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Abstract. We review main differential-algebraic structures lying in back-
ground of analytical constructing multi-component Hamiltonian operators as
derivatives on suitably constructed loop Lie algebras, generated by nonasso-
ciative noncommutative algebras. The related Balinsky-Novikov and Leibniz
type algebraic structures are derived, a new nonassociative “Riemann” al-
gebra is constructed, deeply related with infinite multi-component Riemann
type integrable hierarchies. An approach, based on the classical Lie-Poisson
structure on coadjoint orbits, closely related with those, analyzed in the
present work and allowing effectively enough construction of Hamiltonian
operators, is also briefly revisited. As the compatible Hamiltonian operators
are constructed by means of suitable central extentions of the adjacent weak
Lie algebras, generated by the right Leibniz and Riemann type nonassociative
and noncommutative algebras, the problem of their description requires a de-
tailed investigation both of their structural properties and finite-dimensional
representations of the right Leibniz algebras defined by the corresponding
structural constraints. Subject to these important aspects we stop in the
work mostly on the structural properties of the right Leibniz algebras, espe-
cially on their derivation algebras and their generalizations. We have also
added a short Supplement within which we revisited the classical Poisson ma-
nifold approach, closely related to our construction of Hamiltonian operators,
generated by nonassociative and noncommutative algebras. In particular, we
presented its natural and simple generalization allowing effectively to describe
a wide class of Lax type integrable nonlinear Kontsevich type Hamiltonian
systems on associative noncommutative algebras.
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Amnorariiga. Jlano oruis g oCHOBHEX JudepeHItiaabHO-aaredpaldHux CTpyKTyp,
10 JIEXKATH B OCHOBI aHAJITHIHOT OOYI0BH 6AraTo-KOMIOHEHTHUX OLEpPaTO-
pis laminbrona gx mudepenmnioBanb Ha BianoBimuux ajrebpax JIi meresnn,
MIOPO/I2KEHUX HEACOI[IaTUBHUME HEKOMYTaTUBHUMU ajreOpamu. Beesneni aj-
rebpaiuni crpykrypu Ty Basircskoro-Hosikosa i JIaitbruna, mobyjoBana
HOBa HeacorjaTuBHa ajarebpa Pimana, rimboko moB’s3aHa 3 HECKIHICHHIMEI
IHTErpOBHUMU OAraTo-KOMIIOHEHTHUMU iepapxisgmu Tuny Pimana. Takox Ko-
POTKO BUCBITJIEHUWH MiJIXiJ, IO TPYHTYEThCA HA KJACHYHUX CTPyKTypax Jli-
IIyaccona ma ko-mpuemHanux opbiTax, fKi JO3BOISIIOTH €(DEKTUBHO KOHCTPY-
oBaTu oneparopu laminbrona. BpaxoByioun, mo y3romxkeni oneparopu ['a-
MLJIBTOHA TeHEPYIOTbCsI BiAMOBITHUMHI IEHTPATBHUMA PO3IMUPEHHSIME [TPHU-
€THAHNX CJIa00-BU3HAYeHUX anarebp JIi, mopomKeHNX HeacoIliaTUBHIMEI He-
KOMYTaTHBHUMU ajiredpamu, IpobseMa iX OIUCy BUMArae JIeTAJIbHOIO JIO0CTi-
JI2KEHHS sIK CTPYKTYPHUX BJIACTHBOCTEI CBONCTB, TaK 1 CKiHYEHHO-BUMIPHUX
300pazkeHb mpaBux anarebp JIaitbnina, BU3HAYEHNX BiAIOBIIHUMA CTPYKTYP-
Humu obmexkenHsiMu. CTOCOBHO IUX BayKJIMBUX ACIIEKTIB MU OOMEXKUJIINCH B
paboti B ocHOBHOMY TpaBuMu ajredpamu JIi, 3okpema Ha IXHIX aarebpax
mudepeHIiioBanb Ta IX y3aragbHenusx. Mu takox momictmim lomaTtok, B
KOTOPOMY MU KODOTKO BHCBITVIMJIM KJIACHYIHHI MiJXiJ, IO I'PYHTYETHCH Ha
[IyaCCOHOBMX MHOTOBH/IAX 1 TICHO 3BSI3aHUIT 3 HAIIOIO HOOY/I0BOIO OIIEPATOPIB
Taminbrona, MOpoIKEeHHNX HEACOIIATUBHIMY HEKOMY TATUBHIME AJIr€OPaMIE.
3oKpema, MU IPEeJCTABUIN HOro IPUPOIHE Ta MPOCTE y3arajbHEHHs, KOTPEe
J03BOJIstE €(PEeKTUBHO OyIyBaTH MIUPOKUI KJIAC HETIHIHHUX IHTETPOBHUX 34
Jlakcom ramisbroHOBUX cucTeM Tuny KoHIEBHYa HA ACOIMIATHBHUX HEKOMY-
TaTUBHUX ajrebpax.

1. INTRODUCTION

We present a short review of main differential-algebraic structures ly-
ing in background of analytical constructing multicomponent Hamiltonian
operators as derivatives on suitably constructed loop Lie algebras, gene-
rated by nonassociative and noncommutative algebras. During the last
decades there were discovered |38, 22, 20, 70] many integrable Hamilto-
nian systems, whose internal symmetyry structure was analytical nature
was understood owing to the Lie-algebraic properties of their internal hid-
den symmetry structures. A first account of the Hamiltonian operators
and related differential-algebraic structures, lying in the background of in-
tegrable systems, was given by I. Gelfand and I. Dorfman [43, 34| and
later was extended by B. Dubrovin and S. Novikov [36, 37], and also
by A. Balinsky and S. Novikov [11, 14, 12, 13|. Also some new special
differential-algebraic techniques [80] were devised for studying the Lax in-
tegrability and the structure of related Hamiltonian operators for a wide
class of the Riemann type hydrodynamic hierarchies. Just recently con-
siderable work [8, 10, 9, 73] has been done devoted to the finite dimen-
sional representations of the Balinsky-Novikov algebra. Their importance
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for constructing integrable multi-component nonlinear Camassa-Holm type
dynamical systems on functional manifolds was demonstrated by 1. Stra-
chan and B. Szablikowski in [91], which in part suggested the Lie-algebraic
imbedding of the Balinsky-Novikov algebra into the general Lie-Poisson or-
bits scheme of classifying Lax integrable Hamiltonian systems. It is also
worth of mentioning the related work [46] by Holm and Ivanov in which in-
tegrable multicomponent nonlinear Camassa-Holm type dynamical systems
on functional manifolds were constructed.

In our work here we describe a differential-algebraic reformulation of the
classical Lie algebraic scheme and develop an effective approach to classifi-
cation of the underlying algebraic structures of integrable multicomponent
Hamiltonian systems. In particular, we have devised a simple algorithm
allowing to construct new algebraic structures within which the correspon-
ding Hamiltonian operators exist and generate integrable multicomponent
dynamical systems. We show, as examples, that the well-known Balinsky-
Novikov algebraic structure, obtained in [43, 11] as a condition for a matrix
differential expression to be Hamiltonian and in [19, 27, 50, 61| as a flat
torsion free left-invariant affine connection on affine manifolds, affine struc-
tures and convex homogeneous cones, appears in our approach as a deriva-
tion on the Lie-algebra naturally associated with a suitably constructed dif-
ferential loop algebra. As a direct generalization of this example we obtain
two new differentiations, whose underlying algebraic structures coincide,
respectively, with the well-known [3, 40] right Leibniz algebra, introduced
in [23, 24, 59|, and with a new “Riemann” algebra, which naturally generate
different Hamiltonian operators describing a wide class of multicomponent
hierarchies |21, 80| of integrable Riemann hydrodynamic systems. As the
compatible Hamiltonian operators, important for studying integrable mul-
ticomponent Hamiltonian systems, are constructed by means of suitable
central extentions of the adjacent weak Lie algebras, determined by the
right Leibniz and Riemann type nonassociative and noncommutative algeb-
ras, their description requires a detailed investigation both of the structural
properties and finite-dimensional representations of the right Leibniz algeb-
ras defined by the corresponding structural constraints. Subject to these
important aspects we stop in the work mostly on the structural properties
of the right Leibniz algebras, especially on their derivation algebras and
their generalizations.

In a supplement the classical Poisson manifold approach, closely related
to our construction of Hamiltonian operators, generated by nonassociative
and noncommutative algebras, is briefly revisited. In particular, its natural
and simple generalization appeared to be useful |5, 6, 94, 96, 62, 66, 67| for
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describing a wide class of Lax type integrable nonlinear Hamiltonian sys-
tems on associative noncommutative algebras, initiated first in [25, 35, 76,
78] in case of the noncommutative operator algebras and continued later
in [62, 51, 52, 53, 62, 66, 67, 71] in case of general associative noncommu-
tative algebras.

2. THE HAMILTONIAN OPERATORS AND RELATED ALGEBRAIC
STRUCTURES VIA THE DIFFERENTIAL-ALGEBRAIC APPROACH

Let (A;0) be a finite-dimensional algebra of dimension N = dim A € Z
(in general noncommutive and nonassociative) over an algebraically closed
field K. Using the algebra A one can construct the related loop algebra A
of smooth mappings u : S' — A and endow it with a suitably generalized
natural convolution {-,-) on A* x A — K, where A* is the corresponding
adjoint to A space.

First, we shall consider a general scheme of constructing nontrivial ultra-
local and local [38] Poisson structures on the adjoint space 1&*, compatible
with the internal multiplication in the loop algebra A. Consider a basis
{es € A 1 s = 1, N} of the algebra A and its dual {u® € A* : s = 1, N}
with respect to (-,-) on A* x A, that is <uj,ei> = (5{ for all 4,5 = 1, N,
and such that for any u(z) = 3 wus(z)u’ € A*, z € S!, the quantities

s=1,N
us(w) := (u(r),esy e K for all s =1, N, z € SL. Put

A A :=Skew(A®A)

and let 9* : A A A — A be a skew-symmetric bilinear mapping. Then the
expression

{wi(x), uj(x)} := (ulz), 9% (ei A €5)) (2.1)
defines for any z,y € S! and all i,j = 1, N an ultra-local linear skew-
symmetric pre-Poisson bracket on A*. Since the algebra A possesses its
internal multiplicative structure “o”, the important problem arises: Under
what conditions is the pre-Poisson bracket (2.1) Poisson and compatible with
this internal structure on A? To proceed with elucidating this question, we

define a co-multiplication A : A* > A* @ A* on any element u € A* by
means of the relationship

(A(u),(a®0b)) :=<u,aob) (2.2)

for arbitrary a,b € A. Note that the co-multiplication A : A* 5 A*Q® A*,
defined this way, is a homomorphism of the algebra A* with respect to the
natural multiplication of functionals, and the linear pre-Poisson structure
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{-.-} (2.1) on A* is called compatible with the multiplication “o” on the

~

algebra A, if the following symbolic invariance condition

Afui(x), uj(x)} = {A(ui(z)), Alu;(x))} (2.3)
holds for any z € S! and all 4,j = 1, N.

