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Abstract. We review main differential-algebraic structures lying in back-
ground of analytical constructing multi-component Hamiltonian operators as
derivatives on suitably constructed loop Lie algebras, generated by nonasso-
ciative noncommutative algebras. The related Balinsky-Novikov and Leibniz
type algebraic structures are derived, a new nonassociative “Riemann” al-
gebra is constructed, deeply related with infinite multi-component Riemann
type integrable hierarchies. An approach, based on the classical Lie-Poisson
structure on coadjoint orbits, closely related with those, analyzed in the
present work and allowing effectively enough construction of Hamiltonian
operators, is also briefly revisited. As the compatible Hamiltonian operators
are constructed by means of suitable central extentions of the adjacent weak
Lie algebras, generated by the right Leibniz and Riemann type nonassociative
and noncommutative algebras, the problem of their description requires a de-
tailed investigation both of their structural properties and finite-dimensional
representations of the right Leibniz algebras defined by the corresponding
structural constraints. Subject to these important aspects we stop in the
work mostly on the structural properties of the right Leibniz algebras, espe-
cially on their derivation algebras and their generalizations. We have also
added a short Supplement within which we revisited the classical Poisson ma-
nifold approach, closely related to our construction of Hamiltonian operators,
generated by nonassociative and noncommutative algebras. In particular, we
presented its natural and simple generalization allowing effectively to describe
a wide class of Lax type integrable nonlinear Kontsevich type Hamiltonian
systems on associative noncommutative algebras.

Keywords: Hamiltonian operators, Lie-Poisson structure, differenetial algebras, integra-
bility, derivatives, loop-algebra, cocycles, Balinsky-Novikov algebra, right Leibniz algebra,
Riemann algebra, group agebras, π-metrized Lie alegbras, Kontsevich type systems
DOI : http://dx.doi.org/10.15673/tmgc.v12i4.1554

1

http://dx.doi.org/10.15673/tmgc.v12i4.1554


2 Orest Artemovych, Alexander Balinsky, Anatolij Prykarpatski

Анотація.Дано огляд основних диференціально-алгебраїчних структур,
що лежать в основі аналітичної побудови багато-компонентних операто-
рів Гамільтона як диференціювань на відповідних алгебрах Лі петель,
породжених неасоціативними некомутативними алгебрами. Введені ал-
гебраїчні структури типу Балінського-Новікова і Ляйбница, побудована
нова неасоціативна алгебра Рімана, глибоко пов’язана з нескінченними
інтегровними багато-компонентними ієрархіями типу Рімана. Також ко-
ротко висвітлений підхід, що грунтується на класичних структурах Лі-
Пуассона на ко-приєднаних орбітах, які дозволяють ефективно констру-
ювати оператори Гамільтона. Враховуючи, що узгоджені оператори Га-
мільтона генеруються відповідними центральними розширеннями при-
єднаних слабо-визначених алгебр Лі, породжених неасоціативними не-
комутативними алгебрами, проблема їх опису вимагає детального дослі-
дження як структурних властивостей свойств, так і скінченно-вимірних
зображень правих алгебр Ляйбніца, визначених відповідними структур-
ними обмеженнями. Стосовно цих важливих аспектів ми обмежились в
работі в основному правими алгебрами Лі, зокрема на їхніх алгебрах
диференціювань та їх узагальненнях. Ми також помістили Додаток, в
которому ми коротко висвітлили класичний підхід, що грунтується на
пуассонових многовидах і тісно звязаний з нашою побудовою операторів
Гамільтона, породженних неасоціативними некомутативними алгебрами.
Зокрема, ми представили його природнє та просте узагальнення, котре
дозволяє ефективно будувати широкий клас нелінійних інтегровних за
Лаксом гамільтонових систем типу Концевича на асоціативних некому-
тативних алгебрах.

1. INTRODUCTION
We present a short review of main differential-algebraic structures ly-

ing in background of analytical constructing multicomponent Hamiltonian
operators as derivatives on suitably constructed loop Lie algebras, gene-
rated by nonassociative and noncommutative algebras. During the last
decades there were discovered [38, 22, 20, 70] many integrable Hamilto-
nian systems, whose internal symmetyry structure was analytical nature
was understood owing to the Lie-algebraic properties of their internal hid-
den symmetry structures. A first account of the Hamiltonian operators
and related differential-algebraic structures, lying in the background of in-
tegrable systems, was given by I. Gelfand and I. Dorfman [43, 34] and
later was extended by B. Dubrovin and S. Novikov [36, 37], and also
by A. Balinsky and S. Novikov [11, 14, 12, 13]. Also some new special
differential-algebraic techniques [80] were devised for studying the Lax in-
tegrability and the structure of related Hamiltonian operators for a wide
class of the Riemann type hydrodynamic hierarchies. Just recently con-
siderable work [8, 10, 9, 73] has been done devoted to the finite dimen-
sional representations of the Balinsky-Novikov algebra. Their importance
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for constructing integrable multi-component nonlinear Camassa-Holm type
dynamical systems on functional manifolds was demonstrated by I. Stra-
chan and B. Szablikowski in [91], which in part suggested the Lie-algebraic
imbedding of the Balinsky-Novikov algebra into the general Lie-Poisson or-
bits scheme of classifying Lax integrable Hamiltonian systems. It is also
worth of mentioning the related work [46] by Holm and Ivanov in which in-
tegrable multicomponent nonlinear Camassa-Holm type dynamical systems
on functional manifolds were constructed.

In our work here we describe a differential-algebraic reformulation of the
classical Lie algebraic scheme and develop an effective approach to classifi-
cation of the underlying algebraic structures of integrable multicomponent
Hamiltonian systems. In particular, we have devised a simple algorithm
allowing to construct new algebraic structures within which the correspon-
ding Hamiltonian operators exist and generate integrable multicomponent
dynamical systems. We show, as examples, that the well-known Balinsky-
Novikov algebraic structure, obtained in [43, 11] as a condition for a matrix
differential expression to be Hamiltonian and in [19, 27, 50, 61] as a flat
torsion free left-invariant affine connection on affine manifolds, affine struc-
tures and convex homogeneous cones, appears in our approach as a deriva-
tion on the Lie-algebra naturally associated with a suitably constructed dif-
ferential loop algebra. As a direct generalization of this example we obtain
two new differentiations, whose underlying algebraic structures coincide,
respectively, with the well-known [3, 40] right Leibniz algebra, introduced
in [23, 24, 59], and with a new “Riemann” algebra, which naturally generate
different Hamiltonian operators describing a wide class of multicomponent
hierarchies [21, 80] of integrable Riemann hydrodynamic systems. As the
compatible Hamiltonian operators, important for studying integrable mul-
ticomponent Hamiltonian systems, are constructed by means of suitable
central extentions of the adjacent weak Lie algebras, determined by the
right Leibniz and Riemann type nonassociative and noncommutative algeb-
ras, their description requires a detailed investigation both of the structural
properties and finite-dimensional representations of the right Leibniz algeb-
ras defined by the corresponding structural constraints. Subject to these
important aspects we stop in the work mostly on the structural properties
of the right Leibniz algebras, especially on their derivation algebras and
their generalizations.

In a supplement the classical Poisson manifold approach, closely related
to our construction of Hamiltonian operators, generated by nonassociative
and noncommutative algebras, is briefly revisited. In particular, its natural
and simple generalization appeared to be useful [5, 6, 94, 96, 62, 66, 67] for
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describing a wide class of Lax type integrable nonlinear Hamiltonian sys-
tems on associative noncommutative algebras, initiated first in [25, 35, 76,
78] in case of the noncommutative operator algebras and continued later
in [62, 51, 52, 53, 62, 66, 67, 71] in case of general associative noncommu-
tative algebras.

2. THE HAMILTONIAN OPERATORS AND RELATED ALGEBRAIC
STRUCTURES VIA THE DIFFERENTIAL-ALGEBRAIC APPROACH

Let (A; ˝) be a finite-dimensional algebra of dimension N = dimA P Z+

(in general noncommutive and nonassociative) over an algebraically closed
field K. Using the algebra A one can construct the related loop algebra rA
of smooth mappings u : S1 Ñ A and endow it with a suitably generalized
natural convolution x¨, ¨y on rA˚ ˆ rA Ñ K, where rA˚ is the corresponding
adjoint to rA space.

First, we shall consider a general scheme of constructing nontrivial ultra-
local and local [38] Poisson structures on the adjoint space rA˚, compatible
with the internal multiplication in the loop algebra rA. Consider a basis
tes P A : s = 1, Nu of the algebra A and its dual tus P A˚ : s = 1, Nu

with respect to x¨, ¨y on A˚ ˆ A, that is
@

uj , ei
D

:= δji for all i, j = 1, N ,
and such that for any u(x) =

ř

s=1,N

us(x)u
s P rA˚, x P S1, the quantities

us(x) := xu(x), esy P K for all s = 1, N , x P S1. Put
rA ^ rA := Skew(rA b rA)

and let ϑ˚ : rA ^ rA Ñ rA be a skew-symmetric bilinear mapping. Then the
expression

tui(x), uj(x)u := xu(x), ϑ˚(ei ^ ej)y (2.1)
defines for any x, y P S1 and all i, j = 1, N an ultra-local linear skew-
symmetric pre-Poisson bracket on rA˚. Since the algebra rA possesses its
internal multiplicative structure “˝”, the important problem arises: Under
what conditions is the pre-Poisson bracket (2.1) Poisson and compatible with
this internal structure on rA? To proceed with elucidating this question, we
define a co-multiplication ∆ : rA˚ Ñ rA˚ b rA˚ on any element u P rA˚ by
means of the relationship

x∆(u), (a b b)y := xu, a ˝ by (2.2)

for arbitrary a, b P rA. Note that the co-multiplication ∆ : rA˚ Ñ rA˚ b rA˚,
defined this way, is a homomorphism of the algebra rA˚ with respect to the
natural multiplication of functionals, and the linear pre-Poisson structure
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t¨, ¨u (2.1) on rA˚ is called compatible with the multiplication “˝” on the
algebra rA, if the following symbolic invariance condition

∆tui(x), uj(x)u = t∆(ui(x)),∆(uj(x))u (2.3)
holds for any x P S1 and all i, j = 1, N .

Taking into account that multiplication in the algebra A is given for any
i, j = 1, N by the condition

ei ˝ ej :=
ÿ

s=1,N

σs
ijes, (2.4)

where the quantities σs
ij P K for all i, j and k = 1, N are constants, the

related co-multiplication ∆ : rA˚ Ñ rA˚ b rA˚ acts on the basic functionals
us P rA˚, s = 1, N , as

∆(us) =
ÿ

i,j=1,N

σs
iju

i b uj . (2.5)

Additionally, if the mapping ϑ˚ : rA ^ rA Ñ rA is given, for instance, in the
simple linear form

ϑ˚ : (ei b ej ´ ej b ei) Ñ
ÿ

s=1,N

(csij ´ csji)es, (2.6)

where quantities csij P K are constant for all i, j and s = 1, N , then for
the adjoint to (2.6) mapping ϑ : Symm(rA˚) Ñ rA˚ ^ rA˚ one obtains the
expression

ϑ : us Ñ
ÿ

i,j=1,N

(csij ´ csji)u
i b uj . (2.7)

For the pre-Poisson bracket (2.1) to be a Poisson bracket on rA˚, it should
must also satisfy the Jacobi identity. To find the corresponding additional
constraints on the internal multiplication “˝” on the algebra rA, define for
any u(x) P rA˚ the skew-symmetric linear mapping

ϑ(u) : rA Ñ rA˚, (2.8)
called [43] by the Hamiltonian operator, via the identity

xϑ(u)a, by := xϑu(x), a ^ by (2.9)
for any a, b P rA, where the mapping ϑ : rA˚ Ñ rA˚ ^ rA˚ is determined by
the expression (2.7) to which it is adjoint. Then it is well known [43] that
the pre-Poisson bracket (2.1) is Poisson iff the Hamiltonian operator (2.8)
satisfies the well known [43] Schouten-σNijenhuis condition:

[[ϑ(u), ϑ(u)]] = 0 (2.10)
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for any u(x) P rA˚. Since the mapping

ϑ(u)ei =
ÿ

s,k=1,N

(csik ´ cski)us(x)u
k (2.11)

holds for any basis element ei P A, i = 1, N , the resulting linear pre-Poisson
bracket (2.1) becomes equal to

tui(x) , uj(x)u = xϑ(u)ei, ejy =
ÿ

s=1,N

(csij ´ csji)us(x)

