣♣❧②✐♥❣

▲❡♠♠❛ ✸✳✷ n t✐♠❡s ♦♥❡ ❝❛♥ ❝♦♠♣❧❡t❡❧② r❡❞✉❝❡ ❛❧❧ ❡❞❣❡s ♦❢ K✳

✭✐✐✮ ❙✉♣♣♦s❡ K ✐s ❛ ❧♦♦♣✱ s♦ ✐ts ❡❞❣❡ ❝♦rr❡s♣♦♥❞s t♦ ❛ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✶✮✳ ❚❤❡♥

❜② ▲❡♠♠❛ ✸✳✺ Z ✐s F✲❤♦♠❡♦♠♦r♣❤✐❝ ❡✐t❤❡r ✇✐t❤ C ♦r ✇✐t❤ M ✳

✭✐✐✐✮ ❙✉♣♣♦s❡ K ✐s ❛ ❝②❝❧❡ ♦❢ n ❡❞❣❡s✳ ❚❤❡♥ ❜② ❛r❣✉♠❡♥ts s✐♠✐❧❛r t♦ ✭✐✮ t❤❡

s✐t✉❛t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ❝❛s❡ ✭✐✐✮✳

✭✐✈✮ ❙✉♣♣♦s❡ K ✐s ❛♥ ✐♥✜♥✐t❡ ✐♥ ♦♥❡ ❞✐r❡❝t✐♦♥ ♣❛t❤✳ ❚❤❡♥ t❤❡ ❛r❣✉♠❡♥ts ♦❢

t❤❡ ❝❛s❡ ✭✐✮ ❝❛♥ ♥♦t ❜❡ ❛♣♣❧✐❡❞ ❛s ✐t r❡q✉✐r❡s t♦ ❝♦♥s✐❞❡r ✐♥✜♥✐t❡ s❡q✉❡♥❝❡✳

▲❡t Ŝ0, Ŝ1, . . . ❜❡ ❛♥ ✐♥✜♥✐t❡ s❡q✉❡♥❝❡ ♦❢ str✐♣s ✐♥ Z ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✈❡rt✐❝❡s

♦❢ K s✉❝❤ t❤❛t ωi✱ i ≥ 0 ✐s ❛ ❧❡❛❢ ♦❢ t②♣❡ ✭❝✷✮ ❜❡✐♥❣ ❛♥ ❡❞❣❡ ❜❡t✇❡❡♥ ✈❡rt✐❝❡s Ŝi

❛♥❞ Ŝi+1 ✐♥ K✳ ■♥t❡r❝❤❛♥❣✐♥❣ ∂−Si ✇✐t❤ ∂+Si ♦♥❡ ♠❛② ❛ss✉♠❡ t❤❛t

ωi = ∂+Ŝi = ∂−Ŝi+1, i ≥ 0.

◆♦t✐❝❡ t❤❛t ❡❛❝❤ Si ✐s ❡♠❜❡❞❞❡❞ ✐♥t♦ Z✳ ❉❡♥♦t❡ T = ∪∞

i=1Ŝi✱ s♦ Ŝ0 ✐s ♦♠✐tt❡❞✳

❚❤❡♥ ✐t ❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✸✳✸ t❤❛t T ✐s F✲❤♦♠❡♦♠♦r♣❤✐❝ t♦ ❛ ♠♦❞❡❧ str✐♣

❤❛✈✐♥❣ ♦♥❧② ♦♥❡ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥t✳

▲❡♠♠❛ ✸✳✼✳✶ ω0 s♣❧✐ts Z s♦ t❤❛t T \ ω0 ✐s ❛ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢ Z \ ω0✳



❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s ✷✺

Pr♦♦❢ ■t s✉✣❝❡s t♦ s❤♦✇ t❤❛t T \ ω0 ✐s ♦♣❡♥ ❛♥❞ ❝❧♦s❡❞ ✐♥ Z \ ω0✳

✶✮ ❋✐rst ✇❡ ✇✐❧❧ ❝❤❡❝❦ t❤❡ ♦♣❡♥♥❡ss ♦❢ T \ ω0✳ ▲❡t x ∈ T \ ω0✳

❛✮ ■❢ x ∈ IntŜi ⊂ T ❢♦r s♦♠❡ i ≥ 1✱ t❤❡♥ IntŜi ✐s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ x

✐♥ T ✳

❜✮ ■❢ x ∈ ωi = ∂+Ŝi = ∂−Ŝi+1✱ i ≥ 1✱ t❤❡♥ x ❤❛s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ U