Taking into account that multiplication in the algebra A is given for any
1,7 = 1, N by the condition

eioej = Y ojjes, (2.4)
s=1,N

where the quantities afj e K for all 4,5 and k& = 1, N are constants, the
related co-multiplication A : A* > A* ® A* acts on the basic functionals
u® € A*, s=1,N, as

AW’ = > o' @ul. (2.5)

~ ~

Additionally, if the mapping ¢* : AAA > Ais given, for instance, in the
simple linear form
V(e ®ej —ej ®e) — Z (cij = c5)es, (2.6)

s=1,N

where quantities cfj € K are constant for all 4,7 and s = 1, N, then for
the adjoint to (2.6) mapping ¥ : Symm(A*) — A* A A* one obtains the
expression
9:u’ — Z (ci; — i )u' @. (2.7)
i,j=1,N
For the pre-Poisson bracket (2.1) to be a Poisson bracket on A*, it should
must also satisfy the Jacobi identity. To find the corresponding additional

constraints on the internal multiplication “o” on the algebra A, define for
any u(z) € A* the skew-symmetric linear mapping

(u) : A — A*, (2.8)
called [43| by the Hamiltonian operator, via the identity
A(u)a, by = (Ju(x),a A b) (2.9)

for any a,b € 1&, where the mapping 9 : A* — A* A A* is determined by
the expression (2.7) to which it is adjoint. Then it is well known [43] that
the pre-Poisson bracket (2.1) is Poisson iff the Hamiltonian operator (2.8)
satisfies the well known [43] Schouten-oNijenhuis condition:

[9(u), 9(u)]] = 0 (2.10)
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for any u(x) € A*. Since the mapping

dwei = . (e — ci)us(z)u (2.11)

holds for any basis element e; € A,7 = 1, N, the resulting linear pre-Poisson
bracket (2.1) becomes equal to

{uilw) uj(@)} = Wwei,epy = Y5 (¢ = ¢us(a)
s=1,N

= (u(z), Z (ij - C§i>es>

s=1,N

(2.12)

for any u(z) € A*. Now, defining on the algebra A the naturally adjacent
to the algebra A Lie commutator structure

leisej] =ejoe; —ejoe = Z (07 — d5i)es (2.13)
s=1,N

for any basis elements e;,e; € A, 4,5 =1, N, the expression (2.12) yields the
well known |1, 4] classical Lie-Poisson bracket

{ui(@), uj(2)} = Cu, [es, 5])- (2.14)

Concerning the adjacent Lie algebra structure condition (2.13), it can be
easily rewritten as the set of relationships,

whose evident solution is

for any i, 5,5 = 1, N. It is also clear that the compatibility condition (2.3)
is completely unnecessary [14, 12] for the pre-Poisson bracket (2.1) to be a
Poisson one. Moreover, as the bracket (2.14) is of the classical Lie-Poisson
type, for the Hamiltonian operator (2.11) to satisfy the Schouten-Nijenhuis
condition (2.10) is enough to check only the weak Jacobi identity for the
weak Lie algebra L3, adjacent to to the algebra A via imposing the Lie
structure (2.13), taking into account the relationships (2.16). Simple cal-
culations for the special skew-symmetric case

eiO€j+€jO€i:0 (217)
for all ¢,j = 1, N give rise to the constraints

eioej+ejoe; =0,(eoej)oe,+ (ejoeg)oe; + (epoe)oe; =0, (2.18)
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coinciding exactly with those in [43]. The corresponding Hamiltonian ope-
rator (2.8) then acts as

due; = Y. (o, — op)us(z)u (2.19)
s,k=1,N
on any basis element e; € A. Since the bracket (2.14), owing to the

constraints (2.17) and (2.18), satisfies the weak Jacobi identity implying

that the mapping ¥(u) : A — A* satisfies the Schouten-Nijenhuis condi-
tion (2.10), one has the following result.

Theorem 2.1. The general linear pre-Poisson bracket (2.1) on A* under
the constraints (2.17) and (2.18) on the algebra A, which is of the Lie-
Poisson type on the adjoint space E;’g to the weak Lie algebra Ly adjacent

to the loop algebra 1&, is a priori a Poisson and compatible with the internal

algebraic structure of A.

Remark 2.2. Similarly, one can consider a simple ultra-local quadratic
pre-Poisson bracket on A*,

{ui(@),u;(x)} = (u(@) @u(z), ¥*(e; A ej) ), (2.20)
where the skew-symmetric mapping 9* : AAA > Symm(,& ® 1&) is given
for any ¢,7 = 1, N in the quadratic form

V(e ®@ej —ejQe;) = Z (cf]S - c?f)(ek ®es+es®ex). (2.21)
k,s=1,N
In particular, if we assume that the coefficients cfjs = oF.a’ for some

i
constant numbers Ufj and o® € K for all 4,5 and k,s =1, N, where

o k
€L O eg = Z O',L‘jek,
k=1,N

then the pre-Poissson bracket (2.20) yields a very compact form
{wi(z), uj(z)} = (u(z) @u(z), a ®lei, 5] + [es, 5] @y, (2.22)

generalizing (2.14) and parametrically depending on the constant vector
a:= ) «a’es € A. For the pre-Poisson bracket (2.22) to be Poisson one
s=1,N

can formulate suitable constraints on the algebraic structure of 1&, similar
to those obtained in [14], which we shall not consider here.

Now, let A(u) © A denote the polynomial differential ideal generated by
an element u € A and its derivatives D?u € A, n € Zy. The corresponding
space of polynomial functions A(u) — K, constructed by means of some
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scalar form on A(u), will be denoted by F(u). Then the basic ultra-local

and linear, with respect to an independent element u(z) € A, xz e S, pre-
Poisson bracket (2.1) is easily generalized to a local pre-Poisson bracket for
arbitrary functions f,g € Fj (u) :

{f,9}(w) = (u(@), 9" (Vf(u(z)) A Vg(u(z)), (2.23)
in which the mapping
9* A AA— Symm(AQA)

is invariantly reduced on the subspace A(u) A A(u) and depends nontrivially
on the derivation D, : A — A. In (2.23) we denoted the usual linear
gradient mapping from F; (u) to the ideal A(u) < A by “V”, that is for a
given h € Fy (u), Vh(u(z)) € A(u) and

(v(zx), Vh(u(z)) := dh(u + ev) /de| .=

for any v(x) € 1&*, z € S'. Keeping in mind the problem of finding con-
straints on the multiplicative structure of the algebra A under which the
pre-Poisson bracket (2.23) is Poisson, it is very interesting to construct non-
trivial examples of linear local pre-Poisson brackets on F; (u), compatible
with the multiplication “o” on A and nontrivially depending on the usual
differential operator D, : A — A for x e St

In particular, for arbitrary functions f,g € F;(u) one can consider the
following nontrivial and simplest linear local pre-Poisson bracket

{f,9}(u) := (u(z), 9*(Vf(u(z)) A Vg(u(z))), (2.24)
where
9 (a(z) Ab(z)) —
— Z [cj-szaj(m)bk(:r) - cjszbj(ac)ak(a:)]es (2.25)

for any

a(x) == 2 a’(z)ej, b(z) := 2 bj(a;)ejEA7

j=1,N j=1,N

x € S', and some arbitrarily chosen constant quantities cj-k e K for all 5,k

and s = 1, N. If one also assumes that these constant quantities satisfy the
condition (2.16), that is ¢f; = o7, for all 4, j and s = 1, N, the mapping (2.25)
can be recast as

0" i (a(z) A b(z)) — Dra(z) o b(z) — Dib(x) o a(x), (2.26)
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providing the pre-Poisson bracket (2.24) for arbitrary functions f, g € F; (u)
with the canonical Lie-Poisson form

{f.9}(u) = (u(x), D;Vf(u(z)) o Vg(u(z))—

(2.27)
= D:Vg(u(x)) o Vf(u()),
which was recently presented in [91]. Thus, if the Lie structure
[a(x),b(z)|p := Dga(x) o b(z) — Dgyb(x) o a(z) (2.28)

for any a(z),b(z) € A, x € S, generates the weak adjacent Lie algebra Lz,
the pre-Poisson bracket (2.27) will automatically be Poisson on the space
Fy(u). Moreover, the expression (2.27), rewritten in the tensor form

(£.9}w) = {Au(z), DV f(u(x) ® Vg(u(z))-
~ DaVg(u(@) @V f(u(z) ) = (2:29)
= (D) Vf(u(x)), Vg(u(x))),

naturally defines a related bilinear form (-,-) on the weak adjacent Lie
algebra L+, allowing to determine the corresponding Hamiltonian operator
Y(u) : L3z — L3, whose matrix representation with respect to the basis

{eS€A|s—1 N}ls
Y(u) = o(u)Dy + Dyo(u)T, (2.30)

where o(u) = {3 _1xojjus | i,] = 1,N}. So, if the Hamiltonian opera-
tor (2.30) satisfies the Schouten-Nijenhuis condition (2.10), the pre-Poisson
bracket (2.29) is Poisson. Yet, simultaneously, if the adjacent Lie algebra
structure (2.28) satisfies the weak Jacobi condition

(u(x) ()] c(@)]p )+
+ <u z), [[b(z), e(x)]p, a(@)]p )+ (2.31)
+ (ul@), [[e(x), a(x)]p, b(x)]p) = 0

for any elements a(z),b(z) and c¢(z) € A, z € S!, then the pre-Poisson
bracket (2.27) equivalent to (2.29), being of the Lie-Poisson type, will be a
priori Poisson. As the second criterion is easier to check, after some simple
calculations one obtains the well-known [11, 43| Balinsky-Novikov algebra
constraints

[Ra, Rb] =0, [Lav Lb] = L[a,b] (232)
on the multiplication structure of the algebra A, where, by definition, for

any a, b € A the bracket [a, b] := aob—boa and the mappings Ly, R, : A — A
are left and right multiplications, respectively: L,b:=aob = Ra,
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Remark 2.3. As follows from Proposition 3.2, formulated below, if the
algebra A is a Balinsky-Novikov algebra (2.32), then the constructed above
Hamiltonian operator 9(u) : £ — L3 is a derivation of the weak adjacent
Lie algebra £; and vice versa: the operator ¥(u) : £L; — £; is Hamiltonian
if it is a derivation of the weak Lie algebra L3 adjacent to the Balinsky-
Novikov algebra (2.32).