= xu(x),
ÿ

s=1,N

(csij ´ csji)esy
(2.12)

for any u(x) P rA˚. Now, defining on the algebra A the naturally adjacent
to the algebra A Lie commutator structure

[ei, ej ] = ei ˝ ej ´ ej ˝ ei :=
ÿ

s=1,N

(σs
ij ´ σs

ji)es (2.13)

for any basis elements ei, ej P A, i, j = 1, N , the expression (2.12) yields the
well known [1, 4] classical Lie-Poisson bracket

tui(x), uj(x)u = xu, [ei, ej ]y. (2.14)

Concerning the adjacent Lie algebra structure condition (2.13), it can be
easily rewritten as the set of relationships,

σs
ij ´ σs

ji = csij ´ csji (2.15)

whose evident solution is
csij = σs

ij (2.16)
for any i, j, s = 1, N . It is also clear that the compatibility condition (2.3)
is completely unnecessary [14, 12] for the pre-Poisson bracket (2.1) to be a
Poisson one. Moreover, as the bracket (2.14) is of the classical Lie-Poisson
type, for the Hamiltonian operator (2.11) to satisfy the Schouten-Nijenhuis
condition (2.10) is enough to check only the weak Jacobi identity for the
weak Lie algebra L

rA, adjacent to to the algebra rA via imposing the Lie
structure (2.13), taking into account the relationships (2.16). Simple cal-
culations for the special skew-symmetric case

ei ˝ ej + ej ˝ ei = 0 (2.17)

for all i, j = 1, N give rise to the constraints

ei ˝ ej + ej ˝ ei = 0, (ei ˝ ej) ˝ ek + (ej ˝ ek) ˝ ei + (ek ˝ ei) ˝ ej = 0, (2.18)
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coinciding exactly with those in [43]. The corresponding Hamiltonian ope-
rator (2.8) then acts as

ϑ(u)ei =
ÿ

s,k=1,N

(σs
ik ´ σs

ki)us(x)u
k (2.19)

on any basis element ei P A. Since the bracket (2.14), owing to the
constraints (2.17) and (2.18), satisfies the weak Jacobi identity implying
that the mapping ϑ(u) : rA Ñ rA˚ satisfies the Schouten-Nijenhuis condi-
tion (2.10), one has the following result.

Theorem 2.1. The general linear pre-Poisson bracket (2.1) on rA˚ under
the constraints (2.17) and (2.18) on the algebra A, which is of the Lie-
Poisson type on the adjoint space L˚

rA
to the weak Lie algebra L

rA adjacent
to the loop algebra rA, is a priori a Poisson and compatible with the internal
algebraic structure of A.
Remark 2.2. Similarly, one can consider a simple ultra-local quadratic
pre-Poisson bracket on rA˚,

tui(x), uj(x)u := xu(x) b u(x), ϑ˚(ei ^ ej) y , (2.20)
where the skew-symmetric mapping ϑ˚ : rA ^ rA Ñ Symm(rA b rA) is given
for any i, j = 1, N in the quadratic form

ϑ˚(ei b ej ´ ej b ei) :=
ÿ

k,s=1,N

(cksij ´ cksji )(ek b es + es b ek). (2.21)

In particular, if we assume that the coefficients cksij = σk
ijα

s for some
constant numbers σk

ij and αs P K for all i, j and k, s = 1, N , where

ek ˝ es :=
ÿ

k=1,N

σk
ijek,

then the pre-Poissson bracket (2.20) yields a very compact form
tui(x), uj(x)u := xu(x) b u(x), α b [ei, ej ] + [ei, ej ] b αy , (2.22)

generalizing (2.14) and parametrically depending on the constant vector
α :=

ř

s=1,N

αses P A. For the pre-Poisson bracket (2.22) to be Poisson one

can formulate suitable constraints on the algebraic structure of rA, similar
to those obtained in [14], which we shall not consider here.

Now, let rA(u) Ă rA denote the polynomial differential ideal generated by
an element u P rA and its derivatives Dn

xu P rA, n P Z+. The corresponding
space of polynomial functions rA(u) Ñ K, constructed by means of some
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scalar form on rA(u), will be denoted by F
rA(u). Then the basic ultra-local

and linear, with respect to an independent element u(x) P rA, x P S1, pre-
Poisson bracket (2.1) is easily generalized to a local pre-Poisson bracket for
arbitrary functions f, g P F

rA(u) :

tf, gu(u) = xu(x), ϑ˚(∇f(u(x)) ^ ∇g(u(x)y , (2.23)
in which the mapping

ϑ˚ : rA ^ rA Ñ Symm(rA b rA)

is invariantly reduced on the subspace rA(u)^rA(u) and depends nontrivially
on the derivation Dx : rA Ñ rA. In (2.23) we denoted the usual linear
gradient mapping from F

rA(u) to the ideal rA(u) Ă rA by “∇”, that is for a
given h P F

rA(u), ∇h(u(x)) P rA(u) and
xv(x),∇h(u(x)y := dh(u+ εv)/dε|ε=0

for any v(x) P rA˚, x P S1. Keeping in mind the problem of finding con-
straints on the multiplicative structure of the algebra rA under which the
pre-Poisson bracket (2.23) is Poisson, it is very interesting to construct non-
trivial examples of linear local pre-Poisson brackets on F

rA(u), compatible
with the multiplication “˝” on A and nontrivially depending on the usual
differential operator Dx : rA Ñ rA for x P S1.

In particular, for arbitrary functions f, g P F
rA(u) one can consider the

following nontrivial and simplest linear local pre-Poisson bracket
tf, gu(u) := xu(x), ϑ˚(∇f(u(x)) ^ ∇g(u(x))y , (2.24)

where

ϑ˚ : (a(x) ^ b(x)) ÝÑ

ÝÑ
ÿ

j,k,s=1,N

[csjkDxa
j(x)bk(x) ´ csjkDxb

j(x)ak(x)]es (2.25)

for any
a(x) :=

ÿ

j=1,N

aj(x)ej , b(x) :=
ÿ

j=1,N

bj(x)ej P rA,

x P S1, and some arbitrarily chosen constant quantities csjk P K for all j, k
and s = 1, N . If one also assumes that these constant quantities satisfy the
condition (2.16), that is csij = σs

ij for all i, j and s = 1, N, the mapping (2.25)
can be recast as

ϑ˚ : (a(x) ^ b(x)) ÝÑ Dxa(x) ˝ b(x) ´ Dxb(x) ˝ a(x), (2.26)
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providing the pre-Poisson bracket (2.24) for arbitrary functions f, g P F
rA(u)

with the canonical Lie-Poisson form
tf, gu(u) :=

@

u(x), Dx∇f(u(x)) ˝ ∇g(u(x))´

´ Dx∇g(u(x)) ˝ ∇f(u(x)
D

,
(2.27)

which was recently presented in [91]. Thus, if the Lie structure
[a(x), b(x)]D := Dxa(x) ˝ b(x) ´ Dxb(x) ˝ a(x) (2.28)

for any a(x), b(x) P rA, x P S1, generates the weak adjacent Lie algebra L
rA,

the pre-Poisson bracket (2.27) will automatically be Poisson on the space
F

rA(u). Moreover, the expression (2.27), rewritten in the tensor form

tf, gu(u) =
A

∆u(x), Dx∇f(u(x)) b ∇g(u(x))´

´ Dx∇g(u(x)) b ∇f(u(x)
E

=

:= (ϑ(u)∇f(u(x)),∇g(u(x))),

(2.29)

naturally defines a related bilinear form (¨, ¨) on the weak adjacent Lie
algebra L

rA, allowing to determine the corresponding Hamiltonian operator
ϑ(u) : L

rA Ñ L
rA, whose matrix representation with respect to the basis

tes P A | s = 1, Nu is
ϑ(u) = σ(u)Dx +Dxσ(u)

⊺, (2.30)
where σ(u) := t

ř

s=1,N σs
ijus | i, j = 1, Nu. So, if the Hamiltonian opera-

tor (2.30) satisfies the Schouten-Nijenhuis condition (2.10), the pre-Poisson
bracket (2.29) is Poisson. Yet, simultaneously, if the adjacent Lie algebra
structure (2.28) satisfies the weak Jacobi condition

@

u(x), [[a(x), b(x)]D, c(x)]D
D

+

+
@

u(x), [[b(x), c(x)]D, a(x)]D
D

+

+
@

u(x), [[c(x), a(x)]D, b(x)]D
D

= 0

(2.31)

for any elements a(x), b(x) and c(x) P rA, x P S1, then the pre-Poisson
bracket (2.27) equivalent to (2.29), being of the Lie-Poisson type, will be a
priori Poisson. As the second criterion is easier to check, after some simple
calculations one obtains the well-known [11, 43] Balinsky-Novikov algebra
constraints

[Ra, Rb] = 0, [La, Lb] = L[a,b] (2.32)
on the multiplication structure of the algebra A, where, by definition, for
any a, b P A the bracket [a, b] := a˝b´b˝a and the mappings La, Ra : A Ñ A
are left and right multiplications, respectively: Lab := a ˝ b = Rba,
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Remark 2.3. As follows from Proposition 3.2, formulated below, if the
algebra A is a Balinsky-Novikov algebra (2.32), then the constructed above
Hamiltonian operator ϑ(u) : L

rA Ñ L
rA is a derivation of the weak adjacent

Lie algebra L
rA and vice versa: the operator ϑ(u) : L

rA Ñ L
rA is Hamiltonian

if it is a derivation of the weak Lie algebra L
rA adjacent to the Balinsky-

Novikov algebra (2.32).
The next example of the bilinear, nonlocal (pseudodifferential) and weakly

skew-symmetric mapping
ϑ˚ : (a(x) ^ b(x)) Ñ D´1

x a(x) ˝ b(x) ´ D´1
x b(x) ˝ a(x), (2.33)

where DxD
´1
x := 1 : rA Ñ rA is the identity mapping, generates the weak

adjacent Lie algebra L
rA structure

[a(x), b(x)]D := D´1
x a(x) ˝ b(x) ´ D´1

x b(x) ˝ a(x) (2.34)
for any a(x), b(x) P rA. It is easy to check that the commutator struc-
ture (2.34) satisfies the weak Jacobi identity (2.31) iff the multiplicative
structure of the algebra A satisfies the so called [59] right Leibniz algebra
constraints:

Ra˝b = [Ra, Rb], Ra˝b +Rb˝a = 0 (2.35)
for arbitrary elements a, b P A. The corresponding matrix integro-differential
Hamiltonian operator on the space F

rA(u) with respect to the basis
tes P A | s = 1, Nu

for this case equals
ϑ(u) = σ(u)D´1

x +D´1
x σ(u)⊺ (2.36)

for any u(x) P rA˚, x P S1.
Consider now the bilinear, nonlocal and weakly skew-symmetric mapping
ϑ˚ : (a(x) ^ b(x)) Ñ D´1

x b(x) ˝ Dxa(x)) ´ D´1
x a(x) ˝ Dxb(x)), (2.37)

which naturally generates the adjacent Lie algebra L
rA structure

[a(x), b(x)]D := D´1
x b(x) ˝ Dxa(x) ´ D´1

x a(x) ˝ Dxb(x). (2.38)
Then it is easy to check that the commutator structure (2.38) satisfies the
weak Jacobi identity (2.31), iff the following so called Riemann algebra A
multiplicative structure

[Ra, Rb] = 0, La˝b = Ra˝b = Lb˝a (2.39)
holds for arbitrary elements a, b P A. For the related Hamiltonian operator
on the functional space F

rA(u) with respect to the basis tes P A | s = 1, Nu

one easily obtains from (2.37) the integro-differential expression
ϑ(u) = Dxσ(u)D

´1
x ´ D´1

x σ(u)⊺Dx (2.40)
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for any u(x) P rA˚, x P S1. The above results can be reformulated as the
following theorem.

Theorem 2.4. An arbitrary linear pre-Poisson bracket (2.29) on the func-
tional space F

rA(u), which is of the Lie-Poisson type on the adjoint space
L˚
rA
to the weak Lie algebra L

rA adjacent to the loop algebra rA, is a priori
Poisson and compatible with the internal structure of the algebra A iff the
related Lie algebra structure [¨, ¨]D satisfies the weak Jacobi condition.