✐♥t❡rs❡❝t✐♥❣ Si ❛♥❞ Si+1 ♦♥❧②✱ ❛♥❞ s♦ U ⊂ T ✳

❚❤✉s T \ ω0 ✐s ♦♣❡♥ ✐♥ Z \ ω0✳

✷✮ ◆♦✇ ❧❡t ✉s s❤♦✇ t❤❛t T \ ω0 ✐s ❝❧♦s❡❞ ✐♥ Z \ ω0✳ ▲❡t {xj}j∈N ⊂ T \ ω0 ❜❡

❛ s❡q✉❡♥❝❡ ❝♦♥✈❡r❣✐♥❣ t♦ s♦♠❡ x ∈ Z \ ω0✳ ❲❡ s❤♦✉❧❞ ♣r♦✈❡ t❤❛t x ∈ T \ ω0✳

❈♦♥s✐❞❡r t✇♦ ❝❛s❡s✳

❛✮ ❙✉♣♣♦s❡ x ∈ IntŜα ❢♦r s♦♠❡ α ∈ A✳ ❙✐♥❝❡ IntŜα ✐s ❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞

♦❢ x ✐♥ Z \ ω0✱ ✐t ❢♦❧❧♦✇s t❤❛t xj ∈ IntŜα ❢♦r s♦♠❡ j ∈ N✳ ❇✉t xj ∈ Ŝi ❢♦r s♦♠❡

i ≥ 1✱ ✇❤❡♥❝❡ x ∈ Ŝα = Ŝi ⊂ T ❛s ✇❡❧❧✳

❜✮ ❙✉♣♣♦s❡ x ∈ ∂−Ŝα∩∂+Ŝα′ ❢♦r s♦♠❡ α, α′ ∈ A✳ ❚❤❡♥ x ❤❛s ❛ ♥❡✐❣❤❜♦r❤♦♦❞

U ✐♥t❡rs❡❝t✐♥❣ Ŝα ❛♥❞ Ŝα′ ♦♥❧②✳ ❚❛❦❡ xj ∈ U ✳ ❚❤❡♥ xj ∈ Ŝα ∪ Ŝα′ ✇❤✐❝❤ ✐♠♣❧✐❡s

t❤❛t ♦♥❡ ♦❢ t❤❡s❡ str✐♣s ❝♦✐♥❝✐❞❡s ✇✐t❤ Ŝi ❢♦r s♦♠❡ i ≥ 1✳ ❇✉t ∂Ŝi ✐♥t❡rs❡❝ts ♦♥❧②

∂Ŝi+1 ❛♥❞ ∂Ŝi−1 ❢♦r i > 1✳ ❍❡♥❝❡ Ŝα ❛♥❞ Ŝα′ ❛r❡ ❝♦♥t❛✐♥❡❞ ✐♥ T ✱ ❛♥❞ s♦ x ∈ T

❛s ✇❡❧❧✳

■t ❢♦❧❧♦✇s ❢r♦♠ t❤✐s ❧❡♠♠❛ t❤❛t ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ T ✇✐t❤ ❛ ♠♦❞❡❧ str✐♣✱ ❛♥❞ s♦

t❤❡ s✐t✉❛t✐♦♥ r❡❞✉❝❡s t♦ t❤❡ ❝❛s❡ ✇❤❡♥ K ❝♦♥s✐sts ♦❢ ❛ ✉♥✐q✉❡ ❡❞❣❡ ✇✐t❤ ❞✐st✐♥❝t

✈❡rt✐❝❡s✳ ❚❤❡♥ ❜② t❤❡ ❝❛s❡ ✭✐✮ ✐t ❝❛♥ ❜❡ ❝♦♠♣❧❡t❡❧② ❡❧✐♠✐♥❛t❡❞✳

✭✈✮ ❋✐♥❛❧❧② s✉♣♣♦s❡ t❤❛t K ✐s ❛♥ ✐♥✜♥✐t❡ ✐♥ t✇♦ ❞✐r❡❝t✐♦♥s ♣❛t❤✳ ❇② ❛r❣✉♠❡♥ts

♦❢ ✭✐✈✮ ♦♥❡ ❝❛♥ r❡♣❧❛❝❡ ❡❛❝❤ ♦❢ ✐♥✜♥✐t❡ ❡♥❞s ♦❢ K ✇✐t❤ ❛ ♠♦❞❡❧ str✐♣✱ ❛♥❞ t❤❡♥ ❜②

