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On the generalization of the Darboux
theorem

Kaveh Eftekharinasab

Abstract. The Darboux theorem asserts that every symplectic manifold
(M?",w) is locally symplectomorphic to (R*™,wp), where wp is the standard
symplectic form on R?*™. This theorem was proved by Moser in 1965, the
idea of proof, known as the Moser’s trick, works in many situations. The
Moser tricks is to construct an appropriate isotopy F; generated by a time-
dependent vector field X; on M such that F¥w = wo. Nevertheless, it was
showed by Marsden that Darboux theorem is not valid for weak symplectic
Banach manifolds. However, in 1999 Bambusi showed that if we associate to
each point of a Banach manifold a suitable Banach space (classifying space)
via a given symplectic form then the Moser trick can be applied to obtain the
theorem if the classifying space does not depend on the point of the manifold
and a suitable smoothness condition holds.

If we want to try to generalize the Darboux theorem to more general
context of Frechet manifolds we face an obstacle: in general vector fields
do not have local flows. Recently, Fréchet geometry has been developed in
terms of projective limit of Banach manifolds. In this framework under an
appropriate Lipchitz condition local flows exist and with some restrictive
conditions the Darboux theorem was proved by P. Mishra. In the present
paper we consider the category of so-called bounded Fréchet manifolds and
prove that in this category vector fields have local flows and following the
idea of Bambusi we associate to each point of a manifold a Fréchet space
independent of the choice of the point and with the assumption of bounded
smoothness on vector fields we prove the Darboux theorem.

Amnoranis. Teopema /lapOy cTBep/Ky€E, IO KOXKEH CUMILIEKTUIHUN MHOTO-
sy (M2, w) € nokanbio cumiiekromopduum 10 (R*™ wo), 1e wo — cran-
napTHa cuMmiekTraHa dopma Ha R, Ila Teopema Gyma mosemena Mosze-
pom y 1965 p. Lnes moenenns, Bioma gk TpiokK Mozepa, mpairoe y 6ararbox
cuTyalisx i mojsdrae y no0yosi i3orormii F; muoroBuny M, mopojiKeHOl 3a-
JIe’KHUM Bij uacy BekTopHuUM moiem X; Ha M, Tak, mob F¥w = wo. Tum ne
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mewrr, Mapcien nokasas, 1mo Teopema JlapOy He BipHA Jij1d CJIA0KUX CUMILIE-
KTUIHUX MHOTOBUAIB Banaxa. Omrak y 1999 p. Bam0Oyci nokasas, 1o siKIo 3
KOXKHOIO TOYKOIO0 OGaHAXOBOTO MHOTOBH LY TIOB’si3aT mpoctip Banaxa (kracu-
dikyrounii nmpocrip) depes 3a1aHy cuMmiuiekTHIHY (Gopmy, To Tpok Mosepa
MOzKe OyTH 3aCTOCOBaHMI M1 JoBAeeHHA Teopemu dapOy, 3a yMOBH, 110 1Ieit
MTPOCTip HE 3aJI€XKUTh BiJl TOYKH 1 BiJNIOBITHOI yMOBHU TJI&IKOCTI.