Thus, all the operators (2.30), (2.36) and (2.40) are Hamiltonian and a
priori satisfy the Schouten-Nijenhuis condition (2.10), as easily follows from
Theorem 2.4. It is also clear that in contrast to the simple Hamiltonian
operator criterion formulated in this theorem, direct and very cumbersome
checking of the Schouten-Nijenhuis condition as in [43] for the cases con-
sidered above, would be required for the multiplicative structures on the
algebra A coinciding with (2.32), (2.35) and (2.39).

3. HAMILTONIAN OPERATORS AND RELATED ALGEBRAIC STRUCTURES
VIA THE LIE-ALGEBRAIC APPROACH

Assume now that the loop algebra (rA; ˝) allows a weak adjacent Lie
algebra extension (L

rA; [¨, ¨]D) by means of a commutator operation

[¨, ¨]D : rAˆrA ÑrA,

which can be endowed [17, 18, 38, 89] with a nondegenerate ad-invariant

([a, b]D, c) = (a, [b, c]D), (3.1)

and symmetric
(a, b) = (b, a) (3.2)

bilinear form (¨, ¨) : L
rAˆL

rA Ñ K for any a, b and c P LA.

Remark 3.1. If the Lie-structure [¨, ¨]D on rA coincides with the usual
commutator structure [¨, ¨] on rA, with respect to the multiplication ”˝ ” and
the symmetric bilinear form (3.2) also satisfies the shifting property

(a ˝ b, c) = (a, b ˝ c) (3.3)

for any a, b and c P L
rA, then the ad-invariance condition (3.1) automatically

holds.
The form (3.2) makes it possible to construct the natural identification

L˚
rA

» L
rA. One can consider the subspace of polynomial functions F

rA(u)
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of the space F(L˚
rA
) of smooth functions on L˚

rA
, generated by an element

u P L˚
rA
, jointly with its related Lie-Poisson bracket:

tf, gu0 :=
(
u, [∇f(u),∇g(u)]D

)
(3.4)

for any f, g P F
rA(u). Owing to the construction [1, 4, 20, 17, 38], the Lie-

Poisson bracket (3.4) satisfies a priori the classical Jacobi identity, and it
can serve as a very powerful tool for constructing the related Hamiltonian
operators on the functional space F

rA(u). In particular, following [43, 68],
a smooth mapping ϑ(u) : L

rA Ñ L˚
rA

» L
rA for a chosen element u P rA is a

Hamiltonian operator if the related pre-Poisson bracket
tf, gu := (ϑ(u)∇f(u),∇g(u)),

determined for any f, g P F
rA(u), satisfies the Jacobi identity.

Taking into account that the canonical Lie-Poisson bracket (3.4) depends
essentially on the loop Lie algebra structure of L

rA, we proceed further to
extending the Lie algebra structure on L

rA by means of the standard [38]
central extension technique. Namely, let L̂

rA := L
rA ‘K denote the centrally

extended Lie algebra L
rA endowed with the bracket

[(a;α), (b;β)]D := ([a, b]D;ϖ2(a, b))

for any a, b P L
rA and α, β P K, where the 2-cocycle ϖ2 : L

rA ˆ L
rA Ñ K is a

skew-symmetric bilinear form satisfying the Jacobi identity:
ϖ2([a, b]D, c) +ϖ2([b, c]D, a) +ϖ2([c, a]D, b) = 0 (3.5)

for any a, b and c P L
rA. It is evident that the existence of nontrivial central

extensions on the Lie algebra L
rA strongly depends on the algebraic structure

of the algebra A underlying the whole construction presented above. Yet
there exist some general algebraic properties which allow to proceed further
with success. For example, assume that a smooth mapping

D : L
rA Ñ EndL

rA

defines for any u P L˚
rA

» L
rA a weak derivation of the Lie algebra L

rA, that
is

(c,Du[a, b]D) = (c, [Dua, b]D + [a,Dub]D) (3.6)
for any a, b and c P L

rA. Then the following important proposition [69, 89]
holds.

Proposition 3.2. Let a linear mapping Du : L
rA Ñ L

rA be for a fixed
u P L˚

rA
a weak skew-symmetric derivation of the Lie algebra L

rA. Then the
expression

ϖ2(a, b) := (a,Dub) (3.7)
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for any a, b P L
rA and u P L˚

rA
» L

rA defines a nontrivial 2-cocycle on the Lie
algebra L

rA.
A proof is given by means of direct checking the Jacobi identity (3.5)

and is omitted.
Remark 3.3. The expression (3.7) when linear in the element u P L˚

rA
can

be, evidently, represented for any a, b P rA in the following scalar form:
(a,Dub) = (u, ϑ˚(a ^ b)), (3.8)

where ϑ˚ : rA ^ rA Ñ rA is some bilinear skew-symmetric mapping.
As follows from the results of Section (2) the right-hand side of expres-

sion (3.8) allows the equivalent form
(u, ϑ˚(a ^ b)) = (u, [a, b]D̄), (3.9)

where the bracket [a, b]D̄ defines for any a, b P rA a new adjacent Lie algebra
structure on the loop algebra rA, a priori compatible with the basic Lie
structure [¨, ¨]D. In the case when these Lie structures coincide, that is
[¨, ¨]D = [¨, ¨]D̄, the cocycle (3.7) naturally determines on the phase space
F

rA(u) the equivalent to (3.4) Poisson bracket
tf, gu(u) :=

(
∇f(u(x)),Du∇g(u(x))

)
(3.10)

for any f, g P F
rA(u). Moreover, as follows from (3.9) and the ad-invariance

property (3.1), the mapping Du(¨) = ´[u, ¨]D for any u P L˚
rA
is automati-

cally a derivation of the weak adjacent Lie algebra L
rA.

Example 3.4. As a natural example of the derivation Du : L
rA Ñ L

rA one
can take the mapping

Du := ∆1u(x)Dx +Dx∆2u(x), (3.11)
where for u P L˚

rA
the expressions ∆ju(x) : rA Ñ rA˚, j = 1, 2, denote the

convolution operators of the co-multiplication ∆ : rA˚ Ñ rA˚ b rA˚ with res-
pect to its first and second tensor components, respectively. In particular,
we have

(∆u, a b b) := (u, a ˝ b) =
N
ÿ

s,i,j=1

σs
ij

ż

S1
us(x)a

i(x)bj(x)dx

for a fixed u =
N
ř

s=1
us(x)u

j P rA˚ » rA and any

a =
N
ÿ

i=1

ai(x)ei, b =
N
ÿ

j=1

bj(x)ej P L
rA,
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as we have assumed by definition, that (ui, ej) := δij , i, j = 1, N . If now the
weak Lie algebra L

rA is generated by the commutator Lie structure (3.4),
that is

[a, b]D = Dxa ˝ b ´ Dxb ˝ a (3.12)
for any a, b P L

rA, it easy to check that the mapping (3.11) is a skew-
symmetric with respect to the bilinear form (¨, ¨) on rA weak derivation
of the Lie algebra L

rA. Moreover, the related weak Lie algebraic structure
[¨, ¨]D1 on rA, satisfying the condition (u, [a, b]D1) = (a,Dub) for any a, b P L

rA,
coincides exactly with that (3.12).

There are also other strictly algebraic tools for constructing Poisson
brackets on the functional space F

rA(u). For instance, as a simple con-
sequence of Proposition 3.2 the following result [34, 69, 89] holds.

Proposition 3.5. Suppose that a nondegenerate linear skew-symmetric
R-matrix endomorphism R : L

rA Ñ L
rA satisfies the well-known weak Yang-

Baxter commutator condition:(
c, [Ra,Rb]D

)
=

(
c,R ([Ra, b]D + [a,Rb]D)

)
= 0 (3.13)

for any a, b and c P L
rA. Then the inverse mapping R´1 : L

rA Ñ L
rA is a

weak skew-symmetric derivation of the Lie algebra L
rA and the expression

ϖ2(a, b) = (a,R´1b) (3.14)
defines for any a, b P L

rA a 2-cocycle on L
rA.

For any function f P F
rA(u) consider its differential δf P Λ1(rA(u)) and

define for a chosen element h P rA(u)˚ the vector field ξh P Γ(rA(u)) via the
equality

δf(ξh) = (∇f(u), h).

As symplectic forms on the phase space rA(u) are dual objects to the Poisson
brackets on the functional space F

rA(u), one easily obtains the following [69,
85, 89] proposition.

Proposition 3.6. Assume that the Lie algebra L
rA allows a skew-symmetric

nondegenerate R-structure homomorphism R : L
rA Ñ L

rA, satisfying the
weak Yang-Baxter condition(

c,R
(
[Ra, b]D + [a,Rb]D

)
´ [Ra,Rb]D

)
= 0 (3.15)

for any a, b and c P L
rA. Then differential 2-forms

ω
(2)
j P Λ2(rA(u)), j = 1, 2,
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defined on the ideal rA(u) Ă rA by

ω
(2)
1 (ξf , ξg) =

(
Rξf , ξg

)
:= ´

(
ϑ1∇f(u),∇g(u)

)
, (3.16)

where
ξf := ϑ1∇f(u), ξg := ϑ1∇g(u) P Λ1(rA(u))

with f, g P F
rA(u), and

ω
(2)
2 (ξf , ξg) =

(
u, [Rξf ,Rξf ]D

)
:= ´

(
ϑ2∇f(u),∇g(u)

)
, (3.17)

where
ξf := ϑ2∇f(u), ξg := ϑ2∇g(u) P Λ1(rA(u))

with f, g P F
rA(u), are closed. Moreover, the corresponding Hamiltonian

operators
ϑ1, ϑ2 : L

rA Ñ L˚
rA

are compatible, that is for arbitrary λ, µ P K the sum λϑ1 +µϑ2 : L
rA Ñ L

rA
is also a Hamiltonian operator.
Proof. (Sketch). The 2-form (3.16) is closed, as the expression (3.16) de-
termines a 2-cocycle on the Lie algebra L

rA owing to the fact that the inverse
mapping R´1 : L

rA Ñ L
rA is a weak derivation on L

rA, that is

(c,R´1[a, b]D) =
(
c, [R´1a, b]D + [a,R´1b]D

)
for any a, b and c P L

rA. A proof of the second part of the proposition
consists in direct checking the closedness of the 2-forms ω

(2)
2 P Λ2(rA(u)),

which is equivalent to the Yang-Baxter condition (3.15).
Concerning their compatibility, we observe that the Hamiltonian ope-

rator ϑ2 : L
rA Ñ L

rA, corresponding to the expression (3.17), is repre-
sentable as the composition ϑ2 = ϑ1(ϑ

´1
0 ϑ1), where the Hamiltonian ope-

rator ϑ0 : L
rA Ñ L˚

rA
is naturally determined from the canonical Lie-Poisson

bracket (3.4) as (
u, [∇f(u),∇g(u)]

)
:=

(
ϑ0∇f(u),∇g(u)

)
(3.18)

for any f, g P F
rA(u). From this representation one easily derives [22, 20,

69, 43, 89] the compatibility of the Hamiltonian operators ϑ2 and ϑ1 on
rA(u), following from the evident compatibility of operators ϑ0 and ϑ1 on
rA(u), owing to 2-cocycle property of the bilinear form (3.14). □

The R-structures on the weak Lie algebra L
rA can be effectively exploited

for constructing additional Hamiltonian operators on L˚
rA
owing to the fact

that the bracket (
c, [a, b](R)

)
:=

(
c, [a,Rb]D + [Ra, b]D

)
(3.19)
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generates for any a, b, c P L
rA a new weak Lie structure on the linear space

L
rA, thus producing a new weak Lie algebra L(R)

rA
:= (rA, [¨, ¨](R)).

Example 3.7. Consider the Rota-Baxter [86, 87] endomorphism

R : L
rA Ñ L

rA,

where for any a P L
rA we put

R(a) :=
1

2

[ x
∫
0
a(y)dy ´

2π
∫
x
a(y)dy

]
for any x P S1, which satisfies the weak Yang-Baxter commutator condi-
tion (3.13). Then it is easy to check that the inverse mapping R´1 = d/dx,
x P S1, is the natural skew-symmetric derivation of the weak Lie algebra
L
rA, generating a Poisson structure compatible with that of (3.10).
In a manner similar to the above [69, 57, 85, 89] one verifies the existence

of the following so called “quadratic” Poisson brackets. Namely, the next
proposition holds.