✭✐✮ ❡❧✐♠✐♥❛t❡ ❛❧❧ ❡❞❣❡s ♦❢ K✳ ❚❤✐s ❛❧s♦ ✐♠♣❧✐❡s t❤❛t Z ✐s F✲❤♦♠❡♦♠♦r♣❤✐❝ ✇✐t❤

❛♥ ♦♣❡♥ ♠♦❞❡❧ str✐♣ R× (−1, 1)✳

❙✐♥❝❡ ❡❛❝❤ str✐♣ Ŝα ♠❛② ❝♦rr❡s♣♦♥❞ t♦ ❛t ♠♦st ♦♥❡ ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥t ♦❢

G✱ ✐t ❢♦❧❧♦✇s t❤❛t ♦♥❡ ❝❛♥ ❛♣♣❧② ❝❛s❡s ✭✐✮✲✭✈✮ ♠✉t✉❛❧❧② t♦ ❡❛❝❤ ♦❢ t❤❡ ❝♦♥♥❡❝t❡❞

❝♦♠♣♦♥❡♥ts ♦❢ G✳ ❚❤✐s ❛❧❧♦✇s t♦ ❡❧✐♠✐♥❛t❡ ❛❧❧ ❧❡❛✈❡s ♦❢ t②♣❡ ✭❝✷✮ ♦r ♣r♦✈❡ t❤❛t

Z ✐s F✲❤♦♠❡♦♠♦r♣❤✐❝ ❡✐t❤❡r ✇✐t❤ C ♦r ✇✐t❤ M ✳

✹ ❍♦♠❡♦♠♦r♣❤✐s♠s ❣r♦✉♣ ♦❢ FZ

▲❡t Z ❜❡ ❛ str✐♣♣❡❞ s✉r❢❛❝❡✳ ❉❡♥♦t❡ ❜② H
(
FZ

)
t❤❡ ❣r♦✉♣ ♦❢ F✲❤♦♠❡♦♠♦r♣❤✐s♠s

♦❢ Z ♣r❡s❡r✈✐♥❣ FZ ✱ t❤❛t ✐s ❢♦r ❡❛❝❤ h ∈ H
(
FZ

)
❛♥❞ ❡❛❝❤ ❧❡❛❢ ω ∈ FZ t❤❡ ✐♠❛❣❡

h(ω) ✐s ❛ ❧❡❛❢ ♦❢ FZ ❛s ✇❡❧❧✳

▲❡t ❛❧s♦ H0

(
FZ

)′
❜❡ t❤❡ s✉❜❣r♦✉♣ ♦❢ H

(
FZ

)
❝♦♥s✐st✐♥❣ ♦❢ ❤♦♠❡♦♠♦r♣❤✐s♠s

h s✉❝❤ t❤❛t h(ω) = ω ❢♦r ❡❛❝❤ ❧❡❛❢ ♦❢ FZ ❛♥❞ h ♣r❡s❡r✈❡s ♦r✐❡♥t❛t✐♦♥ ♦❢ ω✳



✷✻ ❙✳ ▼❛❦s②♠❡♥❦♦✱✳ ❊✳ P♦❧✉❧②❛❦❤

❊♥❞♦✇ H
(
FZ

)
✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝♦♠♣❛❝t ♦♣❡♥ t♦♣♦❧♦❣② ❛♥❞ ❧❡t

H0

(
FZ

)
❜❡ t❤❡ ✐❞❡♥t✐t② ♣❛t❤ ❝♦♠♣♦♥❡♥t ♦❢ H

(
FZ

)
✱ s♦ ✐t ❝♦♥s✐sts ♦❢ ❤♦♠❡♦✲

♠♦r♣❤✐s♠s h ∈ H
(
FZ

)
✐s♦t♦♣✐❝ ✐♥ H

(
FZ

)
t♦ idZ ✳

▲❡t Σ(FZ) ❜❡ t❤❡ ✉♥✐♦♥ ♦❢ ❧❡❛✈❡s ♦❢ t②♣❡s ✭❜✮ ❛♥❞ ✭❝✸✮✳ ❊✈✐❞❡♥t❧②✱

h(Σ(FZ)) = Σ(FZ) ❢♦r ❡❛❝❤ h ∈ H
(
FZ

)
✳

❋✐rst ✇❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡♥ Z ✐s ❛ ♠♦❞❡❧ str✐♣✳

▲❡♠♠❛ ✹✳✶ ▲❡t S ⊂ R× [−1, 1] ❜❡ ❛ ♠♦❞❡❧ str✐♣ ❛♥❞ g ∈ H
(
FS

)
✳ ❚❤❡♥

g(x, y) =
(
λ(x, y), µ(y)