The next example of the bilinear, nonlocal (pseudodifferential) and weakly
skew-symmetric mapping

9* : (a(z) A b(2)) — D a(z) o b(z) — D b(z) o a(z), (2.33)

where D, D;! :=1: A — A is the identity mapping, generates the weak
adjacent Lie algebra L3 structure

[a(z),b(z)]p := D a(z) o b(z) — D, b(x) o a(x) (2.34)

x
for any a(z),b(z) € A. It is easy to check that the commutator struc-
ture (2.34) satisfies the weak Jacobi identity (2.31) iff the multiplicative
structure of the algebra A satisfies the so called [59] right Leibniz algebra
constraints:
Raob = [Rm Rb], Raob + Rboa =0 (235)

for arbitrary elements a, b € A. The corresponding matrix integro-differential
Hamiltonian operator on the space Fj (u) with respect to the basis

{ese Al s=1N}

for this case equals
I(u) = o(u)D; 4+ Do (u)T (2.36)
for any u(z) € A*, z € S,
Consider now the bilinear, nonlocal and weakly skew-symmetric mapping

9* : (a(z) A b(z)) — D b(z) 0 Dya(z)) — Dy ta(z) o Dyb(z)),  (2.37)

x

which naturally generates the adjacent Lie algebra L3 structure
[a(z),b(z)]p := D;'b(zx) o Dya(z) — Dy a(z) o Dyb(x). (2.38)

Then it is easy to check that the commutator structure (2.38) satisfies the
weak Jacobi identity (2.31), iff the following so called Riemann algebra A
multiplicative structure

[Ra, Rb] =0, Lach = Raob = Lioa (239)

holds for arbitrary elements a,b € A. For the related Hamiltonian operator
on the functional space F (u) with respect to the basis {e; € A | s =1, N}
one easily obtains from (2.37) the integro-differential expression

I(u) = Dyo(u)D;t — Do (u)TD, (2.40)
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for any u(z) € A*,z € S. The above results can be reformulated as the
following theorem.

Theorem 2.4. An arbitrary linear pre-Poisson bracket (2.29) on the func-
tional space Fj(u), which is of the Lie-Poisson type on the adjoint space

£:§ to the weak Lie algebra Ly adjacent to the loop algebra 1&, is a priori

Poisson and compatible with the internal structure of the algebra A iff the
related Lie algebra structure [-,-]p satisfies the weak Jacobi condition.

Thus, all the operators (2.30), (2.36) and (2.40) are Hamiltonian and a
priori satisfy the Schouten-Nijenhuis condition (2.10), as easily follows from
Theorem 2.4. It is also clear that in contrast to the simple Hamiltonian
operator criterion formulated in this theorem, direct and very cumbersome
checking of the Schouten-Nijenhuis condition as in [43] for the cases con-
sidered above, would be required for the multiplicative structures on the
algebra A coinciding with (2.32), (2.35) and (2.39).

3. HAMILTONIAN OPERATORS AND RELATED ALGEBRAIC STRUCTURES
VIA THE LIE-ALGEBRAIC APPROACH

Assume now that the loop algebra (A;o) allows a weak adjacent Lie
algebra extension (L3;[-,]p) by means of a commutator operation

[]p : AxA A,

which can be endowed [17, 18, 38, 89] with a nondegenerate ad-invariant

([a’7 b]D7C) = (CL, [ba C]D)v (31)
and symmetric
(a,b) = (b,a) (3.2)
bilinear form (-,-) : L3 x£; — K for any a,b and c € L,.
Remark 3.1. If the Lie-structure [,-]p on A coincides with the usual
commutator structure [, -] on A, with respect to the multiplication ”o” and
the symmetric bilinear form (3.2) also satisfies the shifting property
(aob,c) = (a,boc) (3.3)

for any a,b and c € L3, then the ad-invariance condition (3.1) automatically
holds.

The form (3.2) makes it possible to construct the natural identification
*

=Ly One can consider the subspace of polynomial functions F; (u)
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of the space F (Lj’é) of smooth functions on E;’i, generated by an element
u € Eji’ jointly with its related Lie-Poisson bracket:

{f.9}o = (u, [Vf(u), Vg(u)]p) (3.4)
for any f,g € F;(u). Owing to the construction [1, 4, 20, 17, 38|, the Lie-
Poisson bracket (3.4) satisfies a priori the classical Jacobi identity, and it
can serve as a very powerful tool for constructing the related Hamiltonian
operators on the functional space 3 (u). In particular, following [43, 68],
a smooth mapping J(u) : L3 — LZ ~ L3 for a chosen element u € Ais a
Hamiltonian operator if the related pre-Poisson bracket

{f,9} = (W(W)Vf(u), Vg(u)),
determined for any f, g € F;(u), satisfies the Jacobi identity.

Taking into account that the canonical Lie-Poisson bracket (3.4) depends
essentially on the loop Lie algebra structure of L3, we proceed further to
extending the Lie algebra structure on L3 by means of the standard [38]
central extension technique. Namely, let EAA := L; ®K denote the centrally
extended Lie algebra L3 endowed with the bracket

[(a; @), (b5 B)]p = ([a, b] p; wa(a, b))

for any a,b e L3 and «, 8 € K, where the 2-cocycle wy : L3 x L7 > Kis a
skew-symmetric bilinear form satisfying the Jacobi identity:

WQ([CL, b]D, C) -+ ZUQ([Z), c]D,a) + WQ([C, CL]D, b) =0 (35)

for any a,b and c € £;. It is evident that the existence of nontrivial central
extensions on the Lie algebra L strongly depends on the algebraic structure
of the algebra A underlying the whole construction presented above. Yet
there exist some general algebraic properties which allow to proceed further
with success. For example, assume that a smooth mapping

D: E& — Endﬁ&

fieﬁnes for any u € EX ~ L1 a weak derivation of the Lie algebra L5, that
is
(¢,Dula,b]p) = (¢, [Dua, b + [a, Dub]p) (3.6)
flor1 (?ny a,band c€ L;. Then the following important proposition [69, 89]
olds.

Proposition 3.2. Let a linear mapping Dy, : Ly — L; be for a fized
u e C:’g a weak skew-symmetric derivation of the Lie algebra L. Then the
expression

wa(a,b) := (a,Dyb) (3.7)
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Jorany a,b€ L; andu € EZ ~ L5 defines a nontrivial 2-cocycle on the Lie
algebra Ly .

A proof is given by means of direct checking the Jacobi identity (3.5)
and is omitted.

Remark 3.3. The expression (3.7) when linear in the element u € L% can
be, evidently, represented for any a,b € A in the following scalar form:
(a,Dyb) = (u,9*(a A D)), (3.8)
where 9% : A A A — A is some bilinear skew-symmetric mapping.
As follows from the results of Section (2) the right-hand side of expres-
sion (3.8) allows the equivalent form
(u,9%(a A B)) = (u, a,b] ), (3.9)
where the bracket [a, b] 5 deﬁneswfor any a,b e A anew adjacent Lie algebra

structure on the loop algebra A, a priori compatible with the basic Lie
structure [-,-]p. In the case when these Lie structures coincide, that is
[,]p = [,"]p, the cocycle (3.7) naturally determines on the phase space
F5(u) the equivalent to (3.4) Poisson bracket

{f.9}(u) == (Vf(u(z)), DuVy(u(z))) (3.10)
for any f, g € F; (u). Moreover, as follows from (3.9) and the ad-invariance
property (3.1), the mapping Dy () = —[u,|p for any u € £~ is automati-
cally a derivation of the weak adjacent Lie algebra L.

Example 3.4. As a natural example of the derivation D, : £; — L; one
can take the mapping

Dy := Ayu(z) Dy + Dy Asu(x), (3.11)
where for u € E}; the expressions Aju(z) : A A*, j = 1,2, denote the

convolution operators of the co-multiplication A : A* - A* ® A* with res-
pect to its first and second tensor components, respectively. In particular,
we have

(Au,a®0b) := (u,ao0b) = 2 o} J us(z Y (z)dx
s,1,7=1
N L~ ~
for a fixed u = )] us(z)u’ € A* ~ A and any
s=1

= Z a'(x)e;, b= Z V(x)ej € Ly,
j=1

=1



14 Orest Artemovych, Alexander Balinsky, Anatolij Prykarpatski

as we have assumed by definition, that (uf, e;) := 5;, 1,7 =1, N. If now the

weak Lie algebra L3 is generated by the commutator Lie structure (3.4),
that is

[a,b]p = Dyaob— Dyboa (3.12)
for any a,b € L;, it easy to check that the mapping (3.11) is a skew-

symmetric with respect to the bilinear form (-,-) on A weak derivation
of the Lie algebra L;. Moreover, the related weak Lie algebraic structure

[-,:]pr on A, satisfying the condition (u, [a,b]p/) = (a, Dyb) for any a,b € L3,
coincides exactly with that (3.12).
There are also other strictly algebraic tools for constructing Poisson

brackets on the functional space Fj(u). For instance, as a simple con-
sequence of Proposition 3.2 the following result [34, 69, 89| holds.

Proposition 3.5. Suppose that a nondegenerate linear skew-symmetric
R-matriz endomorphism R : Ly — L; satisfies the well-known weak Yang-
Bazter commutator condition:

(c,[Ra,Rb]p) = (¢, R ([Ra,blp + [a, Rb]p)) =0 (3.13)
for any a,b and c € L;. Then the inverse mapping R Ly — Ly isa
weak skew-symmetric derivation of the Lie algebra Ly and the expression

ws(a,b) = (a, R71D) (3.14)
defines for any a,b € Li a 2-cocycle on L5 .

For any function f € Fj(u) consider its differential 6f € A! (A(u)) and
define for a chosen element h € A(u)* the vector field &, € D(A(u)) via the
equality

0f(&n) = (Vf(u), h).
As symplectic forms on the phase space A(u) are dual objects to the Poisson
brackets on the functional space F; (u), one easily obtains the following [69,
85, 89| proposition.

Proposition 3.6. Assume that the Lie algebra L5 allows a skew-symmetric
nondegenerate R-structure homomorphism R : Ly — Ly, satisfying the
weak Yang-Bazter condition

(C,R([Ra, bp + [a, Rbp) — [Ra,Rb]D) ~0 (3.15)
for any a,b and c € L;. Then differential 2-forms

w® e N(R(u), j=1.2,
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defined on the ideal A(u) < A by
AV(E5.6) = (REp. &) = (0 VS (W), Vo), (316)

where N
& =01V f(w), & =01Vg(u) € A (A(u))
with f, g€ Fx(u), and

WP(f,6) = (u.[RE REfD) = —(92Vf(w), Vo)),  (3.17)
where
Er =09V f(u), & :=02Vg(u) € A (A(u))
with f,g € fA(u), are closed. Moreover, the corresponding Hamiltonian
operators
V1,92 : L3 — ﬁz

are compatible, that is for arbitrary A, p € K the sum My + pd2 : Ly — Ly
is also a Hamiltonian operator.

Proof. (Sketch). The 2-form (3.16) is closed, as the expression (3.16) de-
termines a 2-cocycle on the Lie algebra L3 owing to the fact that the inverse
mapping R~ : Ly — L5 is a weak derivation on Ly, that is

(¢, R a,b]p) = (c, [R~Ya,b]p + [a,R_lb]D)
for any a,b and ¢ € L;. A proof of the second part of the proposition
consists in direct checking the closedness of the 2-forms wéQ) e A2(A(u)),
which is equivalent to the Yang-Baxter condition (3.15).