Proposition 3.8. Suppose that the weak Yang-Baxter condition (3.15)
hold. Then the brackets

tf, gu1 :=
(
u ˝ ∇f(u), R(u ˝ ∇g(u))

)
´
(
∇f(u) ˝ u,R(∇g(u) ˝ u)

)
(3.20)

and

tf, gu2 :=
(
u, [R∇f(u),∇g(u)]D + [∇f(u),R∇g(u)]D

)
, (3.21)

defined for any f, g P F
rA(u), are Poisson and compatible on rA(u).

As an interesting and also useful consequence of the R-matrix construc-
tion, one has the fact that the following subspaces

L˘
rA
:=

(
I˘R

)
/ 2∈L

rA (3.22)

are Lie subalgebras of L
rA, which is equivalent to the condition that the

mappings (
I˘R

)
/2 : L(R)

rA
Ñ L˘

rA
Ă L

rA (3.23)

are homomorphisms [89] of the Lie algebras L(R)
rA

:= (rA, [¨, ¨](R)) and L˘
rA
.

In the special case when L+
rA

XL´
rA
= t0u, the operator R =P+ ´P´ and the

linear operators P˘ := (I˘R)/2 : L
rA Ñ L

rA are projectors and the weak
Lie algebra L

rA allows the direct sum splitting L
rA = L+

rA
‘ L´

rA
.
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4. INTEGRABLE RIEMANN HYDRODYNAMICAL SYSTEMS AND RELATED
MULTICOMPONENT HAMILTONIAN OPERATORS

4.1. General setting. In preceding sections we have shown that any skew-
symmetric Lie structure [¨, ¨]D on the weak adjacent Lie algebra L

rA, sat-
isfying the Jacobi identity and nontrivially depending on the derivation
Dx : rA Ñ rA, determines on the phase space F

rA(u) the local Poisson bracket

tf, gu(u) :=
(
u, [∇f(u(x)),∇g(u(x))]D

)
for all u P rA˚ and arbitrary functions f, g P F

rA(u). Moreover, from
the analysis provided above we know that if the Hamiltonian operator
ϑ(u) : L

rA Ñ L˚
rA

» L
rA related (2.29) corresponds to some 2-cocycle on the

Lie algebra L
rA, then it will be a priori Hamiltonian. Moreover, owing to

Proposition 3.2, if this 2-cocycle is generated by a derivation Du : L
rA Ñ L

rA,
u P rA˚ » rA, on the Lie algebra L

rA, one need only check the related weak
Leibniz property (3.6) in the weak adjacent Lie algebra L

rA. In Section 2
we already showed that the skew-symmetric structure

[a, b]D = Dxa ˝ b ´ Dxb ˝ a

for any a, b P L
rA, imposed on the weak adjacent Lie algebra L

rA, gives rise
to the Hamiltonian operator (2.30) on rA(u)

ϑ(u) = σ(u)Dx +Dxσ(u)
⊺ (4.1)

and to the related multiplicative Balinsky-Novikov algebra structure (2.32)
on A

[Ra, Rb] = 0, [La, Lb] = L[a,b] (4.2)
for any a, b and c P A. Similarly, the skew-symmetric structure (2.34)

[a, b]D = D´1
x a ˝ b ´ D´1

x b ˝ a

for any a, b P L
rA on the weak adjacent Lie algebra L

rA gives rise to the
Hamiltonian operator (2.30) on rA(u)

ϑ(u) = σ(u)D´1
x +D´1

x σ(u)⊺

and to the related multiplicative right Leibniz algebra structure (2.32) on
A

Ra˝b = [Ra, Rb], Ra˝b +Rb˝a = 0. (4.3)

Moreover, the skew-symmetric structure (2.34)

[a, b]D = D´1
x b ˝ Dxa ´ D´1

x a ˝ Dxb
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for any a, b P L
rA on the weak adjacent Lie algebra L

rA gives rise to the
Hamiltonian operator (2.38) on rA(u)

ϑ(u) = Dxσ(u)D
´1
x ´ D´1

x σ(u)⊺Dx (4.4)
and to the related multiplicative Riemann algebra structure (2.39) on A

[Ra, Rb] = 0, La˝b = Ra˝b = Lb˝a (4.5)

for all a, b, c P A.
Remark 4.2. Just as in Section 2, one can construct for all a, b, c P A dual
Balinsky-Novikov

R[a,b] = [Rb, Ra], [La, Lb] = 0,

Leibniz
La˝b = [La, Lb], La˝b + Lb˝a = 0

and Riemann
[La, Lb] = 0, Ra˝b = La˝b = Rb˝a

algebra constraints, respectively related to the adjacent Lie algebra L
rA

structures
[a, b]D = Dxa ˝ b ´ Dxb ˝ a,

[a, b]D = a ˝ D´1
x b ´ b ˝ D´1

x a,

[a, b]D = ´Dxa ˝ D´1
x b+Dxb ˝ D´1

x a

for any a, b P L
rA.

As mentioned above, simultaneously we have shown that the expres-
sions (4.1), (4.3) and (4.4) are true Hamiltonian operators on the functional
space F

rA(u) satisfying the Schouten-Nijenhuis condition (2.10). Using the
algebraic scheme in [91] and the right Leibniz algebra (4.3) and the new
Riemann algebra (4.4), one can describe a wide class of multicomponent
completely integrable dynamical systems containing, as follows from the
recent results in [80], infinite hierarchies of the multicomponent hydrody-
namical Riemann type systems.

As the expressions (2.30), (2.36) and (2.40) are true Hamiltonian opera-
tors on the functional space F

rA(u) satisfying the Schouten-Nijenhuis con-
dition (2.10), following the algebraic scheme of [91] mentioned above and
using the results of [80] and the right Leibniz algebra (2.35) and the new
Riemann algebra (2.39), one can describe a wide class of multicomponent
completely integrable dynamical systems containing the infinite hierarchies
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of multicomponent Riemann hydrodynamical flows. For instance, consider
the generalized completely integrable Riemann type dynamical system

Dtu1 = u2, Dtu2 = u3, . . . , DtuN = 0 (4.6)
on the functional space rA(u) for some nonassociative and noncommutative
finite-dimensional algebra A, where

Dt := B/Bt+ u1Dx, Dx := B/Bx,

x P S1, N P Z+, which was recently studied in detail in [77, 80]. The
relationships (2.39) allow to calculate the corresponding representations
of the Riemann algebra A for cases N = 2 and N = 3, giving rise to
the corresponding Hamiltonian operators ϑ(u) : L

rA Ñ L
rA, coinciding with

those constructed in [80] modulo the trivial constant 2-cocycles on the weak
adjacent loop Lie algebra L

rA. In fact, for the case N = 2 one easily
obtains from (2.40) the skew-symmetric two-dimensional matrix derivation
representation

ϑ2(u) :=

(
0 u1,xD

´1
x

D´1
x u1,x u2,xD

´1
x +D´1

x u2,x

)
,

coinciding, modulo the trivial constant 2-cocycle ϖ2(a, b) := f2(D
´1
x a, b),

determined for a suitable symmetric bilinear form f2 : L
rA ˆ L

rA Ñ K and
all a, b P L

rA, with the Hamiltonian operator

η2(u) =

(
D´1

x u1,xD
´1
x

D´1
x u1,x u2,xD

´1
x +D´1

x u2,x

)
,

on the space F
rA(u) for the Riemann type dynamical system (4.6), whose

Hamiltonian representation
d

dt
(u1, u2)

⊺ = ´η2(u)∇H2(u1, u2)

holds for the Hamiltonian function H2 P F
rA(u), equal to

H2 :=
1

2

ż 2π

0
(u2u1,x ´ u1u2,x)dx.

Proceeding similarly for the case N = 3, one easily obtains from (2.40)
the skew-symmetric three-dimensional matrix Hamiltonian operator

ϑ3(u) : L
rA Ñ L

rA

representation

ϑ3(u) =

 0 u1,xD
´1
x 0

D´1
x u1,x u2,xD

´1
x +D´1

x u2,x D´1
x u3,x

0 u3,xD
´1
x 0

 ,
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coinciding, modulo the trivial constant 2-cocycle

ϖ2(a, b) := f3(D
´1
x a, b),

determined for a suitable symmetric bilinear form f3 : rA ˆ rA Ñ K and all
a, b P L

rA with the Hamiltonian operator

η3(u) =

 D´1
x u1,xD

´1
x 0

D´1
x u1,x u2,xD

´1
x +D´1

x u2,x D´1
x u3,x

0 u3,xD
´1
x 0


on the functional space F

rA(u) for the Riemann dynamical system (4.6),
whose Hamiltonian representation

d

dt
(u1, u2, u3)

⊺ = ´η3(u)∇H3[u1, u2, u3]

holds for a suitably constructed Hamiltonian function H3 P F
rA(u).

There is also an interesting observation concerning an infinite hierar-
chy [80] of the generalized Riemann hydrodynamic systems

Dtu1 = u2, Dtu2 = u3, ..., DtuN´1 = (ūN,x)
s, DtūN = 0 (4.7)

on the functional space F
rA(u), where s,N P Z+, with the algebra A

generated by the constraints (2.39). For the case s = 2 and N = 3
the above skew-symmetric three-dimensional matrix Hamiltonian operator
ϑ̄3|2(u) : LrA Ñ L

rA representation

ϑ̄3|2(u) =

 0 u1,xD
´1
x 0

D´1
x u1,x u2,xD

´1
x +D´1

x u2,x D´1
x ū3,x

0 ū3,xD
´1
x 0


proves to coincide, modulo the trivial constant 2-cocycle

ω̄2,η̄(a, b) := fη̄(D
´1
x a, b),

determined for any suitable symmetric bilinear form fη̄ : L
rA ˆL

rA Ñ K and
all a, b P L

rA exactly with the Hamiltonian operator

η̄3|2(u) =

 D´1
x u1,xD

´1
x 0

D´1
x u1,x u2,xD

´1
x +D´1

x u2,x D´1
x ū3,x

0 ū3,xD
´1
x 0

 (4.8)

on the functional space F
rA(u) for the Riemann type dynamical system (4.7),

whose Hamiltonian representation
d

dt
(u1, u2, ū3)

⊺ = ´η̄3|2(u)∇H3|2(u1, u2, ū3)
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holds for the Hamiltonian function H3|2 P F
rA(u), equal to

H3|2 :=
1

2

ż 2π

0
[2u1(ū3,x)

2 ´ u22 ´ u21u2,x]dx.

Moreover, one can calculate such a constant 2-cocycle on the Lie algebra
L
rA

ϖ2,ϑ̄(a, b) := f
(1)

ϑ̄
(D´1

x a, b) + f
(2)

ϑ̄
(a, b),

determined for any a, b P L
rA by means of two suitably symmetric

f
(1)

ϑ̄
: L

rA ˆ L
rA Ñ K

and skew-symmetric
f
(2)

ϑ̄
: L

rA ˆ L
rA Ñ K

bilinear forms, which naturally generates the (4.8)-compatible Hamiltonian
operator

ϑ̄
(0)
3|2 (u) =

 0 1 0
´1 0 0
0 0 1/2D´1

x


on the functional space F

rA(u) for (4.7), whose Hamiltonian representation
d

dt
(u1, u2, ū3)

⊺ = ´ϑ̄
(0)
3|2(u)∇H

(0)
3|2 (u1, u2, ū3)

holds for the Hamiltonian function H
(0)
3|2 P F

rA(u), equal to

H
(0)
3|2 :=

1

2

ż 2π

0
[u1u2,x ´ u2u1,x ´ 2(ū3,x)

2]dx.

It is worth noting here, as was already remarked in [81], that the gene-
ralized Riemann hydrodynamic system (4.7) for s = 3, N = 3 reduces to
the well-known integrable Degasperis-Processi dynamical system [32, 31]
for the function u := u1:

ut ´ uxxt + 4uux ´ 3uxuxx ´ uuxxx = 0.

Also, for s = 2 and N = 3, the system (4.7) for the function u := u1 reduces
to the well-known [29] integrable Camassa-Holm dynamical system

ut ´ uxxt + 3uux ´ 2uxuxx + uuxxx = 0,

whose multicomponent extensions were recently extensively studied in [39,
46, 30, 91].