)
, ✭✹✳✶✮

✇❤❡r❡ µ : [−1, 1] → [−1, 1] ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠✱ ❛♥❞ λ : S → R ✐s ❛ ❝♦♥t✐♥✉♦✉s

❢✉♥❝t✐♦♥ s✉❝❤ t❤❛t ❢♦r ❡❛❝❤ y ∈ (−1, 1) t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ x 7→ λ(x, y) ✐s ❛

❤♦♠❡♦♠♦r♣❤✐s♠ R → R✳

Pr♦♦❢ ❙✐♥❝❡ g ♣r❡s❡r✈❡s ❧❡❛✈❡s ♦❢ FS ✱ ✐✳❡✳ t❤❡ ❧✐♥❡s R × y✱ y ∈ (−1, 1)✱ ✐t ❢♦❧❧♦✇s

t❤❛t µ ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ x✳ ▼♦r❡♦✈❡r✱ ❛s g ❤♦♠❡♦♠♦r♣❤✐❝❛❧❧② ♠❛♣s ❧❡❛✈❡s ♦♥t♦

❧❡❛✈❡s✱ t❤❡ ♠❛♣ x 7→ λ(x, y) ✐s ❛ ❤♦♠❡♦♠♦r♣❤✐s♠ R × y → R × µ(y)✳ ❋✐♥❛❧❧②✱

µ : (−1, 1) → (−1, 1) ✐s ❛ str✐❝t❧② ♠♦♥♦t♦♥❡ s✉r❥❡❝t✐✈❡ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥✱ ❢♦r

❡❛❝❤ y ∈ (−1, 1)✳ ❚❤❡r❡❢♦r❡ ✐t ❡①t❡♥❞s t♦ ❛ s❡❧❢✲❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢ [−1, 1]✳

❚❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛ ✐s ❡❛s② ❛♥❞ ✇❡ ❧❡❛✈❡ ✐t ❢♦r t❤❡ r❡❛❞❡r✳

▲❡♠♠❛ ✹✳✷ ▲❡t Ŝ ⊂ Z ❜❡ ❛ str✐♣ ❝♦♥t❛✐♥✐♥❣ ❧❡❛✈❡s ❢r♦♠ Σ(FZ)✱ ξ : S → Ŝ

❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❤❛rt✱ ❛♥❞ h ∈ H
(
FZ

)
✳ ■❢ h(Ŝ) = Ŝ✱ t❤❡♥ h ❧✐❢ts t♦ ❛

❤♦♠❡♦♠♦r♣❤✐s♠ g : S → S ♦❢ t❤❡ ♠♦❞❡❧ str✐♣ S s✉❝❤ t❤❛t ξ ◦ g = h ◦ ξ✳ ⊓⊔

▲❡♠♠❛ ✹✳✸ ❚❤❡ ❣r♦✉♣ H0

(
FZ

)
′

✐s ❝♦♥tr❛❝t✐❜❧❡✳

Pr♦♦❢ ▲❡t ξ : S → Ŝ ❜❡ ❛ str✐♣ ♦❢ Z ❛♥❞ h ∈ H0

(
FZ

)
′

✳ ❇② ❛ss✉♠♣t✐♦♥ h(Ŝ) = Ŝ✱

✇❤❡♥❝❡ ❜② ▲❡♠♠❛ ✹✳✷ h|
Ŝ
❧✐❢ts t♦ ❛ s❡❧❢✲❤♦♠❡♦♠♦r♣❤✐s♠ g : S → S s✉❝❤ t❤❛t

ξ ◦ g = h ◦ ξ✳ ▼♦r❡♦✈❡r✱ ❜② ▲❡♠♠❛ ✹✳✶ ❛♥❞ ❛ss✉♠♣t✐♦♥ t❤❛t h ♣r❡s❡r✈❡s ❧❡❛✈❡s

✇✐t❤ t❤❡✐r ♦r✐❡♥t❛t✐♦♥s ✇❡ ❤❛✈❡ t❤❛t

g(x, y) =
(
λ(x, y), y

)
,

✇❤❡r❡ t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ x 7→ λ(x, y)✱ y ∈ [−1, 1]✱ ✐s ❛ s❡❧❢ ❤♦♠❡♦♠♦r♣❤✐s♠ ♦❢

R ♣r❡s❡r✈✐♥❣ ♦r✐❡♥t❛t✐♦♥✳

❚❤❡♥ ❛♥ ✐s♦t♦♣② G : S × [0, 1] → S ❜❡t✇❡❡♥ g ❛♥❞ idS ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❜② t❤❡