Concerning their compatibility, we observe that the Hamiltonian ope-
rator U2 : L3 — L;, corresponding to the expression (3.17), is repre-
sentable as the composition ¥y = 91 (9 191), where the Hamiltonian ope-
rator Jo : L3 — Eg is naturally determined from the canonical Lie-Poisson

bracket (3.4) as

(u, [V f(w), Vg(w)]) := (90V f(u), Vg(u)) (3.18)
for any f,g € F3(u). From this representation one easily derives [22, 20,
69, 43, 89| the compatibility of the Hamiltonian operators ¥2 and ¥; on
A(u), following from the evident compatibility of operators 19y and 91 on
A(u), owing to 2-cocycle property of the bilinear form (3.14). O

The R-structures on the weak Lie algebra L3 can be effectively exploited
for constructing additional Hamiltonian operators on £;§ owing to the fact
that the bracket

(¢, [a,b](r)) == (¢, [a,Rb]p + [Ra,b]p) (3.19)
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generates for any a,b,c € L3 a new weak Lie structure on the linear space
Ly, thus producing a new weak Lie algebra ﬁgz) = (4,[, Tr))-
Example 3.7. Consider the Rota-Baxter [86, 87] endomorphism

R: Ly — L3,

where for any a € L3 we put

R(@) i= 5 | Tato)dy - [ aly)dy

for any = € S', which satisfies the weak Yang-Baxter commutator condi-
tion (3.13). Then it is easy to check that the inverse mapping R~! = d/dz,
x € S, is the natural skew-symmetric derivation of the weak Lie algebra
L5, generating a Poisson structure compatible with that of (3.10).

In a manner similar to the above [69, 57, 85, 89| one verifies the existence
of the following so called “quadratic” Poisson brackets. Namely, the next
proposition holds.

Proposition 3.8. Suppose that the weak Yang-Baxter condition (3.15)
hold. Then the brackets

{f.gh = (uoVf(u), R(uoVg(u))) — (Vf(u) ou,R(Vg(u) ou)) (3.20)

and
{f,9}2 = (u, [RVf(u), Vg(u)]p + [V f(u), RVg(u)]p), (3.21)

defined for any f,g € F;(u), are Poisson and compatible on ,&(u)

As an interesting and also useful consequence of the R-matrix construc-
tion, one has the fact that the following subspaces

L3 = (I+R)/2eL; (3.22)

are Lie subalgebras of L3, which is equivalent to the condition that the
mappings
R

(1£R)/2: £ - £t < £; (3.23)
are homomorphisms [89] of the Lie algebras Egz) = (A [, J(ry) and L’;&f.
In the special case when E}{ nL; = {0}, the operator R =P} — P_ and the
linear operators Py := (I+R)/2 : L3z — Lj; are projectors and the weak
Lie algebra L3 allows the direct sum splitting £; = E}; ® [,Ii.
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4. INTEGRABLE RIEMANN HYDRODYNAMICAL SYSTEMS AND RELATED
MULTICOMPONENT HAMILTONIAN OPERATORS

4.1. General setting. In preceding sections we have shown that any skew-
symmetric Lie structure [-,]p on the weak adjacent Lie algebra Ly, sat-
1sfy1ng the Jacobi identity and nontrivially depending on the derivation
D, : A — A, determines on the phase space F7 (u) the local Poisson bracket

{f.9}(u) = (u, [Vf(u(z)), Vg(u(z))]p)

for all u € A* and arbitrary functions f,g € F;(u). Moreover, from
the analysis provided above we know that if the Hamiltonian operator
I(u) : L3 — E:’i ~ Ly related (2.29) corresponds to some 2-cocycle on the
Lie algebra L3, then it will be a priori Hamiltonian. Moreover, owing to
Proposition 3.2, if this 2-cocycle is generated by a derivation Dy, : L3 — L3,

ue A* ~ 1&, on the Lie algebra L3, one need only check the related weak
Leibniz property (3.6) in the weak adjacent Lie algebra £;. In Section 2
we already showed that the skew-symmetric structure

[a,b]p = Dyaob— Dyboa

for any a,b € L, imposed on the weak adjacent Lie algebra L3, gives rise
to the Hamiltonian operator (2.30) on A(u)

Y(u) = o(u)Dy + Dyo(u)T (4.1)

and to the related multiplicative Balinsky-Novikov algebra structure (2.32)
on A

[Ra, Ry) = 0, [La, Ly) = L) (4.2)
for any a,b and ¢ € A. Similarly, the skew-symmetric structure (2.34)
[a,b]p = D;'aob— D boa

for any a,b € L; on the weak adjacent Lie algebra L3 gives rise to the

Hamiltonian operator (2.30) on A(u)
I(u) = o(u)Dyt + Dy to(u)T

and to the related multiplicative right Leibniz algebra structure (2.32) on
A

Raob = [Ra, Rb]) Raob + Rboa - 0' (4.3)
Moreover, the skew-symmetric structure (2.34)

[a,b]p = Dy'bo Dya— Dy 'ao Db
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for any a,b € L; on the weak adjacent Lie algebra L3 gives rise to the
Hamiltonian operator (2.38) on A(u)

¥(u) = Dyo(u)D; ' — D7 o (u)TD, (4.4)
and to the related multiplicative Riemann algebra structure (2.39) on A
[Ra, Ry] =0, Laob = Raob = Lioa (4.5)
for all a,b,c e A.

Remark 4.2. Just as in Section 2, one can construct for all a, b, c € A dual
Balinsky-Novikov

Ria ) = [Rp, Ral, [La; Lp) = 0,
Leibniz

Laob = [La, Lp), Lgob + Lpog =0
and Riemann

[La, L] = 0, Raob = Laoh = Rpoa

algebra constraints, respectively related to the adjacent Lie algebra Li
structures

la,b]p = Dyaob— Dyboa,
[a,b]p =ao Db —bo D, a,
[a,b]p = —Dyao D 'b+ Dybo D ta
for any a,be L;.

As mentioned above, simultaneously we have shown that the expres-
sions (4.1), (4.3) and (4.4) are true Hamiltonian operators on the functional
space Fj(u) satisfying the Schouten-Nijenhuis condition (2.10). Using the
algebraic scheme in [91] and the right Leibniz algebra (4.3) and the new
Riemann algebra (4.4), one can describe a wide class of multicomponent
completely integrable dynamical systems containing, as follows from the
recent results in [80], infinite hierarchies of the multicomponent hydrody-
namical Riemann type systems.

As the expressions (2.30), (2.36) and (2.40) are true Hamiltonian opera-
tors on the functional space F; (u) satisfying the Schouten-Nijenhuis con-
dition (2.10), following the algebraic scheme of [91] mentioned above and
using the results of [80] and the right Leibniz algebra (2.35) and the new
Riemann algebra (2.39), one can describe a wide class of multicomponent
completely integrable dynamical systems containing the infinite hierarchies
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of multicomponent Riemann hydrodynamical flows. For instance, consider
the generalized completely integrable Riemann type dynamical system

Diuy = ug, Diyug =us, ..., Diuny =0 (4.6)

on the functional space A(u) for some nonassociative and noncommutative
finite-dimensional algebra A, where

Dy = 0/0t + u1 Dy, D, :=0/0x,

r e S!, N e Z,, which was recently studied in detail in [77, 80]. The
relationships (2.39) allow to calculate the corresponding representations
of the Riemann algebra A for cases N = 2 and N = 3, giving rise to
the corresponding Hamiltonian operators 9(u) : £L; — L3, coinciding with
those constructed in [80] modulo the trivial constant 2-cocycles on the weak
adjacent loop Lie algebra L;. In fact, for the case N = 2 one easily
obtains from (2.40) the skew-symmetric two-dimensional matrix derivation
representation

—1
Ia(u) = ( 0 utaDs ) |

—1 -1 —1
Dz ULy U27$Dx —I-Dz Uy

coinciding, modulo the trivial constant 2-cocycle wsa(a,b) := fo(D;'a,b),
determined for a suitable symmetric bilinear form fo : L7 x L3 — K and
all a,b € Ly, with the Hamiltonian operator

_ D! w1 D!
772(“) - < Dx_lul,x uz,ngl +D;1U2,x )

on the space F; (u) for the Riemann type dynamical system (4.6), whose
Hamiltonian representation

d
%(UMUQ)T = —n2(u)VHa(uy, u2)

holds for the Hamiltonian function Hs € F;(u), equal to
1 21
Hy = 2J (uguy p — g2 z)dx.
0

Proceeding similarly for the case N = 3, one easily obtains from (2.40)
the skew-symmetric three-dimensional matrix Hamiltonian operator

V3(u) : Ly — Ly
representation
0 ulnygl 0

I3(u) = | Dytury wooDy'+ Dytus, Dilus, |,
0 uz Dyt 0

T
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coinciding, modulo the trivial constant 2-cocycle
wo(a,b) == f3(D;la,b),

determined for a suitable symmetric bilinear form f3 : A x A — K and all
a,b € L; with the Hamiltonian operator

D! uy Dy 0
n3(u) = | Dy'uie uzeDy'+ Dyluze Dylusg
0 U371D;1 0

on the functional space Fj(u) for the Riemann dynamical system (4.6),
whose Hamiltonian representation
d T
%(ul,w,us) = —n3(u)V Hs[uy, ug, us]
holds for a suitably constructed Hamiltonian function Hj € F; (u).
There is also an interesting observation concerning an infinite hierar-
chy [80] of the generalized Riemann hydrodynamic systems

Diuy =uo, Dyus =wus, ..., Dywuny_1= (’L_LN@)S, Dyuy =0 (47)

on the functional space Fj(u), where s, N € Z,, with the algebra A
generated by the constraints (2.39). For the case s = 2 and N = 3
the above skew-symmetric three-dimensional matrix Hamiltonian operator
Ug2(u) : L3 — L; representation

) 0 uy D! 0
Dgp(u) = | Dy'ure uzaDy'+ Dy'use Dyllisg
0 U3 . Dyt 0

proves to coincide, modulo the trivial constant 2-cocycle
@2@(&, b) = fﬁ(Dz_laa b)>

determined for any suitable symmetric bilinear form fj : £3 x L3 — K and
all a,b € L4 exactly with the Hamiltonian operator

D1 uy Dy 0
M3o(u) = | Di'ure upeDy'+ Dilug, Dyplus, (4.8)
0 U3, Dyt 0

on the functional space F; (u) for the Riemann type dynamical system (4.7),
whose Hamiltonian representation

d

a(ul,uz,ﬁs)T = —3j2(u)VHzjp(u1, u2, u3)
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holds for the Hamiltonian function Hsjp € F; (u), equal to

1 2m
Hgjg = QL [2u1(1137x)2 —u3 — u%ugjx]daﬁ.
Moreover, one can calculate such a constant 2-cocycle on the Lie algebra
Ly
(1) -1 (2)
@y 5(a,b) == f57(Dg a,b) + f57(a,b),
determined for any a,b € L3 by means of two suitably symmetric
(O
fﬁ : ﬁ& X ﬁ& - K
and skew-symmetric
(2) .
flg : ﬁ& X ﬁ& —- K

bilinear forms, which naturally generates the (4.8)-compatible Hamiltonian
operator

o 0 1 0
Iy = | -10 0
0 0 1/2D;t
on the functional space F3 (u) for (4.7), whose Hamiltonian representation
d _ (0 0 _
%(U]_,U/Q,U?))T = —ﬁé‘;(u) VH?E‘z)(’UJ]_,UQ,Ug)
holds for the Hamiltonian function H?E?Q) € F3(u), equal to

1 2w
H§?2) = 2J [uluQ,m — U2U] g — 2(@3,1)2]d1'.
0

It is worth noting here, as was already remarked in [81], that the gene-
ralized Riemann hydrodynamic system (4.7) for s = 3, N = 3 reduces to
the well-known integrable Degasperis-Processi dynamical system [32, 31]
for the function u := uq:

Ut — Uppt + dUUz — SUpUgpy — Ulgry = 0.