Now, returning to the case N = 2 of the system (4.6), it reduces under
the substitutions u1 := u, u2 := D´1

x u2x/2 to the well-known [47, 44, 74, 79]
Hunter-Saxton nonlinear dynamical system

du/dt = ´uux +D´1
x u2x/2 (4.9)
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on the functional manifold rA(u), u P rA˚, describing propagation of short-
waves in a relaxing medium with spatial memory effects. As shown in [74,
79, 75], the dynamical system (4.9) is a completely integrable bi-Hamilto-
nian flow on the functional manifold rA(u), u P rA˚, with respect to the
compatible pair of scalar Hamiltonian operators

ϑ1(u), ϑ2(u) : T
˚(rA(u)) Ñ T (rA(u)),

ϑ1(u) = D´1
x , ϑ2(u) = uD´1

x +D´1
x u. (4.10)

As we are interested in the corresponding multicomponent generalization of
the dynamical system (4.9), we need to consider the functional space rA(u),
u P rA˚, generated by a finite-dimensional noncommutive and nonassociative
algebra A, and construct the Poisson operators on F

rA(u) in the form (2.36),
related to the right Leibniz algebra structure (2.35) and reducing at N = 1

to the scalar Hamiltonian operator ϑ2(u) : T
˚(rA(u)) Ñ T (rA(u)) from the

pair (4.10).
Moreover, as the compatible Hamiltonian operators are generated by

means of suitable central extentions of the adjacent weak Lie algebra, the
problem of description them, as was noted above, requires a detailed inves-
tigation of the structural properties and finite-dimensional representations
of the right Leibniz algebras defined by the constraints (2.35). In what
will follow, we stop mostly on the structural properties of the right Leibniz
algebras, defined by the constraints (2.35), in particular, we characterize in
detail the related derivation algebras.

5. PRELIMINARY ALGEBRAIC SETTING
An algebra (L,+, ¨) over a field K is called a (right) Leibniz algebra if it

satisfies the identity
x(yz) = (xy)z ´ (xz)y

for any x, y, z P L. Any Lie algebra is clearly a Leibniz algebra.
Leibniz algebras were introduced by A.M. Bloh [23, 24] and rediscovered

by J.-L. Loday [59]. Recall that a subalgebra H Ď L is said to be an ideal
of a Leibniz algebra L if H ¨ L, L ¨ H Ď H. A linear mapping δ : L Ñ L is
called a derivation of L if

δ(xy) = δ(x)y + xδ(y)

for all x, y P L. The set DerL of all derivations of a Leibniz algebra L is
a Lie algebra due to operations of the addition “+” and the commutation
“[´,´]” of linear operators in L. The operator

ra : L Q x ÞÑ xa P L
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of a right multiplication is a derivation of L (so-called an inner derivation
of L induced by a P L). The set

InnL := tra | a P Lu

of all inner derivations of L is an ideal of the Lie ring DerL (see e.g. [41].
A general theory for inner derivations in nonassociative algebras is given
in [88]. If L is a Leibniz algebra, then

Leib(L) := spatx2 | x P Lu

is the smallest ideal of L such that the quotient algebra L/Leib(L) is a Lie
algebra (see e.g. [15, 33]. The center

Z(L) := tz P L | zL = 0 = Lzu

and the right annihilator
rannL := tt P L | Lt = 0u

of L are ideals in L such that Z(L),Leib(L) Ď rannL.
A linear mapping F : L Ñ L is called a generalized derivation of a Leibniz

algebra L associated with a derivation δ P DerL (in the sense of Brežar [26]
if

F (xy) = F (x)y + xδ(y)

for all x, y P L. Denote by GDerL the set of all generalized derivations of
L. We will write (F, δ) P GDerL if and only if F is a generalized derivation
of L associated with δ P DerL. Since (δ, δ) P GDerL for any δ P DerL, one
concludes that

InnL Ď DerL Ď GDerL.
A generalized derivation F of L that is associated with an inner deriva-
tion ra P InnL is called a generalized inner derivation of L. By IGDerL
we denote the set of all generalized inner derivations of L. Another va-
rious generalizations of Lie (and Leibniz) algebra derivations was introduced
in [15, 28, 42, 56, 63] and others.

In what follows, let D = DerL, G = GDerL, ∆ be a nonempty subset of
D (respectively G). If I is an ideal of L and δ(I) Ď I for all δ P ∆, then
I is called a ∆-ideal of L. Inasmuch (x + d(x))(x + d(x)) P Leib(L) for
any x P L and d P D, we deduce that d(x2) P Leib(L) and so Leib(L) is a
D-ideal of L. For a Leibniz algebra (L,+, ¨), define the derived sequence as
follows:

L1 = L, L2 = LL, L(k+1) = L(k)L, (k ě 1).

A Leibniz algebra L is called nilpotent if there exists a positive integer s
such that L(s) = 0 (see e.g. [2, 33, 42, 16]). For a (Lie or Leibniz) algebra
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L, X P t0, D,Gu and

W =

#

0 if Y = Leib(L) and X = X P t0, Du,

Y if Y = rannL and X = G,

the algebra A/W is called:
‚ X-semisimple if, for any X-ideal T of A, the condition T 2 Ď Y implies

that T Ď Y ,
‚ X-prime if, for any X-ideals T,Q of A, the condition TQ Ď Y implies

that T Ď Y or Q Ď Y ,
‚ X-simple if [A,A] ‰ Y and it only has the following X-ideals: 0, Y and
A (here 0 and Y are not necessarily different),

‚ X-primary if, for any X-ideals T,Q of A, the condition TQ Ď Y implies
that T Ď Y or Qm Ď Y for some positive integer m.
In particular, a X-semisimple (respectively X-prime, X-simple or X-

primary) Lie (or Leibniz) algebra L is called semisimple (respectively prime,
simple or primary) if X = 0 and a 0-ideal is an ideal of L. A Leibniz algebra
L is semisimple (respectively prime, simple or primary) if and only if the
Lie algebra L/Leib(L) is the ones. If L is a simple Leibniz algebra, then
L/Leib(L) is a simple Lie algebra, but the opposite is not true. It is not dif-
ficult to check that if a Leibniz algebra L is prime (respectively semisimple
or simple), then rannL = Leib(L). Every semisimple (respectively prime,
simple or primary) Leibniz algebra is D-semisimple (respectively D-prime,
D-simple or D-primary).

The Leibniz algebras are very popular in physics. Many authors have
investigated derivations of Leibniz algebras in the context of geometric
study of algebras (see e.g. [54, 72, 83, 82, 84]) and representations of
Leibniz algebras (see e.g. [42, 41, 60, 63]). For example, A. Fialowski,
A. Kh. Khudoyberdiyev and B. A. Omirov [42] have proved that a Leibniz
algebra is nilpotent if and only if it admits an invertible Leibniz-derivation,
B. A. Omirov [72], I. S. Rakhimov and A.-H. Al-Nashi [84] have studied
derivation algebras of filiform Leibniz algebras, M. Ladra, I. M. Rikhsi-
boev and R. M. Turdibaev [54] have proved that a finite-dimensional Leib-
niz algebra L with a nonsingular derivation is nilpotent, I. S. Rakhimov,
K. K. Masutova and B. A. Omiro [83] have proved, in particular, that
any derivation of a simple finite-dimensional Leibniz algebra over a field of
zero characteristic can be represented as sum of three derivations of special
form. In this paper we study connections between Leibniz algebras L, their
derivation algebras DerL and generalized derivation algebras GDerL.

Our first result subject to these topics is the following proposition which
will be proved in Section 6:



Hamiltonian operators and nonassociative noncommmutative algebras) 25

Proposition 5.1. Let L be a Leibniz algebra. Then the following hold:

(1) D is a simple Lie algebra if and only if L is a simple Leibniz algebra
and D = InnL = [D,D],

(2) if D is a prime (respectively semisimple or primary) Lie algebra,
then L is a D-prime (respectively D-semisimple or D-primary) Leib-
niz algebra.

We also prove an analogue of the result of S. Tôgô [93] that is a finite-
dimensional Leibniz algebra L such that L ‰ L2 and Z(L) ‰ 0 has an outer
derivation (see Proposition 6.5 below).

Obviously, a finite-dimensional Leibniz algebra L is semisimple if its
maximal solvable ideal is equal to Leib(L). Semisimple Leibniz algebras
have studied in [2, 33, 45, 83] and others. In this way we prove in Section 8
the next result.

Theorem 5.2. If L is a D-prime (respectively D-semisimple or D-simple)
Leibniz algebra, then D/ADerL is prime (respectively semisimple or simple)
Lie algebra, where ADerL := tδ P DerL | δ(L) Ď rannLu.

A linear mapping T : L Ñ L is called a multiplier of a Leibniz algebra L
whenever

T (xy) = T (x)y

for all x, y P L. The set of all multipliers of L will be denoted by ML.
Obviously that, for any T P ML, (T, 0) P IGDerL and so

ML Ď IGDerL Ď GDerL.

Moreover, ML is an ideal of the Lie ring GDerL. In Section 8 we will prove
the following

Theorem 5.3. Let L be a Leibniz algebra. Then the following hold:

(1) if DerL/ADerL is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a G-semiprime (respectively G-prime, G-
simple or G-primary) Lie algebra,

(2) if InnL/AInnL, where AInnL = ADerL X InnL, is a semisimple (res-
pectively prime, simple or primary) Lie algebra, then L/rannL is a
semisimple (respectively prime, simple or primary) Lie algebra.

For basic definitions and properties of Leibniz and Lie algebras we refer
to [2, 7, 48, 49, 59].
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6. PROPERTIES OF DERIVATION ALGEBRAS
At first we will present some information about derivation algebras. If

A Ď L, then
InnAL := tra | a P Au

and, in particular, InnL = InnLL.

Lemma 6.1. Let L be a Leibniz algebra, A its ideal. Then the following
hold:

(i) if A is a ∆-ideal of L, then InnAL is an ideal of D,
(ii) InnAL is an ideal of InnL,
(iii) InnAL = 0 if and only if A Ď rannL,
(iv) InnL = 0 if and only if L2 = 0,
(v) InnAL = InnL if and only if L = A+ rannL,
(vi) rannL is a D-ideal of L,
(vii) there is the Lie algebra isomorphism

InnL Q ra ÞÑ a+ rannL P L/rannL,

(viii) if Φ is an ideal of InnL, then

∆Φ = ta P L | ra P Φu

is an ideal of L,
(ix) if Φ is an ideal of D, then ∆Φ is a D-ideal of L,
(x) if B,C Ď L, then [InnBL, InnCL] = InnCBL.

Proof. By routine calculations. □

Lemma 6.2. Let A be a Leibniz algebra and Φ an ideal of D. Then we
have:

(i) ADerL is an ideal of D,
(ii) [Φ, InnL] = 0 if and only if Φ Ď ADerL,
(iii) if Φ X InnL = 0, then Φ Ď ADerL.
Proof. (i) Immediately.

(ii) Let δ P Φ and a P L.
Sufficiency. Since

rδ(a) = [δ, ra] (6.1)
and [δ, ra] = 0, we deduce that δ(a) P rannL.
Necessity. Inasmuch rδ(a) = 0, we conclude that the assertion holds in

view of Eq. (6.1)).
(iii) It follows from (ii). □
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Corollary 6.3. Let L be a Leibniz algebra. Then InnL is a simple (res-
pectively prime, semisimple or primary) Lie algebra if and only if L is a
simple (respectively prime, semisimple or primary) Leibniz algebra.
Proof of Proposition 5.1. (1)ñ(2). Let D be a simple Lie algebra. If
InnL = 0, then L2 = 0 and any endomorphism of the additive group L+ is
a derivation of L. If p is a prime, then

Ep =
␣

σm : L+ Ñ L+ | σm(a) = ma,where a P L

and p is a divisor of an integer m
(

,

is an ideal of D. Therefore Ep = D if the characteristic charaktK = 0 or
Eq = D = Er if the characteristic charaktK = p, where p, q, r are pair wise
distinct primes. This leads to a contradiction. Hence

0 ‰ InnL = D.

Then L/rannL is a simple Lie algebra by Corollary 6.3, L = L2 + rannL
and

D = [D,D] = [InnL, InnL] = InnL.
(2)ñ(1). By Corollary 6.3, InnL is a simple Lie algebra. Consider three

cases.
(2a) Let D be a prime Lie algebra and A,B be D-ideals of L such that

AB Ď rannL. (6.2)
Then

[InnBL, InnAL] = 0 (6.3)
by Lemma 6.1(x) and, as a consequence, InnBL = 0 or InnAL = 0. This
means that B Ď rannL or A Ď rannL. Thus L is aD-prime Leibniz algebra.

(2b) If D is a semisimple Lie algebra, then we can obtain the assertion
by the same argument as in the part (2a).