❢♦r♠✉❧❛✿

G(x, y; t) =
(
(1− t)λ(x, y) + tx, y

)
✭✹✳✷✮

❢♦r (x, y) ∈ S ⊂ R× [−1, 1]✳



❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s ✷✼

❲❡ ✇✐❧❧ s❤♦✇ t❤❛t ❢♦r♠✉❧❛s ❢♦r G ♦♥ ❞✐st✐♥❝t str✐♣s ❛❣r❡❡ ✇✐t❤ ❛✣♥❡ ❣❧✉✐♥❣

♠❛♣s φβ ❢♦r ❛❧❧ β ∈ B✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱ ❧❡t ξ : S → Ŝ ❛♥❞ ξ : S′ → Ŝ′ ❜❡ t✇♦

str✐♣s ♦❢ Z✳ ❋♦r t❤❡ ❝♦♥✈❡♥✐❡♥❝❡ ♦❢ ♥♦t❛t✐♦♥ ❛ss✉♠❡ t❤❛t

Y ⊂ ∂+S ⊂ R× {1}, X ⊂ ∂−S
′ ⊂ R× {−1},

❜❡ t✇♦ ❜♦✉♥❞❛r② ❝♦♠♣♦♥❡♥ts ❣❧✉❡❞ ✈✐❛ ❛♥ ❛✣♥❡ ❤♦♠❡♦♠♦r♣❤✐s♠ φ : Y → X✳

▲❡t ❛❧s♦ g : S → S ❛♥❞ g′ : S′ → S′ ❜❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❧✐❢t✐♥❣s ♦❢ h|
Ŝ
❛♥❞

h|
Ŝ′ r❡s♣❡❝t✐✈❡❧②✱ ❛♥❞ G ❛♥❞ G′ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐s♦t♦♣✐❡s ❢♦r g ❛♥❞ g′ ❣✐✈❡♥

❜② ✭✹✳✷✮✳ ❲❡ ❤❛✈❡ t♦ ♣r♦✈❡ t❤❛t ❢♦r ❡❛❝❤ t ∈ [0, 1] t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♠♠✉t❛t✐✈❡

❞✐❛❣r❛♠ ❤♦❧❞s tr✉❡✿

Y
Gt−−−−→ Y

φ

y
yφ

X
G′

t−−−−→ X

❚❤✐s ❞✐❛❣r❛♠ tr✐✈✐❛❧❧② ❤♦❧❞s ❢♦r t = 1 ✇❤❡♥ G1 ❛♥❞ G′

1 ❛r❡ ✐❞❡♥t✐t② ♠❛♣s✳

▼♦r❡♦✈❡r ✐t ❛❧s♦ ❤♦❧❞s ❢♦r t = 0 ✇❤❡♥ G0 = g ❛♥❞ G′

0 = g′✱ s✐♥❝❡ h ❛❣r❡❡s ♦♥

ξ(Y ) = ξ′(X)✱ s♦

φ ◦ g = g′ ◦ φ : Y −→ X. ✭✹✳✸✮

❲❡ ❝❛♥ ❛ss✉♠❡ t❤❛t

φ(s, 1) = (us+ v,−1), g(x, 1) =
(
λ(x, 1), 1

)
, g′(x,−1) =

(
λ′(x,−1),−1

)

❢♦r s♦♠❡ u, v ∈ R✱ ❛♥❞ ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s λ : Y → R ❛♥❞ λ′ : X → R✳ ❋♦r

s✐♠♣❧✐❝✐t② ✇❡ ✇✐❧❧ ❛❧s♦ ♦♠✐t t❤❡ s❡❝♦♥❞ ❝♦♦r❞✐♥❛t❡ ±1✳ ❚❤❡♥

φ(s) = us+ v, g|Y (x) = λ(x), g′|X(x) = λ′(x),

❛♥❞ s♦ ✇❡ ❣❡t ❢r♦♠ ✭✹✳✸✮ t❤❛t

φ ◦ g|Y (x) = uλ(x) + v = λ′(ux+ v) = g′|X ◦ φ.

❍❡♥❝❡

φ ◦Gt(x) = u((1− t)λ(x) + tx) + v

= (1− t)
(
uλ(x) + v

)
+ t(ux+ v)

= (1− t)λ′(ux+ v) + t(ux+ v)

= G′

t ◦ φ(x).