Also, for s = 2 and N = 3, the system (4.7) for the function u := u; reduces
to the well-known [29] integrable Camassa-Holm dynamical system
Ut — Ugzt + 3UUg — 2UgUgy + Ulgze = 0,

whose multicomponent extensions were recently extensively studied in [39,
46, 30, 91].

Now, returning to the case N = 2 of the system (4.6), it reduces under
the substitutions uy := u, ug := D, u2 /2 to the well-known [47, 44, 74, 79]
Hunter-Saxton nonlinear dynamical system

du/dt = —uu, + D u? /2 (4.9)



22 Orest Artemovych, Alexander Balinsky, Anatolij Prykarpatski

on the functional manifold A(u), u e A*, describing propagation of short-
waves in a relaxing medium with spatial memory effects. As shown in [74,
79, 75|, the dynamical system (4.9) is a completely integrable bi-Hamilto-
nian flow on the functional manifold A(u), u € A*, with respect to the
compatible pair of scalar Hamiltonian operators

~ ~

D1 (u), P2 (u) : T (A(u)) — T(A(u),

V1 (u) = D1, 9o(u) = uD; ' + D u. (4.10)

As we are interested in the corresponding multicomponent generalization of
the dynamical system (4.9), we need to consider the functional space A (u),
u € 1&*, generated by a finite-dimensional noncommutive and nonassociative
algebra A, and construct the Poisson operators on 3 (u) in the form (2.36),
related to the right Leibniz algebra structure (2.35) and reducing at N =1
to the scalar Hamiltonian operator ¥2(u) : T*(A(u)) — T(A(u)) from the
pair (4.10).

Moreover, as the compatible Hamiltonian operators are generated by
means of suitable central extentions of the adjacent weak Lie algebra, the
problem of description them, as was noted above, requires a detailed inves-
tigation of the structural properties and finite-dimensional representations
of the right Leibniz algebras defined by the constraints (2.35). In what
will follow, we stop mostly on the structural properties of the right Leibniz
algebras, defined by the constraints (2.35), in particular, we characterize in
detail the related derivation algebras.

5. PRELIMINARY ALGEBRAIC SETTING

An algebra (L,+,-) over a field K is called a (right) Leibniz algebra if it

satisfies the identity
x(yz) = (zy)z — (z2)y
for any z,y,z € L. Any Lie algebra is clearly a Leibniz algebra.

Leibniz algebras were introduced by A.M. Bloh [23, 24] and rediscovered
by J.-L. Loday [59]. Recall that a subalgebra H < L is said to be an ideal
of a Leibniz algebra L if H-L, L- H < H. A linear mapping § : L — L is
called a derivation of L if

§(zy) = d(z)y + 2d(y)

for all x,y € L. The set DerL of all derivations of a Leibniz algebra L is
a Lie algebra due to operations of the addition “+” and the commutation
“[—=, =] of linear operators in L. The operator

ro:L3x—xa€el
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of a right multiplication is a derivation of L (so-called an inner derivation
of L induced by a € L). The set

InnL :={ry, |a€ L}

of all inner derivations of L is an ideal of the Lie ring DerL (see e.g. [41].
A general theory for inner derivations in nonassociative algebras is given
in [88]. If L is a Leibniz algebra, then

Leib(L) := spa{z? | x € L}

is the smallest ideal of L such that the quotient algebra L/Leib(L) is a Lie
algebra (see e.g. [15, 33|. The center

Z(L):={2zeL|zL=0= Lz}
and the right annihilator
rannl := {t € L | Lt = 0}

of L are ideals in L such that Z(L),Leib(L) < rannL.

A linear mapping F': L — L is called a generalized derivation of a Leibniz
algebra L associated with a derivation § € DerL (in the sense of Brezar [26]
if

F(ry) = F(z)y + zi(y)
for all z,y € L. Denote by GDerL the set of all generalized derivations of
L. We will write (F,0) € GDerL if and only if F is a generalized derivation
of L associated with 6 € DerL. Since (9,9) € GDerL for any § € DerL, one
concludes that

InnL € DerL € GDerL.

A generalized derivation F' of L that is associated with an inner deriva-
tion r, € InnL is called a generalized inner derivation of L. By IGDerL
we denote the set of all generalized inner derivations of L. Another va-
rious generalizations of Lie (and Leibniz) algebra derivations was introduced
in [15, 28, 42, 56, 63] and others.

In what follows, let D = DerL, G = GDerL, A be a nonempty subset of
D (respectively G). If I is an ideal of L and §(I) < I for all 6 € A, then
I is called a A-ideal of L. Inasmuch (x + d(x))(x + d(x)) € Leib(L) for
any € L and d € D, we deduce that d(z?) € Leib(L) and so Leib(L) is a
D-ideal of L. For a Leibniz algebra (L, +, -), define the derived sequence as
follows:

L'=1, L*=1LL, LD — 1L (k>1).

A Leibniz algebra L is called nilpotent if there exists a positive integer s
such that L) = 0 (see e.g. [2, 33, 42, 16]). For a (Lie or Leibniz) algebra
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L, X € {0,D,G} and

W 0 if Y =Leib(L) and X = X € {0, D},
Y if Y =rannl and X = G,

the algebra A/W is called:
o X-semisimple if, for any X-ideal T of A, the condition T2 < Y implies

that T C Y,

e X-prime if, for any X-ideals T,Q of A, the condition 7Q < Y implies
that TS Yor@QcY,
e X-simple if [A, A] # Y and it only has the following X-ideals: 0, Y and

A (here 0 and Y are not necessarily different),

e X-primary if, for any X-ideals T, Q of A, the condition T'Q € Y implies

that T'C Y or Q™ < Y for some positive integer m.

In particular, a X-semisimple (respectively X-prime, X-simple or X-
primary) Lie (or Leibniz) algebra L is called semisimple (respectively prime,
simple or primary) if X = 0 and a 0-ideal is an ideal of L. A Leibniz algebra
L is semisimple (respectively prime, simple or primary) if and only if the
Lie algebra L/Leib(L) is the ones. If L is a simple Leibniz algebra, then
L/Leib(L) is a simple Lie algebra, but the opposite is not true. It is not dif-
ficult to check that if a Leibniz algebra L is prime (respectively semisimple
or simple), then rannL. = Leib(L). Every semisimple (respectively prime,
simple or primary) Leibniz algebra is D-semisimple (respectively D-prime,
D-simple or D-primary).

The Leibniz algebras are very popular in physics. Many authors have
investigated derivations of Leibniz algebras in the context of geometric
study of algebras (see e.g. |54, 72, 83, 82, 84|) and representations of
Leibniz algebras (see e.g. [42, 41, 60, 63]). For example, A. Fialowski,
A. Kh. Khudoyberdiyev and B. A. Omirov [42] have proved that a Leibniz
algebra is nilpotent if and only if it admits an invertible Leibniz-derivation,
B. A. Omirov [72], I. S. Rakhimov and A.-H. Al-Nashi [84] have studied
derivation algebras of filiform Leibniz algebras, M. Ladra, I. M. Rikhsi-
boev and R. M. Turdibaev [54] have proved that a finite-dimensional Leib-
niz algebra L with a nonsingular derivation is nilpotent, I. S. Rakhimov,
K. K. Masutova and B. A. Omiro [83] have proved, in particular, that
any derivation of a simple finite-dimensional Leibniz algebra over a field of
zero characteristic can be represented as sum of three derivations of special
form. In this paper we study connections between Leibniz algebras L, their
derivation algebras DerL and generalized derivation algebras GDerL.

Our first result subject to these topics is the following proposition which
will be proved in Section 6:
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Proposition 5.1. Let L be a Leibniz algebra. Then the following hold:

(1) D is a simple Lie algebra if and only if L is a simple Leibniz algebra
and D =InnL = [D, D],

(2) if D is a prime (respectively semisimple or primary) Lie algebra,
then L is a D-prime (respectively D-semisimple or D-primary) Leib-
niz algebra.

We also prove an analogue of the result of S. Togd [93] that is a finite-
dimensional Leibniz algebra L such that L # L? and Z(L) # 0 has an outer
derivation (see Proposition 6.5 below).

Obviously, a finite-dimensional Leibniz algebra L is semisimple if its
maximal solvable ideal is equal to Leib(L). Semisimple Leibniz algebras
have studied in [2, 33, 45, 83] and others. In this way we prove in Section 8
the next result.

Theorem 5.2. If L is a D-prime (respectively D-semisimple or D-simple)
Leibniz algebra, then D/ADerL is prime (respectively semisimple or simple)
Lie algebra, where ADerL := {§ € DerL | §(L) < rannL}.

A linear mapping T : L — L is called a multiplier of a Leibniz algebra L
whenever

T(zy) =T(v)y

for all x,y € L. The set of all multipliers of L will be denoted by ML.
Obviously that, for any 7'e ML, (T,0) € IGDerL and so

ML <€ IGDerL < GDerL.

Moreover, ML is an ideal of the Lie ring GDerL. In Section 8 we will prove
the following

Theorem 5.3. Let L be a Leibniz algebra. Then the following hold:

(1) if DerL/ADerL is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a G-semiprime (respectively G-prime, G-
simple or G-primary) Lie algebra,

(2) ¢f InnL/AInnL, where AInnL = ADerL n InnL, is a semisimple (res-
pectively prime, simple or primary) Lie algebra, then L/rannlL is a
semisimple (respectively prime, simple or primary) Lie algebra.

For basic definitions and properties of Leibniz and Lie algebras we refer
to [2, 7, 48, 49, 59].
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6. PROPERTIES OF DERIVATION ALGEBRAS
At first we will present some information about derivation algebras. If
A < L, then
InngL :={r, | a € A}

and, in particular, InnL = Inny L.

Lemma 6.1. Let L be a Leibniz algebra, A its ideal. Then the following
hold:

)
)
(iii) InnaL = 0 if and only if A € rannL,
(iv) InnL = 0 if and only if L?> = 0,
)
)
)

rannl is a D-ideal of L,
there is the Lie algebra isomorphism

InnlL 357y +— a+rannl € L/rannL,
(viii) if @ is an ideal of InnL, then
Ap={aeL|r, e d}

is an ideal of L,
(ix) if @ is an ideal of D, then Ag is a D-ideal of L,
(x) if B,C < L, then [InngL,Inng L] = InngpL.

Proof. By routine calculations. O

Lemma 6.2. Let A be a Leibniz algebra and ® an ideal of D. Then we
have:

(i) ADerL is an ideal of D,
(ii) [®,InnL] =0 if and only if & < ADerL,
(iii) if ® nInnL =0, then ® < ADerL.

Proof. (i) Immediately.
(ii) Let e ® and a € L.
Sufficiency. Since
T(;(a) = [5, Ta] (61)

and [0, 7] = 0, we deduce that (a) € rannL.

Necessity. Inasmuch rsq) = 0, we conclude that the assertion holds in
view of Eq. (6.1)).

(iii) It follows from (ii). O
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Corollary 6.3. Let L be a Leibniz algebra. Then InnL is a simple (res-
pectively prime, semisimple or primary) Lie algebra if and only if L is a
simple (respectively prime, semisimple or primary) Leibniz algebra.