OpiHiero 3 TIEPeKoIL 10 y3araJabHeHHsT TeopeMn JlapOy Ha BUAI0K MHOTO-
BuiB Pperrie € Te, 1110, B3araJji KaXKyuu, BEKTOPHI IMOJIg HE MAaIOTh JOKAJIbLHIX
moTokiB. Ocrannim gacom reomerpis Pperre Gysra po3pobIeHa 3 TOUKH 30py
IIPOEKTUBHUX T'PAHUIIL MHOTOBHUIIB banaxa. Y IIbOMy KOHTEKCTI 3a BisIo-
BiztHO1 yMoBu Jlimmmia BEKTOPHI TOJIA TOPOKYIOThH JIOKAJIbHI TIOTOKH, 1 3a
JeTKUX JIOJATKOBUX CHJIBHUX yMOB Teopema JlapOy Oysa orpumana II. Mi-
mpa. B mpesacrasiieniit poboTi Mu poO3rigHEMO KATEeropio Tak 3BaHuX oOMe-
KeHnX MHoropumiB Pperre i 70BOAMMO, IO B IIiif KaTeropil BEKTOPHI ITOJIS
MaroTh JioKaabHi otoku. Crinyoun inel BambOyci, Mu OB I3y€EMO 3 KOXKHOIO
TOYKOI MHOrOBuy Pperre IpocTip, KWl He 3aJ€XKUTH BiJ BUOOPY TOUYKH i
[IPUITYCKAIOYN OOMEXKEHY IJIQJIKICTh HAa BEKTOPHUX IOJISIX JIOBOJIUMO TEOPEMY

HapOy.

1. INTRODUCTION

The Darboux theorem has been extended to weakly symplectic Banach
manifolds by using Moser’s method, see [1]. The essence of this method
is to obtain an appropriate isotopy generated by a time dependent vector
field that provides the chart transforming of symplectic forms to constant
ones. In order to apply this method to a more general context of Fréchet
manifolds we need to establish the existence of the flow of a vector filed
which in general does not exist. One successful approach to the differential
geometry in Fréchet context is to use projective limits of Banach manifolds,
[2]. In this framework, a version of the Darboux theorem is proved in [6].

Another approach to Fréchet geometry is to apply a stronger notion
of differentiability, [3]. This differentiability leads to a new category of
generalized manifolds, the so called bounded (or MC¥) Fréchet manifolds.
In this paper we prove that in that context the flow of a vector field exists
(Theorem 2.4) and we will apply the Moser’s method to obtain the Darboux
theorem (Theorem 3.5).

The obtained theorem might be useful to study the topology of the space
of Riemannian metrics M as it has the structure of a nuclear bounded
Fréchet manifold. A theorem from [5, §48.9] asserts that if (M, o) is a
smooth weakly symplectic convenient manifold which admits smooth par-
titions of unity in C°(M,R), and which admits ‘Darboux charts’, then the
symplectic cohomology equals to the De Rham cohomology:

Hy (M) = Hpp(M).
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The manifold M admits smooth partition of unity in C°(M,R) (this
follows from |5, Theorem 16.10] and [5, Definition 16.1]) so it is interesting
to ask if it has a Darboux chart. This, in turn, rises the question: how to
construct weak symplectic forms on M. It is known, [4], that expect Hilbert
manifolds an infinite dimensional manifold may not admit a Lagrangian
splitting so in general the Weinstein’s construction, [12], is not applicable.
Moreover, the Marsden’s idea to construct a symplectic form on a manifold
by using the canonical form on its cotangent bundle also is not applicable
as there is no natural smooth vector bundle structure on the cotangent
bundle [9, Remark 1.3.9]. It is not clear yet how to construct symplectic
forms on M but it seems that it might arise from a weak Riemannian metric
and complex structure, however, that would require some assumptions and
ingredients different from ones in Theorem 3.5.

2. BOUNDED DIFFERENTIABILITY

In this section we prove the existence of the local flow of a MC¥-vector
field. We refer to [3] for more details on bounded Fréchet geometry.

Denote by (F, p) a Fréchet space whose topology is defined by a complete
translational-invariant metric p. We consider only metrics with absolutely
convex balls. Note that every Fréchet space admits such a metric, cf [3].
One reason to choose this particular metric is that a metric with this prop-
erty can give us a collection of seminorms that defines the same topology.
More precisely:

Theorem 2.1 ([7|, Theorem 3.4). Assume that (F,p) is a Fréchet space
and p is a metric with absolutely convex balls. Let

Bi(0) = {y e F [ p(y,0) < 3},

and suppose U;’s, i € N, are convex subsets of B} (0). Define the Minkowski
functionals ' z

[v| =inf{e >0|eeR, L velU}.
These Minkowski functionals are continuous seminorms on F. A collection
{{|[v]|'}ieny of these seminorms generates the topology of F'.