❚❤✉s ✐s♦t♦♣✐❡s ✭✹✳✷✮ ❛❣r❡❡ ♦♥ ❞✐st✐♥❝t ♠♦❞❡❧ str✐♣s✱ ❛♥❞ t❤❡r❡❢♦r❡ t❤❡② ②✐❡❧❞ ❛

✉♥✐q✉❡ ✐s♦t♦♣② ❜❡t✇❡❡♥ h ❛♥❞ idZ ✐♥ H0

(
FZ

)
′

✳ ❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t s✉❝❤

❛♥ ✐s♦t♦♣② ✐s ❝♦♥t✐♥✉♦✉s ✐♥ (h, t) ∈ H0

(
FZ

)
′

× I ❛♥❞ s♦ ✐t ②✐❡❧❞s ❛ ❝♦♥tr❛❝t✐♦♥

♦❢ H0

(
FZ

)
′

✳



✷✽ ❙✳ ▼❛❦s②♠❡♥❦♦✱✳ ❊✳ P♦❧✉❧②❛❦❤

❚❤❡♦r❡♠ ✹✳✹ ▲❡t Z ❜❡ ❛ ❝♦♥♥❡❝t❡❞ r❡❞✉❝❡❞ str✐♣♣❡❞ s✉r❢❛❝❡ ❛♥❞ h ∈ H
(
FZ

)
✳

❚❤❡♥ h ∈ H0

(
FZ

)
✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❢♦❧❧♦✇✐♥❣ t❤r❡❡ ❝♦♥❞✐t✐♦♥s ❤♦❧❞✿

✭❛✮ h(Ŝα) = Ŝα ❢♦r ❛❧❧ α ∈ A❀

✭❜✮ ✐❢ gα : Sα → Sα✱ g(x, y) =
(
λ(x, y), µ(y)

)
✱ α ∈ A✱ ✐s ❛ ✉♥✐q✉❡ ❧✐❢t✐♥❣ ♦❢ h|

Ŝα

❣✐✈❡♥ ❜② ✭✹✳✶✮✱ t❤❡♥ µ ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ λ(x, y) ❛❧s♦ ✐♥❝r❡❛s✐♥❣ ❢♦r ❡❛❝❤ ✜①❡❞

y ∈ (−1, 1)✳

✭❝✮ h ❧❡❛✈❡s ✐♥✈❛r✐❛♥t ❡❛❝❤ ❧❡❛❢ ω ⊂ Σ(FZ) ❛♥❞ ♣r❡s❡r✈❡s ✐ts ♦r✐❡♥t❛t✐♦♥✳

▼♦r❡♦✈❡r✱ H0

(
FZ

)′
✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ H0

(
FZ

)
✱ ❛♥❞ ✐♥ ♣❛rt✐❝✉❧❛r✱

H0

(
FZ

)
✐s ❝♦♥tr❛❝t✐❜❧❡ ❛s ✇❡❧❧✳

Pr♦♦❢ ▲❡t Q ⊂ H
(
FZ

)
❜❡ ❛ s✉❜❣r♦✉♣ ❝♦♥s✐st✐♥❣ ♦❢ ♠❛♣s s❛t✐s❢②✐♥❣ ✭❛✮✱ ✭❜✮✱ ✭❝✮✳

❲❡ s❤♦✉❧❞ ♣r♦✈❡ t❤❛t H0

(
FZ

)
= Q✳

■♥❝❧✉s✐♦♥ H0

(
FZ

)
⊂ Q✳ ❙✉♣♣♦s❡ h ∈ H0

(
FZ

)
✱ s♦ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦t♦♣②

ht : Z → Z✱ t ∈ I✱ s✉❝❤ t❤❛t h0 = idZ ✱ h1 = h✱ ❛♥❞ ht ∈ H
(
FZ

)
❢♦r ❛❧❧ t ∈ I✳

✭❝✮ ❙✐♥❝❡ ht(Σ(FZ)) = Σ(FZ) ❛♥❞ ❡✈❡r② ❧❡❛❢ ω ⊂ Σ(FZ) ✐s ❛ ♣❛t❤ ❝♦♠♣♦♥❡♥t

♦❢ Σ(FZ)✱ ✐t ❢♦❧❧♦✇s t❤❛t

h(ω) = h1(ω) = ht(ω) = h0(ω) = ω, t ∈ I.