Proof of Proposition 5.1. (1)=(2). Let D be a simple Lie algebra. If

InnL = 0, then L? = 0 and any endomorphism of the additive group LT is
a derivation of L. If p is a prime, then

E,={om:L" — L | oyn(a) = ma,where a € L
and p is a divisor of an integer m},

is an ideal of D. Therefore E, = D if the characteristic charaktK = 0 or
E, = D = E, if the characteristic charaktK = p, where p, ¢, r are pair wise
distinct primes. This leads to a contradiction. Hence

0 # InnL = D.

Then L/rannl is a simple Lie algebra by Corollary 6.3, L = L? + rannL
and

D =[D,D] = [InnL,InnL] = InnL.

(2)=>(1). By Corollary 6.3, InnL is a simple Lie algebra. Consider three
cases.
(2a) Let D be a prime Lie algebra and A, B be D-ideals of L such that

AB C rannL. (6.2)

Then
[InngL,InngL] =0 (6.3)

by Lemma 6.1(z) and, as a consequence, InngL = 0 or InnqL = 0. This
means that B € rannl or A € rannL. Thus L is a D-prime Leibniz algebra.

(2b) If D is a semisimple Lie algebra, then we can obtain the assertion
by the same argument as in the part (2a).

(2¢) Assume that D is a primary Lie algebra and A, B are D-ideals of L
satisfying Eq. (6.2). Then, asin (2a), we have Eq. (6.3) and so InngL = 0 or
Inny L is a nilpotent ideal of D. Consequently B < rannL or A™ < rannl.
Hence L is a D-primary Leibniz algebra. U

Lemma 6.4. Let L be a Leibniz algebra and M be its ideal of codimension
1. If0+# Z(L) < M, then Z(M) is an ideal of L and Z(M) # L - Z(M).

Proof. It is easy to see that L = M @ aK is a direct sum of subspaces,
where a € L. Since

m(uz) =0, m(zu) =0, (ux)m =0, (xu)m =0
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forallz e L, me M and u e Z(M), we deduce that Z(M) is an ideal of L.
Moreover,
lo: Z(M)3u— aue Z(M)
is an endomorphism of the additive group Z(M)™.
Since 0 # Z(L) < Z(M), we see that the kernel Kerl, # 0 and so
dim Z(M) > dim(a - Z(M)).
Hence L-Z(M) # Z(M). O

Proposition 6.5. Let L be a finite-dimensional Leibniz algebra such that
Z(L) # 0 and L? # L. Then L has an outer derivation.

Proof. Since L? # L, we deduce that there exists a subspace M of codi-
mension 1 of L such that L2 € M and L = M @ oK is a direct sum of
subspaces for some a € L. Obviously that M is an ideal of L. Suppose that
0 # 2p9 € L and there exists a linear map

d:Lam+ Aaw— Az € L,

where X\ € K, d(a) = zp and 6(m) = 0 for any m € M. If, moreover, 6 =,
is an inner derivation for some u € L, then 0 = §(M) = Mu and
20 = 0(a) = ry(a) = au. (6.4)

)IfZ(L) € M, zp € Z(L)\M and a € Z(L), then 0 # 6 € DerL and
20 = au € M by Eq. (6.4), a contradiction.

2) If Z(L) € L? and zy € Z(L)\L?, then 0 # § € DerL and 29 = au € L?,
a contradiction.

3) Assume that Z(L) < L? and so Z(L) € Z(M).

a) Suppose Z(M) # Z(L) and zp € Z(M)\Z(L). Then 0 # § € DerL. If
u = mg + Apa for some mg € M and A\g € K, then

Zou = )\Ozoa, uzg = )\Oazo
and
20U + uzp = )\05(@2) = 0.
This yields that uzg = —zpu = 0 and consequently zg € Z(L), which gives
a contradiction.
Now assume that Z(L) = Z(M).
b) If 2o € Z(M)\L - rannM, then 0 # & € DerL. Indeed, a®> € M and
therefore §(a?) = 0. Then
(5((7711 + Ala)(mg + )\QCL)) =0= )\1)\25(a2)
= MA2d(a)a + AA2ad(a) =
= A z0(ma + A2a) + (m1 + A\a)dazp =
= 5(m1 + )\1(1) . (mg + /\ga) -+ (m1 + )\1(1) . (5(7712 + )\Qa)
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for any my,mg € M and A, Ao € K. Moreover, zg = au € L -rannM, which
gives a contradiction.
c¢) Now assume that Z(M) = L -rannM. In view of Lemma 6.4,

Z(M) # L- Z(M)

and so Z(M) # rannM. If zg € Z(M)\rannM, then 0 # § € DerL and
zp = au € rannM, which gives a contradiction.
It now follows from 1)-3) that ¢ is an outer derivation of L. O

Corollary 6.6. If L is a finite-dimensional nilpotent Leibniz algebra, then
it admits an outer derivation.
7. GENERALIZED DERIVATIONS

Lemma 7.1. Let L be a Leibniz algebra. Then:

(i) GDerL is a Lie ring with respect to the point-wise addition “+” and
the point-wise Lie multiplication ‘{—, —]” given by the rules

(H+ K)(x)=H(z) + K(z)
and
[H, K](z) = H(K(z)) — K(H(z))
for allx € L and H, K € GDerL;
(ii) iof A is a D-ideal of L, then

InGDerL = {F € GDerL | F is associated with some 1, € Inng L}
s an ideal of GDerL. In particular,
IGDerL = I GDerL, ML = IoGDerlL.

(iii) GDerL = ML + DerL, where ML is an ideal of GDerL, and
ML (| DerL € ADerL;

(iv) IGDerL = ML + InnL, where ML is an ideal of IGDerL, and
ML()InnL € ADerL;

(v) if (F,90),(F,d) e GDerL, then § + ADerL = d + ADerL.

Proof. Assume that (F,J),(K,d) € GDerL, T '€ ML and z,y € L.
(i) We see that (F'— K,6 — d) € GDerL,
[, K](zy) = F(K(2)y + 2d(y)) — K(F(2)y + 26(y)) =
= [F, K](z)y + z[d, d](y)

and so ([F, K], [d,d]) € GDerL.
(ii) Evident.
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(iii) The equality
[F,T](zy) = [F,T](x)y
implies that [F,T] € ML and, as a consequence, ML is an ideal of GDerL.
From

(0 = F)(zy) = 6(x)y + xd(y) — F(x)y — x0(y) = (6 — F)(x)y
it follows that § — F'e ML. If g € DerL n ML, then

9(@)y = g(zy) = g(x)y + zg(y)-
Hence zg(y) = 0 whih implies that g(L) < rannL.
(iv) By the same argument as in the part (iii).
(v) If (F,0),(F,d) € GDerL for some §,d € DerL, then

zd(y) = xd(y)
and consequently z(d —d)(y) = 0. This means that (6 —d)(L) € rannL. O

Lie algebras L with abelian derivation algebras Derl was studied by
S. Togo [92].

Lemma 7.2. Let L be a Leibniz algebra and (F,d) € GDerL. Then we
have:

(i) if F =0, then d € ADerL,

(ii) of d € ADerL, then F € ML,

(iii) of GDerL is an abelian Lie algebra, then DerL is abelian,
(iv) if L # 0, then IGDerL # 0.

Proof. Assume that x,y € L.
(i) In fact,
0=F(zy) = F(2)y + zd(y) = zd(y)
and so d(y) € rannL.
(ii) Since F(zy) = F(z)y, we deduce that F' € ML.
(iii) We have DerL < GDerL and therefore the assertion holds.
(iv) Straightforward. O

Lemma 7.3. Let L be a Leibniz algebra and (H,r,) € IGDerL. Then the
following hold:
(i) if H =0, then a € rannL,
(ii) if a € rannL, then H € ML,
(iii) if IGDerL is an abelian Lie algebra, then L? C rannL,
(iv) if L is abelian, then IGDerL = ML.

Proof. It is easy to check by using the same argument as in the proof of
Lemma 7.2. O
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Let ® € GDerL, I' € DerlL,

Ty = {d € DerL | there is H € ® that is associated with d € DerL},
Ur = {H € GDerL | H is associated with some d € I'},
Yo ={a€ L| thereis H € ® that is associated with r, € InnL}.

Lemma 7.4. Let L be a Leibniz algebra. If ® is an ideal of GDerL such
that [®,1GDerL] = 0, then Te < ADerL (and so ® < ML).

Proof. Indeed, if (F,d) € ®, then ry,) = [d,7,] € ADerL for any a € L
and so d(a) € rannL. O

Lemma 7.5. Let L be a Leibniz algebra. Then the following hold:

(1) if ® is an ideal of IGDerL (respectively GDerL ), then g is an ideal
(respectively a D-ideal) of L,

(2) if T is an ideal of DerL, then Uy is an ideal of GDerL (in particular,
Uy = IoGDerL = ML),

(3) if @ is an ideal of GDerL, then Ty is an ideal of DerL.

Proof. (1) Let a,be X, t € L, (H,14),(K,r) € @, (S,7) € IGDerL and

(M,0) € GDerL. Since

(H*era—b% ([M7H]a’r5(a))7 ([Ha S]7Tta)a ([SaH]arat) €,

we conclude that a — b,(a), ta,at € ¥¢ and therefore g is an ideal of L.
(2)-(3) By the same argument as in the part (1). O

Lemma 7.6. Let L be a Leibniz algebra and A its ideal. Then the following
conditions are equivalent:

(1) I,GDerL < ML,
(2) AcrannL,
(3) InngL = 0.

Proof. For proof see Lemmas 6.1 and 7.1. O
Lemma 7.7. Let L be a Leibniz algebra and a € L. If L is D-semisimple,
then r, € ADerL if and only if a € rannL.
Proof. We have that

La =14(L) € rannl.

Moreover, Ld™(a) < rannL for any 6 € D and a non-negative integer n. If
[,t e L, then

0 = t(16"(a)) = (1)6™(a) — (t6"(a))l
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and so (t6"(a))l € Lé™(a). Hence

0
Ly := La+ Z Lo"(a)

n=1

is a D-ideal of L and Lg - Lo = 0. Consequently La = 0. (]

Lemma 7.8. Let L be a Leibniz algebra and A its ideal. Then there exist
Lie algebra isomorphisms:

(1) DerL/ADerL > d + ADerL — F + ML € GDerL/ML, where
(F,d) € GDerL,

(2) InnL/AInnL 3 r, + AlnnL — H + ML € IGDerL/ML, where
(H,ry) € IGDerL.

Proof. Straightforward. O

8. PROOFS

Proof of Theorem 5.2. (a) Let L be a D-prime Leibniz algebra and W, {2
be ideals of D such that [¥, Q] = 0. Then rannl = Leib(L). If

©:=U()lnL and A:=Q()InnL,
then
® = Inna, L, A =Tnna, L, (@, A] = 0.
Lemma 6.1(x) and (iii) imply that
AprAgp C rannl.
Since Ap and Ag are D-ideals by Lemma 6.1(ix), we deduce that
Ap Crannl or Ag C rannl

by the D-primeness of L. This gives that A = 0 or ® = 0 by Lemma 6.1(iii).
As a consequence of Lemma 6.2(iii), the quotient Lie algebra D/ADerL is
prime.