In the sequel we will assume that a Fréchet space F' is graded with the

collection of seminorms |jv|% = Z |v]|* that defines its topology.

Let (E, g) be another Fréchet space and L, ,(E, F') be the set of all linear
maps L : £ — F such that

Lip(L),4, = sup plL(z),0) < 0.

wer\joy  9(z,0)
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The transversal-invariant metric
Dygp: Lgp(E,F) x Lg,(E, F) —> [0,00), 2.1)
(L, H) = Lip(L — H)gy,p, |
on L,,(E,F) turns it into an Abelian topological group. Let U an open

subset of ¥, and P : U — F' a continuous map. If P is Keller-differentiable,
dP(p) € L, 4(E, F) for all pe U, and the induced map

dP(p) : U — L, 4(E, F)

is continuous, then P is called bounded differentiable.

We say P is MC? and write P° = P if it is continuous. We also say P
is an MC' and write PY) = P’ if it is bounded differentiable. Recursively
one can define maps of class MCF for each k > 1, see [3]. If ¢(t) is a

continuous path in a Fréchet space we denote its derivative by acp(t).

Within this framework we define MC* (bounded) Fréchet manifolds,
M C*-maps of manifolds and tangent bundles and their M C*-vector fields.
A MC*-vector field X on a MC*-Fréchet manifold M is a M C*-section of
the tangent bundle wpy; : TM — M, ie. a MC* map X : M — TM with
mray 0 X = idys. We write V(M) for the space of all vector fields on M. If
fe MC®(M,FE) is a smooth function on M with values in a Fréchet space
E and X € V(M), then we obtain a smooth function on M via

X.f:=dfoX: M- FE.

For X, Y € V(M), there exists a unique a vector field [X,Y] € V(M) deter-
mined by the property that on each open subset U = M we have

X,Y].f = X.(Y.f) — Y.(X.f)

for all f e MC®(U,R), see |8, Lemma II.3.1].

A vector field on an infinite dimensional Fréchet manifold may have no,
one or multiple integral curves. However, a MC*-vector field always has a
unique integral curve.

Proposition 2.2. [3, Proposition 5.1| Let U < F be an open subset and
X :U — F be a MCF-vector field, k = 1. Then for each py € U there
exists an integral curve £ : I — F at py. Furthermore, any two such curves
coincide on the intersection of their domains.

Corollary 2.3. [3, Corollary 5.1 Let U < F be an open subset and let
X :U — F be a MCF-vector field, k = 1. Let also F(pg) be the solution
of U'(t) = X(£(t)), £(to) = po. Then there is an open neighborhood Uy of
po and a positive real number o such that for every q € Uy there exists a
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unique integral curve £(t) = F(q) satisfying £(0) = q and ¢'(t) = X (L(t))
for allte (—a,a).

Theorem 2.4. Let X be a MCF-vector field on U < F, k > 1. Then
one can find a real number a > 0 such that for each x € U there exists
a unique integral curve £, (t) satisfying €,(0) = x for allt € I = (—a, ).
Furthermore, the mapping F : [ x U — F given by Fy(x) = F(t,x) = £,(t)
is of class MC*.

Proof. The first part of the proof follows from Corollary 2.3. We now prove
the second part. Let x,y € U be arbitrary points. Define the functions
on: I - R, neN, by

on(t) = [F(t, z) —F(t, y)|F-

Since X is MC¥, so it is globally Lipschitz. Let 8 > 0 be its Lipschitz
constant. Then we have Vn e N

n

(X(IF(S, x)) — X (F(s, y))ds +x—y i

pn(t) = H <

O—

t
< o —ulp+5 | elo)is
Hence, by Gronwall’s inequality, we obtain that
[F(t,2) = F(t )| < Mz —ylh, ¥neN. (2:2)