(2c) Assume that D is a primary Lie algebra and A,B are D-ideals of L
satisfying Eq. (6.2). Then, as in (2a), we have Eq. (6.3) and so InnBL = 0 or
InnAL is a nilpotent ideal of D. Consequently B Ď rannL or An Ď rannL.
Hence L is a D-primary Leibniz algebra. □

Lemma 6.4. Let L be a Leibniz algebra and M be its ideal of codimension
1. If 0 ‰ Z(L) Ď M , then Z(M) is an ideal of L and Z(M) ‰ L ¨ Z(M).
Proof. It is easy to see that L = M ‘ aK is a direct sum of subspaces,
where a P L. Since

m(ux) = 0, m(xu) = 0, (ux)m = 0, (xu)m = 0
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for all x P L, m P M and u P Z(M), we deduce that Z(M) is an ideal of L.
Moreover,

la : Z(M) Q u ÞÑ au P Z(M)

is an endomorphism of the additive group Z(M)+.
Since 0 ‰ Z(L) Ď Z(M), we see that the kernel Kerla ‰ 0 and so

dimZ(M) ą dim(a ¨ Z(M)).

Hence L ¨ Z(M) ‰ Z(M). □

Proposition 6.5. Let L be a finite-dimensional Leibniz algebra such that
Z(L) ‰ 0 and L2 ‰ L. Then L has an outer derivation.
Proof. Since L2 ‰ L, we deduce that there exists a subspace M of codi-
mension 1 of L such that L2 Ď M and L = M ‘ aK is a direct sum of
subspaces for some a P L. Obviously that M is an ideal of L. Suppose that
0 ‰ z0 P L and there exists a linear map

δ : L Q m+ λa ÞÑ λz0 P L,

where λ P K, δ(a) = z0 and δ(m) = 0 for any m P M . If, moreover, δ = ru
is an inner derivation for some u P L, then 0 = δ(M) = Mu and

z0 = δ(a) = ru(a) = au. (6.4)
1) If Z(L) Ę M , z0 P Z(L)zM and a P Z(L), then 0 ‰ δ P DerL and

z0 = au P M by Eq. (6.4), a contradiction.
2) If Z(L) Ę L2 and z0 P Z(L)zL2, then 0 ‰ δ P DerL and z0 = au P L2,

a contradiction.
3) Assume that Z(L) Ď L2 and so Z(L) Ď Z(M).
a) Suppose Z(M) ‰ Z(L) and z0 P Z(M)zZ(L). Then 0 ‰ δ P DerL. If

u = m0 + λ0a for some m0 P M and λ0 P K, then
z0u = λ0z0a, uz0 = λ0az0

and
z0u+ uz0 = λ0δ(a

2) = 0.

This yields that uz0 = ´z0u = 0 and consequently z0 P Z(L), which gives
a contradiction.

Now assume that Z(L) = Z(M).
b) If z0 P Z(M)zL ¨ rannM , then 0 ‰ δ P DerL. Indeed, a2 P M and

therefore δ(a2) = 0. Then
δ((m1 + λ1a)(m2 + λ2a)) = 0 = λ1λ2δ(a

2)

= λ1λ2δ(a)a+ λ1λ2aδ(a) =

= λ1z0(m2 + λ2a) + (m1 + λ1a)λ2z0 =

= δ(m1 + λ1a) ¨ (m2 + λ2a) + (m1 + λ1a) ¨ δ(m2 + λ2a)
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for any m1,m2 P M and λ1, λ2 P K. Moreover, z0 = au P L ¨ rannM , which
gives a contradiction.

c) Now assume that Z(M) = L ¨ rannM . In view of Lemma 6.4,
Z(M) ‰ L ¨ Z(M)

and so Z(M) ‰ rannM . If z0 P Z(M)zrannM , then 0 ‰ δ P DerL and
z0 = au P rannM , which gives a contradiction.

It now follows from 1)-3) that δ is an outer derivation of L. □

Corollary 6.6. If L is a finite-dimensional nilpotent Leibniz algebra, then
it admits an outer derivation.

7. GENERALIZED DERIVATIONS
Lemma 7.1. Let L be a Leibniz algebra. Then:

(i) GDerL is a Lie ring with respect to the point-wise addition “+” and
the point-wise Lie multiplication “[´,´]” given by the rules

(H +K)(x) = H(x) +K(x)

and
[H,K](x) = H(K(x)) ´ K(H(x))

for all x P L and H,K P GDerL;
(ii) if A is a D-ideal of L, then

IAGDerL = tF P GDerL | F is associated with some ra P InnALu

is an ideal of GDerL. In particular,
IGDerL = ILGDerL, ML = IOGDerL.

(iii) GDerL = ML+DerL, where ML is an ideal of GDerL, and
ML

č

DerL Ď ADerL;
(iv) IGDerL = ML+ InnL, where ML is an ideal of IGDerL, and

ML
č

InnL Ď ADerL;
(v) if (F, δ), (F, d) P GDerL, then δ +ADerL = d+ADerL.

Proof. Assume that (F, δ), (K, d) P GDerL, T P ML and x, y P L.
(i) We see that (F ´ K, δ ´ d) P GDerL,

[F,K](xy) = F (K(x)y + xd(y)) ´ K(F (x)y + xδ(y)) =

= [F,K](x)y + x[δ, d](y)

and so ([F,K], [δ, d]) P GDerL.
(ii) Evident.
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(iii) The equality
[F, T ](xy) = [F, T ](x)y

implies that [F, T ] P ML and, as a consequence, ML is an ideal of GDerL.
From

(δ ´ F )(xy) = δ(x)y + xδ(y) ´ F (x)y ´ xδ(y) = (δ ´ F )(x)y

it follows that δ ´ F P ML. If g P DerL X ML, then
g(x)y = g(xy) = g(x)y + xg(y).

Hence xg(y) = 0 whih implies that g(L) Ď rannL.
(iv) By the same argument as in the part (iii).
(v) If (F, δ), (F, d) P GDerL for some δ, d P DerL, then

xδ(y) = xd(y)

and consequently x(δ´d)(y) = 0. This means that (δ´d)(L) Ď rannL. □

Lie algebras L with abelian derivation algebras DerL was studied by
S. Tôgô [92].

Lemma 7.2. Let L be a Leibniz algebra and (F, d) P GDerL. Then we
have:

(i) if F = 0, then d P ADerL,
(ii) if d P ADerL, then F P ML,
(iii) if GDerL is an abelian Lie algebra, then DerL is abelian,
(iv) if L ‰ 0, then IGDerL ‰ 0.
Proof. Assume that x, y P L.

(i) In fact,
0 = F (xy) = F (x)y + xd(y) = xd(y)

and so d(y) P rannL.
(ii) Since F (xy) = F (x)y, we deduce that F P ML.
(iii) We have DerL Ď GDerL and therefore the assertion holds.
(iv) Straightforward. □

Lemma 7.3. Let L be a Leibniz algebra and (H, ra) P IGDerL. Then the
following hold:

(i) if H = 0, then a P rannL,
(ii) if a P rannL, then H P ML,
(iii) if IGDerL is an abelian Lie algebra, then L2 Ď rannL,
(iv) if L is abelian, then IGDerL = ML.
Proof. It is easy to check by using the same argument as in the proof of
Lemma 7.2. □
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Let Φ Ď GDerL, Γ Ď DerL,

TΦ = td P DerL | there is H P Φ that is associated with d P DerLu,

UΓ = tH P GDerL | H is associated with some d P Γu,

ΣΦ = ta P L | there is H P Φ that is associated with ra P InnLu.

Lemma 7.4. Let L be a Leibniz algebra. If Φ is an ideal of GDerL such
that [Φ, IGDerL] = 0, then TΦ Ď ADerL (and so Φ Ď ML).
Proof. Indeed, if (F, d) P Φ, then rd(a) = [d, ra] P ADerL for any a P L
and so d(a) P rannL. □

Lemma 7.5. Let L be a Leibniz algebra. Then the following hold:
(1) if Φ is an ideal of IGDerL (respectively GDerL), then ΣΦ is an ideal

(respectively a D-ideal) of L,
(2) if Γ is an ideal of DerL, then UΓ is an ideal of GDerL (in particular,

U0 = IOGDerL = ML),
(3) if Φ is an ideal of GDerL, then TΦ is an ideal of DerL.
Proof. (1) Let a, b P ΣΦ, t P L, (H, ra), (K, rb) P Φ, (S, rt) P IGDerL and
(M, δ) P GDerL. Since

(H ´ K, ra´b), ([M,H], rδ(a)), ([H,S], rta), ([S,H], rat) P Φ,

we conclude that a ´ b, δ(a), ta, at P ΣΦ and therefore ΣΦ is an ideal of L.
(2)-(3) By the same argument as in the part (1). □

Lemma 7.6. Let L be a Leibniz algebra and A its ideal. Then the following
conditions are equivalent:

(1) IAGDerL Ď ML,
(2) A Ď rannL,
(3) InnAL = 0.

Proof. For proof see Lemmas 6.1 and 7.1. □

Lemma 7.7. Let L be a Leibniz algebra and a P L. If L is D-semisimple,
then ra P ADerL if and only if a P rannL.
Proof. We have that

La = ra(L) Ď rannL.
Moreover, Lδn(a) Ď rannL for any δ P D and a non-negative integer n. If
l, t P L, then

0 = t(lδn(a)) = (tl)δn(a) ´ (tδn(a))l
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and so (tδn(a))l P Lδn(a). Hence

L0 := La+
8
ÿ

n=1

Lδn(a)

is a D-ideal of L and L0 ¨ L0 = 0. Consequently La = 0. □

Lemma 7.8. Let L be a Leibniz algebra and A its ideal. Then there exist
Lie algebra isomorphisms:

(1) DerL/ADerL Q d + ADerL ÞÝÑ F + ML P GDerL/ML, where
(F, d) P GDerL,

(2) InnL/AInnL Q ra + AInnL ÞÝÑ H + ML P IGDerL/ML, where
(H, ra) P IGDerL.

Proof. Straightforward. □

8. PROOFS
Proof of Theorem 5.2. (a) Let L be a D-prime Leibniz algebra and Ψ,Ω
be ideals of D such that [Ψ,Ω] = 0. Then rannL = Leib(L). If

Φ := Ψ
č

InnL and Λ := Ω
č

InnL,

then

Φ = Inn∆Φ
L, Λ = Inn∆Λ

L, [Φ,Λ] = 0.

Lemma 6.1(x) and (iii) imply that

∆Λ∆Φ Ď rannL.

Since ∆Λ and ∆Φ are D-ideals by Lemma 6.1(ix), we deduce that

∆Λ Ď rannL or ∆Φ Ď rannL

by the D-primeness of L. This gives that Λ = 0 or Φ = 0 by Lemma 6.1(iii).
As a consequence of Lemma 6.2(iii), the quotient Lie algebra D/ADerL is
prime.

(b) If L is a D-semisimple Leibniz algebra, then we can obtain that
D/ADerL is semisimple analogously as in (a).

(c) Assume that L is a D-simple Leibniz algebra and Ψ is an ideal of D.
Then rannL = Leib(L). If Φ := Ψ X InnL, then ∆Φ is a D-ideal of L and
so ∆Φ Ď rannL. By Lemma 6.1(iii), Φ = Inn∆Φ

L = 0 and Ψ Ď ADerL by
Lemma 6.1(iii). Thus D/ADerL is a simple Lie algebra. □

Proposition 8.1. Let L be a Leibniz algebra. Then the following hold:
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(1) if GDerL/ML is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a G-semiprime (respectively G-prime,
G-simple or G-primary) Lie algebra;

(2) if IGDerL/ML is a semisimple (respectively prime, simple or primary)
Lie algebra, then L/rannL is a semiprime (respectively prime, simple
or primary) Lie algebra.

Proof. (1a) Assume that GDerL/ML is a prime Lie algebra and A,B are
G-ideals of L such that AB Ď rannL. Then

[IBGDerL, IAGDerL] Ď ML (8.1)
and so IBGDerL Ď ML or IAGDerL Ď ML what forces that B Ď rannL or
A Ď rannL by Lemma 7.6. Hence L/rannL is a G-prime Lie algebra.

(1b) If GDerL/ML is a semisimple Lie algebra, then we can prove by the
same argument as in the case (1a).

(1c) Assume that GDerL/ML is a simple Lie algebra and A is a G-ideal
of L. By Lemma 7.1(ii), IAGDerL is an ideal of GDerL and so

GDerL = IAGDerL
or

ML = IAGDerL
what implies that L = A + rannL or A Ď rannL. Consequently L/rannL
is a G-simple Lie algebra.