(b) If L is a D-semisimple Leibniz algebra, then we can obtain that
D/ADerL is semisimple analogously as in (a).

(c) Assume that L is a D-simple Leibniz algebra and V¥ is an ideal of D.
Then rannl = Leib(L). If & := ¥ n InnL, then Ag is a D-ideal of L and
so Agp € rannL. By Lemma 6.1(iii), ® = Inna,L = 0 and ¥ < ADerL by
Lemma 6.1(iii). Thus D/ADerL is a simple Lie algebra. O

Proposition 8.1. Let L be a Leibniz algebra. Then the following hold:
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(1) if GDerL/ML is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a G-semiprime (respectively G-prime,
G-simple or G-primary) Lie algebra;

(2) if IGDerL/ML is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a semiprime (respectively prime, simple
or primary) Lie algebra.

Proof. (1a) Assume that GDerL /ML is a prime Lie algebra and A, B are
G-ideals of L such that AB < rannL. Then

[IgGDerL,IyGDerL] € ML (8.1)

and so IgGDerL € ML or I,GDerL € ML what forces that B < rannl or
A € rannL by Lemma 7.6. Hence L/rannL is a G-prime Lie algebra.

(1b) If GDerL/ML is a semisimple Lie algebra, then we can prove by the
same argument as in the case (1a).

(1c) Assume that GDerL/ML is a simple Lie algebra and A is a G-ideal
of L. By Lemma 7.1(ii), Is\GDerL is an ideal of GDerL and so

GDerL = I5,GDerL

or
ML = I,GDerL

what implies that L = A 4 rannlL or A < rannL. Consequently L/rannl
is a G-simple Lie algebra.

(1d) Let GDerL/ML be a primary Lie algebra and A, B be G-ideals of
L satisfying the condition AB < rannlL.

Then (8.1) holds and so IyGDerL < ML or

[I5GDerL, ..., IgGDerL] < ML

~
m times

for some positive integer m. Therefore A < rannL or B™ < rannL. Hence
L/rannL is a G-primary Lie algebra.
(2) By the analogues argument as in the proof of the part (1). O

Proof of Theorem 5.3. This theorem is a consequence of Proposition 8.1
and Lemma 7.8. 0

9. SUPPLEMENT: THE CLASSICAL POISSON MANIFOLDS APPROACH
REVISITED

9.1. Poisson structures on noncommutative functional manifolds.
It is interesting to look at the construction of the Hamiltonian operators
presented above and revisit it from the standard point of view, considering
them as those defined on the naturally associated [1, 4, 22, 20, 68, 70, 78]

cotangent space T*(M) to some linear functional manifold M ~ A* ~ A.
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Then, a Hamiltonian operator on M is defined [1| as a smooth mapping
¥ : M — Hom(T*(M);T(M)), such that for any fixed u € M the bracket

{19} = (Vf(u),9(u)Vg(u)), (9-1)
where f,g : M — K are arbitrary smooth mappings from the functional
space D(M) =~ F;j(u), satisfies the Jacobi identity. The bracket (9.1) is
determined on M by means of the natural convolution (-,-) on the product
T*(M)xT (M), and respectively, the gradient V f(u) € T*(M) of a function
feD(M) is calculated as

(Vf(u),h) = df[u+ eh]/de|-=o (9.2)
for any h e T(M). It is well known [43, 58] that a linear operator
Hu) : T*(M) - T(M),

determined at any point u € M, is Hamiltonian iff the suitably defined [43]
Schouten-Nijenhuis bracket

[[9(u), d(u)]] = 0 (9-3)

identically on M. Namely, this condition (9.3) was used in the investiga-
tions [43, 90] to formulate criteria for the operator ¥(u) : T*(M) — T'(M)
to be Hamiltonian on the functional manifold M. Yet these criteria ap-
pear to be very complicated and involve a large amount of cumbersome
calculations even in the case of fairly simple differential expressions. So, we
have reanalyzed this problem from a slightly different point of view. First,
recall that the Jacobi identity for the bracket (9.1) is completely equiva-
lent to the fact that the bracket operator defined as D¢(g) := {f, g} for a
fixed f € D(M) and arbitrary g € D(M) acts as a derivation on the space
(DM); {-,-}) -

Dy{g,h} ={Dy(g),h} +{g, Ds(R)}, (9.4)
where g,h € D(M) are taken arbitrary. This can be easily reformulated
as follows: take any element ¢ € T#(M), such that the Fréchet derivative
O'(u) = ¢"*(u) at any u € M with respect to the convolution (-,-) on
T*(M) x T(M), and construct a vector field K : M — T'(M) as

K (u) = 9(u)p(u).
Then the derivation condition (9.4) can be equivalently rewritten [1, 68,
20, 70, 78| as the strong Lie derivative
Lt =9 - K — 9K — K9 = 0 (9.5)

along the vector field K (u) = 9(u)p(u) € T(M) at any u € M for all “self-
adjoint” elements ¢ € T*(M). Equivalently, a given linear skew-symmetric
operator ¥(u) : T*(M) — T(M),u € M, is Hamiltonian iff the Lie deri-
vative (9.5) vanishes for all “self-adjoint” elements ¢ € T*(M). Moreover,
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as was observed in [64], it suffices to check the condition (9.5) only on the
subspace of elements ¢ € T*(M) satisfying the condition ¢'(u) = 0 for any
ue M.

As an example, one can check that a skew-symmetric matrix-differential
operator on M of the form

9(u) := o(u) Dy + Dyo (u), (9.6)

where, an n-dimensional square matrix

n
o(u) = (Z Uso;; |i,j:m,neZ+,ueM),

s=1
satisfies the condition (9.5) iff the linearly independent elements from

span{ej € A|j=1,n}
K

generate the finite dimensional nonassociative Balinsky-Novikov algebra
n —_—

(4.2) and satisfy the conditions e;oe; = ] o;jjes for all 4, j = 1,n. Similarly,
s=1

one can verify that the skew-symmetric inverse-differential operator

I(u) == o(u)D;' + D o(u)T, (9.7

n
where, as above o(u) := <Z usof; | 4,5 = Ln,n € Zy,u € M), the
s=1
(3%}

sign “7” means the usual matrix transposition, is Hamiltonian iff the basic
nonassociative algebra A : =span{e; : j = 1,n} coincides with the right
K

n
Leibniz algebra (4.3) and the condition e; o e; = ] o7es holds for any
s=1

i,j = 1,n. The skew-symmetric inverse-differential operator (9.7) can be
naturally generalized to the expression

I(u) == Dyo(u)D;t — D o(u)T Dy,
which can be rewritten as
I(u) = o(Dyu)D;t + D o (D) + o(u) — o(u)T. (9.8)

The condition (9.5) for the operator (9.8) to be Hamiltonian reduces to the
constraints on the related nonassociative algebra

A :=spanfe; : j = 1,n}
K

exactly coinciding with that of (4.4), and analyzed in some detail in Sec-
tion 3.
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As it was already mentioned, based on the matrix representations of
the right Leibniz algebra (4.3) and the new nonassociative Riemann al-
gebra (4.5), one can construct many nontrivial Hamiltonian operators

I(u): Ly — Ly

on the associated weak Lie algebra L3, related with diverse types of nonas-
sociative algebras A. These Hamiltonian operators prove to be very use-
ful [21, 80, 81] for describing a wide class of multicomponent hierarchies
of integrable Riemann type hydrodynamic systems and their various phy-
sically reasonable reductions.

9.2. Poisson structures on manifolds generated by associative non-
commutative algebras. Proceed now to a slightly generalized construc-
tion of Hamiltonian operators on a phase space, generated by associa-
tive noncommutative algebra A-valued matrices, which was first studied
in [25, 35, 76, 78] in case of the noncommutative operator algebras and
continued later in [62, 51, 52, 53, 62, 66, 67, 71| in case of general asso-
ciative noncommutative algebras. This natural and simple generalization
appeared to be very useful [5, 6, 94, 96, 62, 66, 67| for describing a wide class
of new Lax type integrable nonlinear Hamiltonian systems on associative
noncommutative algebras, interesting for diverse applications in modern
quantum physics.
We start here with a free associative noncommutative algebra

A — K<U17UQ, ce . ,Um>,

generated by a finite set of elements {u; € A : j = 1,m}, and define its
"abelianization” Ay := A/[A, A] and the projection m : A — A, where
[A, A] == {uv —vu € A : u,v € A}. Consider now a naturally related with
A n-dimensional matrix Lie algebra G := gl(n; A) over the field K with
entries in A subject to the usual matrix commutator [a|b] := ab— ba for all
a,b e G. Being first interested in the Lie-algebraic studying [22, 20, 38, 85]
of co-adjont orbits on the adjoint space G*, let us construct a bi-linear
form (-|-) : G x G — Ay on the Lie algebra G by means of the trace-type
expression

{a|b) := mtr(a™h) (9.9)
for any a,b € G. The following important lemma holds.

Lemma 9.3. The bilinear form (9.9) on G is symmetric, nondegenerate
and ad-invariant.
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Proof. Symmetricity. We have:
alby="> w(aibi)

,J=Ln

= Z m(asjbij — bijag;) + Z 7 (bijaij) (9.10)

=1,n i,5=1n

= ), wlbiyaiy) = bla)

,j=1,n

for any a,be gG.
Nondegeneracy. Assume that (a|b) = 0, € A, for a fixed a € G and all
be G. To state that a = 0, let us put then b = a and obtain

lalay=">] w(aijaij) = 0.

ij=I,n

Taking into account that the associative algebra is generated by the finite
set of elements {u; € A | j = 1,m}, it is easy to deduce from n? expansions

of elements

(1) (1) (1>) e neY (1)
L. = P P * 2 Sm
aj=caapn= ), >, C (k 1 (1,01(2),. 01 (m)) (“m(l)“ol(z) : ““m(m)) +

‘5(1)‘62 O1€0n

.S

+ ) Do Clioi@os (@yerron (m)soa(L).02@snesoa(m) X

[sW],|s(2)|ezy o1,02€0n

y usgn usén u Ei) y usgz) us(zz) usﬁf) "
o1(1) Vo1(2) T Toa(m) o1(1) To2(2) " Toz(m)

from A that the sum

ERECICINCNCINE)

> w(erer) =0 (9.11)

k=Ln

iff ¢, = 0 for all k = 1,n2. Indeed, the sum of (9.11) under the m-mapping
can be now rewritten, respectively, as

(1) (1) (1)) ‘(1) 5(1) S(l)
D (ewer) = YD, D(m(l),ol(z), m(m))( Ugy (1) Yoy (2) - '“m(m))Jr

k=1,n2 [s(W ez o1€0n

Sm

+ ) Y Dty i@y s (myion(10:0s(2)s s () X

[sW],|s(2)|ezy 01,02€0n

I LRl SR
X | Yoy (1)¥s1 @) - Uogm) ) X | Yo () ¥an(@) - Uolym) | T+
with some D-coefficients from K for all o; € S,,, depending quadratically on
coefficients of expansions, staying at uniform and symmetric basis elements

CRESIEOMONOIRO)
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of the algebra A. As the m-mapping sends all of them, by definition, to
zero, the resulting system (9.11) reduces to the set of algebraic equations

(5080
=0
(01(1),01(2),-,01(m)) ’

(s060...oD ;Do 2)

D

(01(1).01(2),1 ();02(1).72(2), -2 (m)) = O
reducing successively for all o; € S), to the conditions
(‘9-51)3&1).“3%1)) o
(k;01(1),01(2),...,01(m))
(Sgl)sél)..‘85117();552)8&2)..‘85121)>
(k301 (1,04 (2) 01 ()i02(1),05 (2) 02 () — O
being equivalent to the equalities ¢, = 0 for all k = 1, n2. O

As a simple consequence from Lemma 9.3 one derives the following propo-
sition.