Thereby F is Lipschitz continuous in the second variable and is jointly
continuous.
Now, define F(t,z) € L,(F) to be the solution of the equations

dF(t,z)
dt

where dX (F(¢t,x)) : F — F' is derivative of X with respect to = at F(¢, x).
By Proposition 2.2 F(¢,z) exits and is well defined. Since the vector field
F — dX(F(t,z)) o F on L,(F) is Lipschitz in F, uniformly in (¢,z) in a
neighborhood of every (tg, zp), by the above argument it follows that F(¢, x)
is continuous in (¢, z). We will show that dF(¢,z) = F(t, x).

Indeed, fix t € I, for h € U define ¢(s,h) = F(s,z + h) — F(s,z), then

=dX(F(t,z)) o F(t,x), F(0,z) =1id,

W(t,h) — F(t,z)(h) = JO (X(F(s,z + h)) — X(F(s,2)))ds

~ [ X (s, 2)) 0 s, s

0
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_ f AX (F(s,2)([(1(s, h) — F(s,z)(h))])ds

0

+ J (X(F(s, z+h)) — X(F(s,x))
0

— dX (F(s,z))(F(s,z + h) — F(s, z))ds.

Since X is MCP*, for given ¢ > 0 there is a § > 0 such that ||h||% < 6,
(n € N), yields that the second term is less than

t
f c|F(s,z + h) — F(s,a)|[ VneN,
0

but by (2.2) this integral is less than Besup,cy |h|% for some positive
constant B. Thus, by Gronwall’s inequality we obtain

[9(t,h) = F @ h)(h)|F < eClh[E, VYneN,

where C' is a positive constant. Whence dF(t,x)(h) = F(t,z)(h). Thus,
both partial derivatives of F(¢, z) exist and are continuous so F(t,z) is C?.
Moreover, F is globally Lipschitz and z — F(-,z) is continuous therefore
F(t,z) is MC'. Using induction on k we obtain that F(¢,x) is of class
MC*. By definition of F(t, x)

SF(1,2) = X(F(t, ),

SO

LDt 2) = dX(F(t, 2)) (X (F( 2)))

dedt” 77 ’ ’
and p

%dF(t’ z) = dX (F(t, z))(dF (¢, z)).

The right-hand sides are M C*~! so are the solutions by induction. Thus
F(t,x) is MC*. O

3. DARBOUX CHARTS

In general for a Fréchet manifold differential forms cannot be defined
as the sections of its cotangent bundle since we can not always define a
manifold structure on the cotangent bundle, see [9, Remark 1.3.9]. To
define differential forms we follow the approach of Neeb [9].

Definition 3.1. Let M be a bounded Fréchet manifold. A p-form w on M
is a function w which associates to each x € M a p-linear alternating map
wy 2 TE (M) — R such that in local coordinates the map

(x,v1,...,0p) = wg(v1,...,0p)
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is smooth. We write QP(M,R) for the space of p-forms on M and identify
Q°(M,R) with the space C® (M, R) of smooth functions.

The exterior differential dgr : QP(M,R) — QPTL(M,R) is determined
uniquely by the property that for each open subset U < M we have for
Xo,...,Xp € V(U) in the space C*(U,R) the identity

(dgrw)(Xo, ..., Xp) = Z(—nix- w(Xo,. ., Xy, Xp)

+Z 1) Hw([Xi, X,], Xos o Xy Xy o, Xp).

1<j

Let w € QP(M,R), Y € V(M) and F; the local flow of Y. Define the
usual Lie derivative by

d

Lyw = - (Fiw) |-,
which of course coincides by
P
(Lyw)(X1,...,Xp) =Yw(Xy,..., X Z (X1,.., [V, X}, ..., Xp)

for X; € V(U), U < M open. For each X € V(M) and p > 1 consider also
the following linear map

ix : QP(M,R) — Qp_l(M, R) with (ixw)s; = iX(a:)wm)

where (iywg)(V1, ..., Up—1) 1= wz(V,v1,...,Up_1).