(1d) Let GDerL/ML be a primary Lie algebra and A,B be G-ideals of
L satisfying the condition AB Ď rannL.

Then (8.1) holds and so IAGDerL Ď ML or
[IBGDerL, . . . , IBGDerL
loooooooooooooomoooooooooooooon

m times

] Ď ML

for some positive integer m. Therefore A Ď rannL or Bm Ď rannL. Hence
L/rannL is a G-primary Lie algebra.

(2) By the analogues argument as in the proof of the part (1). □
Proof of Theorem 5.3. This theorem is a consequence of Proposition 8.1
and Lemma 7.8. □

9. SUPPLEMENT: THE CLASSICAL POISSON MANIFOLDS APPROACH
REVISITED

9.1. Poisson structures on noncommutative functional manifolds.
It is interesting to look at the construction of the Hamiltonian operators
presented above and revisit it from the standard point of view, considering
them as those defined on the naturally associated [1, 4, 22, 20, 68, 70, 78]
cotangent space T ˚(M) to some linear functional manifold M » rA˚ » rA.
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Then, a Hamiltonian operator on M is defined [1] as a smooth mapping
ϑ : M Ñ Hom(T ˚(M);T (M)), such that for any fixed u P M the bracket

tf, gu := (∇f(u), ϑ(u)∇g(u)), (9.1)
where f, g : M Ñ K are arbitrary smooth mappings from the functional
space D(M) » F

rA(u), satisfies the Jacobi identity. The bracket (9.1) is
determined on M by means of the natural convolution (¨, ¨) on the product
T ˚(M)ˆT (M), and respectively, the gradient ∇f(u) P T ˚(M) of a function
f P D(M) is calculated as

(∇f(u), h) := df [u+ εh]/dε|ε=0 (9.2)
for any h P T (M). It is well known [43, 58] that a linear operator

ϑ(u) : T ˚(M) Ñ T (M),

determined at any point u P M , is Hamiltonian iff the suitably defined [43]
Schouten-Nijenhuis bracket

[[ϑ(u), ϑ(u)]] = 0 (9.3)
identically on M . Namely, this condition (9.3) was used in the investiga-
tions [43, 90] to formulate criteria for the operator ϑ(u) : T ˚(M) Ñ T (M)
to be Hamiltonian on the functional manifold M . Yet these criteria ap-
pear to be very complicated and involve a large amount of cumbersome
calculations even in the case of fairly simple differential expressions. So, we
have reanalyzed this problem from a slightly different point of view. First,
recall that the Jacobi identity for the bracket (9.1) is completely equiva-
lent to the fact that the bracket operator defined as Df (g) := tf, gu for a
fixed f P D(M) and arbitrary g P D(M) acts as a derivation on the space
(D(M); t¨, ¨u) :

Dftg, hu = tDf (g), hu + tg,Df (h)u, (9.4)
where g, h P D(M) are taken arbitrary. This can be easily reformulated
as follows: take any element φ P T ˚(M), such that the Fréchet derivative
φ1(u) = φ1,˚(u) at any u P M with respect to the convolution (¨, ¨) on
T ˚(M) ˆ T (M), and construct a vector field K : M Ñ T (M) as

K(u) := ϑ(u)φ(u).

Then the derivation condition (9.4) can be equivalently rewritten [1, 68,
20, 70, 78] as the strong Lie derivative

LKϑ := ϑ1 ¨ K ´ ϑK 1,˚ ´ K 1ϑ = 0 (9.5)
along the vector field K(u) = ϑ(u)φ(u) P T (M) at any u P M for all “self-
adjoint” elements φ P T ˚(M). Equivalently, a given linear skew-symmetric
operator ϑ(u) : T ˚(M) Ñ T (M), u P M , is Hamiltonian iff the Lie deri-
vative (9.5) vanishes for all “self-adjoint” elements φ P T ˚(M). Moreover,
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as was observed in [64], it suffices to check the condition (9.5) only on the
subspace of elements φ P T ˚(M) satisfying the condition φ1(u) = 0 for any
u P M .

As an example, one can check that a skew-symmetric matrix-differential
operator on M of the form

ϑ(u) := σ(u)Dx +Dxσ
⊺(u), (9.6)

where, an n-dimensional square matrix

σ(u) :=
( n
ÿ

s=1

usσ
s
ij | i, j = 1, n, n P Z+, u P M

)
,

satisfies the condition (9.5) iff the linearly independent elements from

span
K

tej P A | j = 1, nu

generate the finite dimensional nonassociative Balinsky-Novikov algebra
(4.2) and satisfy the conditions ei˝ej =

n
ř

s=1
σs
ijes for all i, j = 1, n. Similarly,

one can verify that the skew-symmetric inverse-differential operator

ϑ(u) := σ(u)D´1
x +D´1

x σ(u)⊺, (9.7)

where, as above σ(u) :=
( n
ř

s=1
usσ

s
ij | i, j = 1, n, n P Z+, u P M

)
, the

sign “⊺” means the usual matrix transposition, is Hamiltonian iff the basic
nonassociative algebra A : =span

K
tej : j = 1, nu coincides with the right

Leibniz algebra (4.3) and the condition ei ˝ ej =
n
ř

s=1
σs
ijes holds for any

i, j = 1, n. The skew-symmetric inverse-differential operator (9.7) can be
naturally generalized to the expression

ϑ(u) := Dxσ(u)D
´1
x ´ D´1

x σ(u)⊺Dx,

which can be rewritten as

ϑ(u) = σ(Dxu)D
´1
x +D´1

x σ(Dxu)
⊺ + σ(u) ´ σ(u)⊺. (9.8)

The condition (9.5) for the operator (9.8) to be Hamiltonian reduces to the
constraints on the related nonassociative algebra

A : =span
K

tej : j = 1, nu

exactly coinciding with that of (4.4), and analyzed in some detail in Sec-
tion 3.
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As it was already mentioned, based on the matrix representations of
the right Leibniz algebra (4.3) and the new nonassociative Riemann al-
gebra (4.5), one can construct many nontrivial Hamiltonian operators

ϑ(u) : L
rA Ñ L

rA

on the associated weak Lie algebra L
rA, related with diverse types of nonas-

sociative algebras A. These Hamiltonian operators prove to be very use-
ful [21, 80, 81] for describing a wide class of multicomponent hierarchies
of integrable Riemann type hydrodynamic systems and their various phy-
sically reasonable reductions.

9.2. Poisson structures on manifolds generated by associative non-
commutative algebras. Proceed now to a slightly generalized construc-
tion of Hamiltonian operators on a phase space, generated by associa-
tive noncommutative algebra A-valued matrices, which was first studied
in [25, 35, 76, 78] in case of the noncommutative operator algebras and
continued later in [62, 51, 52, 53, 62, 66, 67, 71] in case of general asso-
ciative noncommutative algebras. This natural and simple generalization
appeared to be very useful [5, 6, 94, 96, 62, 66, 67] for describing a wide class
of new Lax type integrable nonlinear Hamiltonian systems on associative
noncommutative algebras, interesting for diverse applications in modern
quantum physics.

We start here with a free associative noncommutative algebra

A = Kxu1, u2, . . . , umy,

generated by a finite set of elements tuj P A : j = 1,mu, and define its
”abelianization” A6 := A/[A,A] and the projection π : A Ñ A6, where
[A,A] := tuv ´ vu P A : u, v P Au. Consider now a naturally related with
A n-dimensional matrix Lie algebra G := gl(n;A) over the field K with
entries in A subject to the usual matrix commutator [a | b] := ab´ ba for all
a, b P G. Being first interested in the Lie-algebraic studying [22, 20, 38, 85]
of co-adjont orbits on the adjoint space G˚, let us construct a bi-linear
form x¨ | ¨y : G ˆ G Ñ A6 on the Lie algebra G by means of the trace-type
expression

xa | by := πtr(a⊺b) (9.9)

for any a, b P G. The following important lemma holds.

Lemma 9.3. The bilinear form (9.9) on G is symmetric, nondegenerate
and ad-invariant.
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Proof. Symmetricity. We have:

xa | by =
ÿ

i,j=1,n

π(aijbij)

=
ÿ

i,j=1,n

π(aijbij ´ bijaij) +
ÿ

i,j=1,n

π(bijaij)

=
ÿ

i,j=1,n

π(bijaij) = xb | ay

(9.10)

for any a, b P G.
Nondegeneracy. Assume that xa | by = 06 P A6 for a fixed a P G and all

b P G. To state that a = 0, let us put then b = a and obtain

xa | ay =
ÿ

i,j=1,n

π(aijaij) = 06.

Taking into account that the associative algebra is generated by the finite
set of elements tuj P A | j = 1,mu, it is easy to deduce from n2 expansions
of elements

aij := ck(i.j) =
ÿ

|s(1)|PZ+

ÿ

σ1Pσn

C

(
s
(1)
1 s

(1)
2 ...s

(1)
m

)
(k;σ1(1),σ1(2),...,σ1(m))

(
u
s
(1)
1

σ1(1)
u
s
(1)
2

σ1(2)
. . . us

(1)
m

σ1(m)

)
+

+
ÿ

|s(1)|,|s(2)|PZ+

ÿ

σ1,σ2Pσn

C

(
s
(1)
1 s

(1)
2 ...s

(1)
m ;s

(2)
1 s

(2)
2 ...s

(2)
m

)
(k;σ1(1),σ1(2),...,σ1(m);σ2(1),σ2(2),...,σ2(m))ˆ

ˆ

(
u
s
(1)
1

σ1(1)
u
s
(1)
2

σ1(2)
. . . us

(1)
m

σ2(m)

)
ˆ

(
u
s
(2)
1

σ1(1)
u
s
(2)
2

σ2(2)
. . . us

(2)
m

σ2(m)

)
+ . . .

from A that the sum
ÿ

k=1,n

π(ckck) = 06 (9.11)

iff ck = 0 for all k = 1, n2. Indeed, the sum of (9.11) under the π-mapping
can be now rewritten, respectively, as

ÿ

k=1,n2

(ckck) =
ÿ

|s(1)|PZ+

ÿ

σ1Pσn

D

(
s
(1)
1 s

(1)
2 ...s

(1)
m

)
(σ1(1),σ1(2),...,σ1(m))

(
u
s
(1)
1

σ1(1)
u
s
(1)
2

σ1(2)
. . . us

(1)
m

σ1(m)

)
+

+
ÿ

|s(1)|,|s(2)|PZ+

ÿ

σ1,σ2Pσn

D

(
s
(1)
1 s

(1)
2 ...s

(1)
m ;s

(2)
1 s

(2)
2 ...s

(2)
m

)
(σ1(1),σ1(2),...,σ1(m);σ2(1),σ2(2),...,σ2(m))ˆ

ˆ

(
u
s
(1)
1

σ1(1)
u
s
(1)
2

σ1(2)
. . . us

(1)
m

σ2(m)

)
ˆ

(
u
s
(2)
1

σ1(1)
u
s
(2)
2

σ2(2)
. . . us

(2)
m

σ2(m)

)
+ . . .

with some D-coefficients from K for all σj P Sn, depending quadratically on
coefficients of expansions, staying at uniform and symmetric basis elements
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of the algebra A. As the π-mapping sends all of them, by definition, to
zero, the resulting system (9.11) reduces to the set of algebraic equations

D

(
s
(1)
1 s

(1)
2 ...s

(1)
m

)
(σ1(1),σ1(2),...,σ1(m)) = 0,

D

(
s
(1)
1 s

(1)
2 ...s

(1)
m ;s

(2)
1 s

(2)
2 ...s

(2)
m

)
(σ1(1),σ1(2),...,σ1(m);σ2(1),σ2(2),...,σ2(m)) = 0,

. . . ,

reducing successively for all σj P Sn to the conditions

C

(
s
(1)
1 s

(1)
2 ...s

(1)
m

)
(k;σ1(1),σ1(2),...,σ1(m)) = 0,

C

(
s
(1)
1 s

(1)
2 ...s

(1)
m ;s

(2)
1 s

(2)
2 ...s

(2)
m

)
(k;σ1(1),σ1(2),...,σ1(m);σ2(1),σ2(2),...,σ2(m)) = 0,

. . . ,

being equivalent to the equalities ck = 0 for all k = 1, n2. □

As a simple consequence from Lemma 9.3 one derives the following propo-
sition.