▼♦r❡♦✈❡r✱ t❤❡ r❡str✐❝t✐♦♥ ♦❢ ht|ω : ω → ω ✐s ❛♥ ✐s♦t♦♣② ❜❡t✇❡❡♥ idω ❛♥❞ h|ω✱

✇❤❡♥❝❡ h|ω ♣r❡s❡r✈❡s ♦r✐❡♥t❛t✐♦♥✳

✭❛✮ ■t ❢♦❧❧♦✇s ❢✉rt❤❡r✱ t❤❛t h ❛❧s♦ ❧❡❛✈❡s ✐♥✈❛r✐❛♥t ❡✈❡r② ❝♦♥♥❡❝t❡❞ ❝♦♠♣♦♥❡♥ts

♦❢ Z \ Σ(FZ)✳ ❇✉t ❡✈❡r② s✉❝❤ ❝♦♠♣♦♥❡♥t ✐s t❤❡ ✐♥t❡r✐♦r ♦❢ s♦♠❡ str✐♣✱ ✇❤❡♥❝❡

h(Ŝα) = Ŝα ❢♦r ❡❛❝❤ α ∈ A✱ ✇❤✐❝❤ ❝♦♠♣❧❡t❡s ✭❛✮✳

✭❜✮ ▼♦r❡♦✈❡r✱ ❧❡t (gα)t : IntSα → IntSα ❜❡ ❛ ❧✐❢t✐♥❣ ♦❢ ht|IntŜα

✳ ❚❤❡♥

(gα)t =
(
λt(x, y), µt(y)

)
,

✇❤❡r❡ λt ❛♥❞ µt ❛r❡ ❝♦♥t✐♥✉♦✉s ✐♥ (x, y, t)✳ ▼♦r❡♦✈❡r✱ {µt}t∈I ✐s ❛♥ ✐s♦t♦♣②

❜❡t✇❡❡♥ µ0 = id(−1,1) ❛♥❞ µ1 = µ✳ ❍❡♥❝❡ µ ✐s ✐♥❝r❡❛s✐♥❣✳

❙✐♠✐❧❛r❧②✱ ❢♦r ❡❛❝❤ ✜①❡❞ y ∈ (−1, 1) t❤❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ x 7→ λt(x, y) ✐s ❛❧s♦

❛♥ ✐s♦t♦♣② ❜❡t✇❡❡♥ idR ❛♥❞ x 7→ λ(x, y)✳ ❍❡♥❝❡ t❤❡ ❧❛tt❡r ✐s ❛❧s♦ ❛♥ ✐♥❝r❡❛s✐♥❣

❢✉♥❝t✐♦♥✳

❚♦ ♣r♦✈❡ t❤❡ ✐♥✈❡rs❡ ✐♥❝❧✉s✐♦♥ H0

(
FZ

)
⊃ Q ✇❡ ♥❡❡❞ t❤❡ ❢♦❧❧♦✇✐♥❣ ❧❡♠♠❛✿

▲❡♠♠❛ ✹✳✹✳✶ H0

(
FZ

)′
✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥ r❡tr❛❝t ♦❢ Q✳



❋♦❧✐❛t✐♦♥s ✇✐t❤ ♥♦♥✲❝♦♠♣❛❝t ❧❡❛✈❡s ♦♥ s✉r❢❛❝❡s ✷✾

Pr♦♦❢ ▲❡t h ∈ Q✱ α ∈ A✱ ❛♥❞ gα : Sα → Sα ❜❡ ❛ ❧✐❢t✐♥❣ ♦❢ h✱ s❡❡ ▲❡♠♠❛ ✹✳✷✳ ❙♦

❜② ✭❝✮

gα(x, y) =
(

λα(x, y), µα(y)
)

,

✇❤❡r❡ t❤❡♥ µ ✐s ✐♥❝r❡❛s✐♥❣ ❛♥❞ λα(x, y) ✐s ✐♥❝r❡❛s✐♥❣ ✐♥ x ❢♦r ❡❛❝❤ ✜①❡❞ y ∈

(−1, 1)✳ ❉❡✜♥❡ ❛♥ ✐s♦t♦♣② Fα : Sα × I → Sα ❜②

Fα(x, y, t) =
(

λα(x, y), ty + (1− t)µα(y)
)