Proposition 9.4. The constructed Lie algebra G is ad-invariant and -
metrized.

Proof. Really, from the symmetry property (9.10) one easily obtains that

(alfb,c]) = ([a;b][¢) (9-12)

modulo m-mapping for any elements a,b and ¢ € G. As the bilinear form (9.9)
is non-degenerate, one has G* ~ G, that jointly with the ad-invariance pro-
perty (9.12) means that the Lie algebra G is metrized. O

Being interested in constructing integrable noncommutative dynamical
systems on the algebra A, we need to introduce into our analysis a “spec-
tral” parameter A € C, responsible for the existence of infinite hierarchies
of the corresponding dynamical systems invariants, guaranteeing their in-
tegrability. This wil be done in next Section, devoted to the Lie-algebraic
analysis on loop-Lie-algebras, related with the Lie algebra G, introduced
above.

Consider now the Lie algebra {G,[,-]}, constructed above, and the re-
lated loop Lie algebra

{6 =goctira, [}
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of the corresponding G-valued Laurent series with respect to the parameter
AeC,

g .= NkéZ{ELZ Z aj)\j lajeG,j= 1,N},
J<N

and define on it the corresponding to (9.9) modulo 7-mapping bilinear form
(]):GxG— A:

(@] b) := resy(ma|b) (9.13)
for any elements @, b € G. It is easy to observe that the bilinear form (9.13) is

also symmetric and non-degenerate. Thus, the following proposition holds.

Proposition 9.5. The loop Lie algebra G is ad-invariant and w-metrized.

As the loop Lie algebra g allows~natural direct sum splitting G = Q~+ oG
into two Lie subalgebras G and G_, where

Gi: U fa= X oV laeq.i=TN}

NeZy j=0,N
g~_ = U {&: Z aj>\7(j+1) |aj€g,j€Z+},
NeZ4 JE€ZL 4

their adjoint spaces with respect to the bilinear form (9.13)) split the adjoint
loop space G* = GT @ G* and satisfy the equivalences

gi~g., Gt ~G,.

Let now a linear endomorphism R : G — G equals R = (P, — P_)/2, where,
by definitions, Py : G — G+ < G are the projections on the corresponding
subspaces G+ < G. It is a well known property [22, 20, 38, 85| that for any
a,b € G the deformed Lie product

[@,b] g := [Ra, b] + [a, Rb]

satisfies the Jacobi condition and generates on the loop Lie algebra G a new
Lie algebra structure.

Within the classical Adler-Kostant-Symes Lie-algebraic approach, or its
R-matrix structure generalization [22, 20, 38, 85|, the adjoint loop space
Q* is then endowed with the modified Lie-Poisson structure

{I(a),1(b)}y == (I][a,b]r), (9.14)

for any basic functionals 1(a),[(b) € D(G*) subject to which the whole set

1(G*) = {v e D(G*) | (I|[grady(l),a]) = 0, a € G*}
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of smooth Casimir functionals on G* is commutative with respect to the
deformed Lie-Poisson structure (9.14) on G*, that is {y, u}y = 0y € Ay for

all v, p € 1(G*) and, by definition,

@mrady () = o0 +2i)

The latter makes it possible to construct integrable Hamiltonian flows on
the associative algebra A as Poissonian flows on the co-adjoint orbits on
the adjoint space G*, generated by a suitable loop Lie algebra G of Casimir
gradient elements. Namely, if an element [ € G* is fixed, the corresponding
Hamiltonian flow on G* subject to the deformed Poisson bracket (9.14)
and a Casimir functional v € [ (C;*) possesses the well known Lax type
[55, 65, 85] representation

di/dt = [Pygrady(1),1], (9.15)

where t € K is a related evolution parameter. The example of this construc-
tion and its Lie algebraic properties are discussed in the next Subsection.

9.6. Kontsevich type integrable systems on unital finitely gene-
rated free associative noncommutative algebras. Let a free unital
finitely generated associative non-commutative algebra A := K{u®,v*) be
the corresponding group algebra of a group G{u, v}, generated by two ele-
ments u,v € G. The algebra A is infinite dimensional with the countable
basis

La(l, w/osr =, oIy o2 =iyd ~kyk—a,
vius2 I TRk | s1,89,...€Z),
the related two-dimensional matrix loop Lie algebra G = G ® C{{\, \"1}},

G = gl(2; A), is metrized subject to the bi-li near product (9.13) and
generated by affine elements

a= Z o Z a§k))\j
j=0,3 J<Ko0
with four basis Pauli matrix elements oy € gl(2;K), k = 0,3, and algebra

(%)

components a; "’ € A, j « o0, k =0,3. The corresponding Casimir func-
tionals v € [ (é *) generates a Hamiltonian flow on points le G* with respect
to the Poisson bracket (9.14) in the Lax type form (9.15). To analyze this
flow in detail, let us put, by definition, that the seed orbit point [ € G* is
given by the following A-squared expression

(= > 3 ola=3l), (9.16)
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where

{07 € gl*(%K) | tr(0?oy) = i
is the dual basis of the matrix space gi*(2;K)

O

=0,3}

2;K) and elements

|2

(k) o _
{uj eAlj —0,3,k—0,2}
are coordinates of some A-algebra valued phase space Mg0|2) in a general
position. In particular, we will choose the following dual bases:
0
-1

(10 (01 {00 B
0)
1
T2

in gl(2;K) and
in gl(2; K)*. Moreover, we also will assume that A-algebra valued coeffi-

O =

Ol

1
5 0 0 1 0 0 :

cients of the phase space MIEXO 1) and (9.16) are representable subject to the
basis of A as

a\\ A3 A2 At

o? u(()O) 1 uwl =v+v T futut Fo et [()2) 0

ol ug()) —u u;l) — ! ug2) -0 . (9.17)
o? ugo) =0 ud) = ol w1 ug) =

o3 uz())O) =-1 uél) = v4+v i 4ru—ut—vtut uéQ) =0

following the result obtained in [96].

As a first important task, we will calculate the corresponding Poisson
structure on the related A-algebra valued phase space MI(L‘O | 2)(l~), generated
by coefficients, presented in the expression (9.17). To do this, we need

to take into account that the phase space M, O] )(l) being endowed with
the R-modified Poisson structure (9.14), is strongly reduced via the Dirac
scheme [38, 78] subject to the set

(I)::{‘Pl_ué)_lzov pr=u) =0, o3 =uy) =0,

1= =0, @5:u(°)+1—0}
of algebraic constraints, imposed on the phase space M 012 " The lat-
ter means that the true Poisson structure on the reduced phase space
Mg) | 2)(l) = Mj(él0 2 /@ coincides with the corresponding Dirac type reduc-
tion of the R-modified Poisson structure, defined on the full phase space
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Mﬁlo 12 As a result of simple enough yet cumbersome calculations we arrive
at the following Poisson brackets

{u, v}y = —uv, {u,uly =0y = {v,v};
on the reduced phase space M(0 ) () ~ A= K{ut vb).
Having taken as a Hamiltonian operator h := resA%tr(I2) € I(G*), one

easily obtains the following [51] nonlinear integrable Kontsevich dynamical
system

dU/dt = {h7u}u = uv — UU_]' _ U_]' o

dv/dt = {h,v}y = —vu+ovut +ut [T K (u,v)

on the reduced phase space A = K{u*,v*). Moreover, owing to the Lax
type representation (9.14), the Kontsevich dynamical system (9.18) proves
to be equivalent to the following matrix commutator equation

difdt =11, p(0)]

(9.18)

for any A € K in the Lie algebra G, where the A-valued matrix
p(l) = Pygradh(l)/2 = oo(v™ ' —v+u+1)/2+
+ o o Foz(vt —v+u—1)/2€G.
Taking as Hamiltonian functions the algebraic expressions
R = resA™r (1) € 1(G*), m,n € Z,

one can obtain a complete set of m-commuting to each other conservation
laws of the Kontsevich dynamical system (9.18), thus proving its generalized
integrability. Moreover, choosing both another group algebra and orbit
clements [ € G*, one can construct the same way many other integrable
Hamiltonian systems on the associative noncommutative phase space A,
that is planned to be a topic of a next investigation.

10. CONCLUSION

In this work we succeeded in formal tensor and differential-algebraic re-
formulating the criteria [43, 90, 64| for a given differential expression to
be Hamiltonian and developed an effective approach to classification of the
algebraic Poisson structures lying in the background of the integrable mul-
ticomponent Hamiltonian systems. We have devised a simple algorithm
allowing to construct new algebraic structures within which the correspon-
ding Hamiltonian operators exist and generate integrable multicomponent
dynamical systems. We also showed, as examples, that the well known
Balinsky-Novikov algebraic structure, obtained before in [43, 11| as a con-
dition for a matrix differential expression to be Hamiltonian, appears within
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the devised approach as a derivation on the adjacent Lie algebra, naturally
associated with a suitably constructed differential loop algebra. By means
of a direct generalization of this example it is obtained new Lie algebraic
relationships, whose background algebraic structures coincide, respectively,
with the right Leibniz algebra, introduced in |23, 24, 59| and with a new Rie-
mann type nonassociative algebra. The constructed Hamiltonian operators
describe a wide class of multi-component hierarchies |21, 80| of integrable
multicomponent hydrodynamic Riemann type systems. Their reductions
appeared to be closely related both to the integrable Camassa-Holm and
with the Degasperis-Processi dynamical systems, and are of special interest
from the equivalence transformation point of view, devised recently in [95].
Taking into account that the compatible Hamiltonian operators, impor-
tant for studying integrable multicomponent Hamiltonian systems on func-
tional manifolds, are constructed by means of suitable central extentions
of the adjacent weak Lie algebras, determined by the right Leibniz and
Riemann type nonassociative and noncommutative algebras, the problem
of their description requires a detailed investigation both of their structural
properties and finite-dimensional representations of the right Leibniz algeb-
ras defined by the corresponding structural constraints. Subject to these
important aspects we stopped in the work mostly on the structural proper-
ties of the right Leibniz algebras, especially on their derivation algebras and
their generalizations. We added also a Supplement in which we revisited
the classical Poisson manifolds approach to Hamiltonian operators on func-
tional noncommutative manifolds, as well as presented it simple and natural
realization, generated by associative noncommutative group algebra. The
latter appeared to be very useful for describing a wide class of new Lax type
integrable nonlinear Hamiltonian systems on associative noncommutative
algebras, interesting for diverse applications in modern quantum physics.
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