For w e Q°(M,R) = C®(M,R), we put ixw := 0. Then for two vector
fields X,Y € V(M), we have on (M, R) the Cartan formulas, [9, Proposi-
tion 1.4.3]:

[Lx,iy] =tdxy], Lx=d4roix +ixodsr, Lxodir=daroLx.

Definition 3.2. Let M be a bounded Fréchet manifold. Say that M is
weakly symplectic if there exists a closed smooth 2-form w (dgrw = 0)
being weakly non-degenerate in the sense that for all x € M and v, € T, M

Wy (Vg wyz) =0 (3.1)
for all w, € T, M implies v, = 0.

The Darboux theorem is a local result so it suffices to consider the case
when M is an open set U of the Fréchet model space F'. For simplicity
assume that 0 € U. Let x € U be fixed and let F] be the strong dual of F.
Define the map w : F — F/ by

<w7 w:ﬁ: (U)> - wx(wa U)v
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where (-, -) is a duality pairing. Also, define H, = {w,(y,) | y € F'}. This
is a subset of Fé and its topology is induced from it.

Lemma 3.3. Suppose x € U is fivred and the model space F, ~ T,M is
nuclear. Then the map w) : F, — H, is an isomorphism.

Proof. Condition (3.1) implies that w¥ is injective and by the definition of
H,, it is surjective. The space F}, is nuclear so its strong dual is D F'N-space
and barreled. The dual space is Mackey (cf. [11, 5.3.4]) and H, inherits its
topology (see [11, 0.4.2, 0.4.3] so is ultrabornological and barrelled (cf.[11,
8.6.9]). Thus, by the open mapping theorem [10, Theorem 4.35| the inverse
mapping is continuous, so w;" is isomorphism. [

We will need the following result.

Lemma 3.4. [8, (Poincaré Lemma) 11.3.5] Let E be locally convex, V a
sequentially complete space and U < E an open subset being star-shaped
with respect to 0. Let also w € Q¥ (U, V) be a V-valued closed (k+1)-form.
Then w is exact. Moreover, w = dgra for some a € QF(U, V) with o(0) = 0
given by

1
a(x)(vy, o) = Jo tRw(tk)(z,v1, - - - vg)dL.

We assert the following theorem for some open neighborhood of 0 € F.

Theorem 3.5. Suppsoe that the Fréchet model space F' is nuclear. Assume
also that

(i) there exits an open neighborhood U of zero such that all the spaces
H, are locally identical and wi* : F — H is an isomorphism for
each t €[0,1] and z € U.

(ii) for x € U the map (WiF)~' : H — F is a field of isomorphism of
class MC®.

Then w is locally isomorphic at zero to the constant form w(0).

Proof. On U define w! = wy + t(wg —w) for t € [0, 1], where wy = w(0). By
Lemma 2.2 there exist a 1-form « being locally such that djpa = wy — w
and «(0) = 0. Consider a time-dependent vector field X; : Y — F' defined
by

ix,w' = —a.
Thus, a = ix,w, and so a € H. By Condition (i) for x € U/ and all ¢, w'¥ is
an isomorphism hence



On the generalization of the Darboux theorem 9

is well defined. By Condition (ii), X; is M C® so Theorem 2.4 implies that
there exists a smooth isotopy F; generated by X; which for ¢ € [0, 1] satisfies

Ffw! = wo. (3.2)
To solve (3.2), we need to solve
d
EF?wt = 0. (3.3)
We have by product rule of derivative and the Cartan formula that
d d
E]F?wt = Ff(ﬁxtwt) + Fra t
d .
= ]sz (%Wt — ddR(Ztht)>
= F}(—da + wy —w) = 0.
Thus, Fiw; = Fjwo and so Fiw = wp. O