. ✭✹✳✹✮

❚❤❡♥ Fα ✐s ✜①❡❞ ♦♥ ∂Sα✱ (Fα)0 = gα ❛♥❞ (Fα)1 ♣r❡s❡r✈❡s ❡❛❝❤ ❧❡❛❢ ♦❢ FSα

✇✐t❤ ✐ts ♦r✐❡♥t❛t✐♦♥✳ ❍❡♥❝❡ t❤❡ ❢❛♠✐❧② ♦❢ ✐s♦t♦♣✐❡s {Fα}α∈A ②✐❡❧❞ ❛♥ ✐s♦t♦♣②

F (h) : Z × I → I ♦❢ h t♦ ❛ ❞✐✛❡♦♠♦r♣❤✐s♠ ✇❤✐❝❤ ♣r❡s❡r✈❡s ❡❛❝❤ ❧❡❛❢ ♦❢ FZ

✇✐t❤ ✐ts ♦r✐❡♥t❛t✐♦♥✳ ■♥ ♦t❤❡r ✇♦r❞s✱ F (h)0 = h✱ F (h)t ∈ Q ❢♦r ❛❧❧ t ∈ I✱ ❛♥❞

F (h)1 ∈ H0

(

FZ

)′

✳

❖♥❡ ❝❛♥ ❡❛s✐❧② ❝❤❡❝❦ t❤❛t t❤❡ ♠❛♣ F : Q× I → Q ❣✐✈❡♥ ❜② F (h, t) = F (h)t

✐s ❝♦♥t✐♥✉♦✉s✳ ▼♦r❡♦✈❡r✱ ✐❢ h ∈ H0

(

FZ

)′

✱ t❤❡♥ ✐♥ ✭✹✳✹✮ ✇❡ ❤❛✈❡ t❤❛t µα(y) = y✱

✇❤❡♥❝❡ Fα(x, y, t) = gα(x, y)✱ ❛♥❞ s♦ F (h, t) = h ❢♦r ❛❧❧ t ∈ I✳ ■♥ ♦t❤❡r ✇♦r❞s✱

F ✐s ❛ ❞❡❢♦r♠❛t✐♦♥ ✜①❡❞ ♦♥ H0

(

FZ

)′

✱ ✇❤❡♥❝❡ H0

(

FZ

)′

✐s ❛ str♦♥❣ ❞❡❢♦r♠❛t✐♦♥

r❡tr❛❝t ♦❢ Q✳

❙✐♥❝❡ H0

(

FZ

)′

✐s ❝♦♥♥❡❝t❡❞ ✭❡✈❡♥ ❝♦♥tr❛❝t✐❜❧❡✮✱ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤✐s ❧❡♠♠❛

t❤❛t Q ✐s ❛❧s♦ ❝♦♥♥❡❝t❡❞✳ ❇✉t idZ ∈ Q✱ ✇❤❡♥❝❡ Q ⊂ H0

(

FZ

)

✳ ❚❤❡♦r❡♠ ✹✳✹ ✐s

❝♦♠♣❧❡t❡❞✳

❘❡❢❡r❡♥❝❡s

✶✳ ❙t♦✐❧♦✈ ❙✳ ▲❡❝t✉r❡s ♦♥ t♦♣♦❧♦❣✐❝❛❧ ♣r✐♥❝✐♣❧❡s ♦❢ t❤❡ t❤❡♦r② ♦❢ ❛♥❛❧②t✐❝ ❢✉♥❝t✐♦♥s✳ ❚r❛♥s❧❛t❡❞
❢r♦♠ t❤❡ ❋r❡♥❝❤ ❜② ❊✳ ❚✳ ❙t❡✞❝❦✐♥❛✳ ❲✐t❤ ❛ ❢♦r❡✇♦r❞ ❜② ❇✳ ❱ ✳ ✟❙❛❜❛t✳ ✖ ■③❞❛t✳ ✏◆❛✉❦❛✑✱
▼♦s❝♦✇✱ ✶✾✻✹✳ ✖ P✳ ✷✷✼✳

✷✳ ❲❤②❜✉r♥ ●✳ ❚✳ ❆♥❛❧②t✐❝ t♦♣♦❧♦❣② ✴✴ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ❈♦❧❧♦q✉✐✉♠ P✉❜❧✐❝❛t✐♦♥s✳ ✖
✶✾✹✷✳ ✖ ❱♦❧✳ ✷✽✳

✸✳ ❑❛♣❧❛♥ ❲✐❧❢r❡❞✳ ❘❡❣✉❧❛r ❝✉r✈❡✲❢❛♠✐❧✐❡s ✜❧❧✐♥❣ t❤❡ ♣❧❛♥❡✱ ■ ✴✴ ❉✉❦❡ ▼❛t❤✳ ❏✳ ✖ ✶✾✹✵✳ ✖
❱♦❧✳ ✼✳ ✖ P✳ ✶✺✹✕✶✽✺✳

✹✳ ❑❛♣❧❛♥ ❲✐❧❢r❡❞✳ ❘❡❣✉❧❛r ❝✉r✈❡✲❢❛♠✐❧✐❡s ✜❧❧✐♥❣ t❤❡ ♣❧❛♥❡✱ ■■ ✴✴ ❉✉❦❡ ▼❛t❤ ❏✳ ✖ ✶✾✹✶✳ ✖
❱♦❧✳ ✽✳ ✖ P✳ ✶✶✕✹✻✳
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