Proposition 9.4. The constructed Lie algebra G is ad-invariant and π-
metrized.
Proof. Really, from the symmetry property (9.10) one easily obtains that

xa | [b, c]y = x[a, b] | cy (9.12)
modulo π-mapping for any elements a, b and c P G. As the bilinear form (9.9)
is non-degenerate, one has G˚ » G, that jointly with the ad-invariance pro-
perty (9.12) means that the Lie algebra G is metrized. □

Being interested in constructing integrable noncommutative dynamical
systems on the algebra A, we need to introduce into our analysis a “spec-
tral” parameter λ P C, responsible for the existence of infinite hierarchies
of the corresponding dynamical systems invariants, guaranteeing their in-
tegrability. This wil be done in next Section, devoted to the Lie-algebraic
analysis on loop-Lie-algebras, related with the Lie algebra G, introduced
above.

Consider now the Lie algebra tG, [¨, ¨]u, constructed above, and the re-
lated loop Lie algebra

!

G̃ := G b Cttλ, λ´1uu,
[
¨, ¨
])
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of the corresponding G-valued Laurent series with respect to the parameter
λ P C,

G̃ := Y
NPZ

!

ã =
ÿ

jďN

ajλ
j | aj P G, j = 1, N

)

,

and define on it the corresponding to (9.9) modulo π-mapping bilinear form
(¨ | ¨) : G̃ ˆ G̃ Ñ A:

(ã | b̃) := resλxm̃a | b̃y (9.13)
for any elements ã, b̃ P G̃. It is easy to observe that the bilinear form (9.13) is
also symmetric and non-degenerate. Thus, the following proposition holds.

Proposition 9.5. The loop Lie algebra G̃ is ad-invariant and π-metrized.
As the loop Lie algebra G̃ allows natural direct sum splitting G̃ = G̃+‘G̃´

into two Lie subalgebras G̃+ and G̃´, where

G̃+ :
ď

NPZ+

!

ã =
ÿ

j=0,N

ajλ
j | aj P G, j = 1, N

)

,

G̃´ :=
ď

NPZ+

!

ã =
ÿ

jPZ+

ajλ
´(j+1) | aj P G, j P Z+

)

,

their adjoint spaces with respect to the bilinear form (9.13)) split the adjoint
loop space G̃˚ = G̃˚

+ ‘ G̃˚
´ and satisfy the equivalences

G̃˚
+ » G̃´, G̃˚

´ » G̃+.

Let now a linear endomorphism R : G̃ Ñ G̃ equals R = (P+´P´)/2, where,
by definitions, P˘ : G̃ Ñ G̃˘ Ă G̃ are the projections on the corresponding
subspaces G̃˘ Ă G̃. It is a well known property [22, 20, 38, 85] that for any
ã, b̃ P G̃ the deformed Lie product

[ã, b̃]R := [Rã, b̃] + [ã,Rb̃]

satisfies the Jacobi condition and generates on the loop Lie algebra G̃ a new
Lie algebra structure.

Within the classical Adler-Kostant-Symes Lie-algebraic approach, or its
R-matrix structure generalization [22, 20, 38, 85], the adjoint loop space
G̃˚ is then endowed with the modified Lie-Poisson structure

tl̃(ã), l̃(b̃)u6 :=
(
l̃ | [ã, b̃]R

)
, (9.14)

for any basic functionals l̃(ã), l̃(b̃) P D(G̃˚) subject to which the whole set

I(G̃˚) =
␣

γ P D(G̃˚) | (l̃ | [gradγ(l̃), ã]) = 06, ã P G̃˚
(
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of smooth Casimir functionals on G̃˚ is commutative with respect to the
deformed Lie-Poisson structure (9.14) on G̃˚, that is tγ, µu6 = 06 P A6 for
all γ, µ P I(G̃˚) and, by definition,

(q̃ | gradγ(l̃)) := d

dε
γ(l̃ + εq̃)

ˇ

ˇ

ˇ

ˇ

ε=0

.

The latter makes it possible to construct integrable Hamiltonian flows on
the associative algebra A as Poissonian flows on the co-adjoint orbits on
the adjoint space G̃˚, generated by a suitable loop Lie algebra G̃ of Casimir
gradient elements. Namely, if an element l̃ P G̃˚ is fixed, the corresponding
Hamiltonian flow on G̃˚ subject to the deformed Poisson bracket (9.14)
and a Casimir functional γ P I(G̃˚) possesses the well known Lax type
[55, 65, 85] representation

dl̃/dt = [P+gradγ(l̃), l̃], (9.15)
where t P K is a related evolution parameter. The example of this construc-
tion and its Lie algebraic properties are discussed in the next Subsection.
9.6. Kontsevich type integrable systems on unital finitely gene-
rated free associative noncommutative algebras. Let a free unital
finitely generated associative non-commutative algebra A := Kxu˘, v˘y be
the corresponding group algebra of a group Gtu, vu, generated by two ele-
ments u, v P G. The algebra A is infinite dimensional with the countable
basis

LAx1, ujvs1´j , vjus1´j , ujvs2´juj´kvk´q,

vjus2´jvj´kuk´q, . . . | s1, s2, . . . P Zy,

the related two-dimensional matrix loop Lie algebra G̃ = G b Cttλ, λ´1uu,
G := gl(2;A), is metrized subject to the bi-li near product (9.13) and
generated by affine elements

a =
ÿ

j=0,3

σk
ÿ

j!8

a
(k)
j λj

with four basis Pauli matrix elements σk P gl(2;K), k = 0, 3, and algebra
components a

(k)
j P A, j ! 8, k = 0, 3. The corresponding Casimir func-

tionals γ P I(G̃˚) generates a Hamiltonian flow on points l̃ P G̃˚ with respect
to the Poisson bracket (9.14) in the Lax type form (9.15). To analyze this
flow in detail, let us put, by definition, that the seed orbit point l̃ P G̃˚ is
given by the following λ-squared expression

l̃ =
ÿ

j=0,3

ÿ

k=0,2

σjλk´3u
(k)
j , (9.16)
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where
␣

σj P gl˚(2;K) | tr(σjσk) = δjk, j, k = 0, 3
(

is the dual basis of the matrix space gl˚(2;K) » gl(2;K) and elements

tu
(k)
j P A | j = 0, 3, k = 0, 2u

are coordinates of some A-algebra valued phase space M
(0 | 2)
A in a general

position. In particular, we will choose the following dual bases:

σ0 =

(
1 0
0 1

)
, σ1 =

(
0 1
0 0

)
, σ2 =

(
0 0
1 0

)
, σ3 =

(
1 0
0 ´1

)
in gl(2;K) and

σ0 =

(
1
2 0
0 1

2

)
, σ1 =

(
0 1
0 0

)
, σ2 =

(
0 0
1 0

)
, σ3 =

(
1
2 0
0 ´1

2

)
in gl(2;K)˚. Moreover, we also will assume that A-algebra valued coeffi-
cients of the phase space M (0 | 2)

A and (9.16) are representable subject to the
basis of A as

σzλ λ´3 λ´2 λ´1

σ0 u
(0)
0 = 1 u

(1)
0 = v + v´1 + u+ u´1 + v´1u´1 u

(2)
0 = 0

σ1 u
(0)
1 = u u

(1)
1 = v´1 u

(2)
1 = 0

σ2 u
(0)
2 = 0 u

(1)
2 = v´1u´1 + u´1 + 1 u

(2)
2 = v

σ3 u
(0)
3 = ´1 u

(1)
3 = ´v + v´1 + u ´ u´1 ´ v´1u´1 u

(2)
3 = 0

, (9.17)

following the result obtained in [96].
As a first important task, we will calculate the corresponding Poisson

structure on the related A-algebra valued phase space M (0 | 2)
A (l̃), generated

by coefficients, presented in the expression (9.17). To do this, we need
to take into account that the phase space M

(0 | 2)
A (l̃), being endowed with

the R-modified Poisson structure (9.14), is strongly reduced via the Dirac
scheme [38, 78] subject to the set

Φ :=
!

φ1 = u
(0)
0 ´ 1 = 0, φ2 = u

(2)
0 = 0, φ3 = u

(0)
2 = 0,

φ4 = u
(2)
3 = 0, φ5 = u

(0)
3 + 1 = 0

)

of algebraic constraints, imposed on the phase space M
(0 | 2)
A . The lat-

ter means that the true Poisson structure on the reduced phase space
M

(0 | 2)
A (l̃) := M

(0 | 2)
A /Φ coincides with the corresponding Dirac type reduc-

tion of the R-modified Poisson structure, defined on the full phase space
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M
(0 | 2)
A . As a result of simple enough yet cumbersome calculations we arrive

at the following Poisson brackets
tu, vu6 = ´uv, tu, uu6 = 06 = tv, vu6

on the reduced phase space M
(0 | 2)
A (l̃) » A := K xu˘, v˘y.

Having taken as a Hamiltonian operator h := resλ2tr(l̃2) P I(G̃˚), one
easily obtains the following [51] nonlinear integrable Kontsevich dynamical
system

du/dt := th, uu6 = uv ´ uv´1 ´ v´1

dv/dt := th, vu6 = ´vu+ vu´1 + u´1

*

:= K(u, v) (9.18)

on the reduced phase space A = K xu˘, v˘y. Moreover, owing to the Lax
type representation (9.14), the Kontsevich dynamical system (9.18) proves
to be equivalent to the following matrix commutator equation

dl̃/dt = [l̃, p(l̃)]

for any λ P K in the Lie algebra G̃, where the A-valued matrix
p(l̃) = P+gradh(l̃)/2 = σ0(v

´1 ´ v + u+ 1)/2+

+ σ1λv + σ2v
´1 + σ3(v

´1 ´ v + u ´ 1)/2 P G̃.
Taking as Hamiltonian functions the algebraic expressions

h(m,n) := resλmtr(l̃n) P I(G̃˚), m, n P Z,

one can obtain a complete set of π-commuting to each other conservation
laws of the Kontsevich dynamical system (9.18), thus proving its generalized
integrability. Moreover, choosing both another group algebra and orbit
elements l̃ P G̃˚, one can construct the same way many other integrable
Hamiltonian systems on the associative noncommutative phase space A,
that is planned to be a topic of a next investigation.

10. CONCLUSION
In this work we succeeded in formal tensor and differential-algebraic re-

formulating the criteria [43, 90, 64] for a given differential expression to
be Hamiltonian and developed an effective approach to classification of the
algebraic Poisson structures lying in the background of the integrable mul-
ticomponent Hamiltonian systems. We have devised a simple algorithm
allowing to construct new algebraic structures within which the correspon-
ding Hamiltonian operators exist and generate integrable multicomponent
dynamical systems. We also showed, as examples, that the well known
Balinsky-Novikov algebraic structure, obtained before in [43, 11] as a con-
dition for a matrix differential expression to be Hamiltonian, appears within



Hamiltonian operators and nonassociative noncommmutative algebras) 43

the devised approach as a derivation on the adjacent Lie algebra, naturally
associated with a suitably constructed differential loop algebra. By means
of a direct generalization of this example it is obtained new Lie algebraic
relationships, whose background algebraic structures coincide, respectively,
with the right Leibniz algebra, introduced in [23, 24, 59] and with a new Rie-
mann type nonassociative algebra. The constructed Hamiltonian operators
describe a wide class of multi-component hierarchies [21, 80] of integrable
multicomponent hydrodynamic Riemann type systems. Their reductions
appeared to be closely related both to the integrable Camassa-Holm and
with the Degasperis-Processi dynamical systems, and are of special interest
from the equivalence transformation point of view, devised recently in [95].

Taking into account that the compatible Hamiltonian operators, impor-
tant for studying integrable multicomponent Hamiltonian systems on func-
tional manifolds, are constructed by means of suitable central extentions
of the adjacent weak Lie algebras, determined by the right Leibniz and
Riemann type nonassociative and noncommutative algebras, the problem
of their description requires a detailed investigation both of their structural
properties and finite-dimensional representations of the right Leibniz algeb-
ras defined by the corresponding structural constraints. Subject to these
important aspects we stopped in the work mostly on the structural proper-
ties of the right Leibniz algebras, especially on their derivation algebras and
their generalizations. We added also a Supplement in which we revisited
the classical Poisson manifolds approach to Hamiltonian operators on func-
tional noncommutative manifolds, as well as presented it simple and natural
realization, generated by associative noncommutative group algebra. The
latter appeared to be very useful for describing a wide class of new Lax type
integrable nonlinear Hamiltonian systems on associative noncommutative
algebras, interesting for diverse applications in modern quantum physics.
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