Remark 3.6. In the projective limit approach despite the fact that many
interesting results can be recovered for Fréchet manifolds there are some
limitations. To construct geometric and topological objects we need to
establish the existence of compatible projective limits of their corresponding
Banach factors. This would not be easy in some cases and also we can
not use some known results (e.g. the Poincare lemma for locally convex
spaces). Therefore it is imposed the additional condition in |6, Theorem
4.2| for the existence of the required differential form as the Poincare lemma
is not available in this setting. Also, we need a rather strong Lipschitz
condition on mappings for the existence of local flows. In contrast, in
metric approach we can apply known facts from the metric geometry and
locally convex spaces that simplify proofs. There are some restrictions
in this approach also; it is not easy to check M C*-differentiability and
the class of bounded maps can be very small. However as mentioned,
manifolds of Riemannian metrics have the structure of nuclear bounded
Fréchet manifolds and Theorem 3.5 can be used to study their cohomology,
but it is not yet clear how to construct a symplectic structure that can be
applied in this context.

REFERENCES

[1] Dario Bambusi. On the Darboux theorem for weak symplectic manifolds. Proc. Amer.
Math. Soc., 127(11):3383-3391, 1999, doi: 10.1090/S0002-9939-99-04866-2.

[2] C. T. J. Dodson. Some recent work in Fréchet geometry. Balkan J. Geom. Appl.,
17(2):6-21, 2012, URL.

[3] Kaveh Eftekharinasab. Geometry of bounded Fréchet manifolds. Rocky Mountain J.
Math., 46(3):895-913, 2016, doi: 10.1216/RMJ-2016-46-3-895.



10

4]
[5]

(6]

7]

8]
19]

[10]

[11]

[12]

K. Eftekharinasab

N. J. Kalton, R. C. Swanson. A symplectic Banach space with no Lagrangian subspaces.
Trans. Amer. Math. Soc., 273(1):385-392, 1982, doi: 10.2307/1999213.

Andreas Kriegl, Peter W. Michor. The convenient setting of global analysis, volume 53
of Mathematical Surveys and Monographs. American Mathematical Society, Provi-
dence, RI, 1997, doi: 10.1090/surv/053.

Pradip Mishra. Darboux chart on projective limit of weak symplectic Ba-
nach manifold. Int. J. Geom. Methods Mod. Phys., 12(7):1550072, 13, 2015,
doi: 10.1142/50219887815500723.

Olaf Miiller. A metric approach to Fréchet geometry. J. Geom. Phys., 58(11):1477—
1500, 2008, doi: 10.1016/j.geomphys.2008.06.004.

K-H. Neeb. Nancy lectures on infinite dimensional Lie groups. Lecture Notes. 2002.
Karl-Hermann Neeb. Towards a Lie theory of locally convex groups. Jpn. J. Math.,
1(2):291-468, 2006, doi: 10.1007/s11537-006-0606-7y.

M. Scott Osborne. Locally convez spaces, volume 269 of Graduate Texts in Mathematics.
Springer, Cham, 2014, doi: 10.1007/978-3-319-02045-7.

Pedro Pérez Carreras, José Bonet. Barrelled locally convex spaces, volume 131 of North-
Holland Mathematics Studies. North-Holland Publishing Co., Amsterdam, 1987. Notas
de Matemaética [Mathematical Notes|, 113.

Alan Weinstein. Symplectic manifolds and their Lagrangian submanifolds. Advances
in Math., 6:329-346 (1971), 1971, doi: 10.1016/0001-8708(71)90020-X.

Kaveh Eftekharinasab
ToPOLOGY LABORATORY OF ALGEBRA AND TOPOLOGY DEPARTMENT, INSTITUTE OF
MATHEMATICS OF NAS OF UKRAINE, TERESHCHENKIVSKA STR. 3, KyIv, UKRAINE

Email: kaveh@imath.kiev.ua
ORCID: orcid. org/0000-0002-4604-3220



