Proceedings of the M el o hccess

International Geometry Center
Vol. 12, no. 1 (2019) pp. 70-78

A Physics-Based Estimation of Mean

Curvature Normal Vector for
Triangulated Surfaces

Sudip Kumar Das, Mirza Cenanovic, Junfeng Zhang

Abstract. In this note, we derive an approximation for the mean curvature
normal vector on vertices of triangulated surface meshes from the Young-
Laplace equation and the force balance principle. We then demonstrate that
the approximation expression from our physics-based derivation is equivalent
to the discrete Laplace-Beltrami operator approach in the literature. This
work, in addition to providing an alternative expression to calculate the mean
curvature normal vector, can be further extended to other mesh structures,
including non-triangular and heterogeneous meshes.

Awnoranis. Oninka HOPMU | KPUBMHU JJId TPIaHTYILOBAHOI MMOBEPXHI He-
obxiznHa /i1 6araTboX OOYMCIIEHb i MOJIEIIOBAHHS, TAKUX SK KOMII IOTEDHA
rpadika, 3BOPOTHa PO3POOKA, aHAI3 MEeIUIHUX 300pazkeHb 1 MOJIETIOBAH-
e Oararodasnnx MoToKiB. BpaxoBytounm Te, M0 HOpPMAJbHUN BEKTOp i ce-
pe/iHs KPUBHU3HA Ha TJIQJIKiNl IOBEPXHI MOXKYTh OyTH BUPasKeHi OIIepaToOpOM
Jlamnaca-Benbrpami 3 gudepenmiaapbHOi reoMeTpil, aBropu Desbrum ta im.
iHTerpyBaJid 1ieif OmepaTop HaJ MOBEPXHEIO YIIPABJIHHS HABKOJIO BEPIITUHHI
TPHUAHI'YJIbOBAHOI CITKM 1 3HAMIIJIN OMIHKU JIOKAJIHHOI'O CEPEHBOIO BEKTO-
pa KpuBWHH. 3 TOTO 9Yacy IX METOJ, 3aCTOCOBYEThCSI B TaKMX ODJIACTAX SIK
KoMIT'ToTepHa rpadika, MTYIHUN IHTEIeKT Ta OioMe mIHa iHKeHepisd.

B mamiit pobori Mu IporoHyeMO HOBHI ITiIXiJT JIjI OIIHKY CEPETHBOT KpU-
BUHM Ta HOPMAJBHOTO BEKTOPA 3 CYTO (Pi3wvaHOI TOUKHU 30py. MeTom cKiaia-
€ThCs 3 IBOX KpOoKiB. [lo-meprre, 3rigno kimacuyanoro pisusuug fura-Jlamraca
JUIL IOBEPXHI PO3JIiJly JIBOX DiJIMH, BY3JI0BA CHJIa B BEPIINHI TPHAHIYIHOBA-
HOI TIOBEPXHI MOB’sI3aHa 3 CEPETHBOI KPUBU3HOK Ta MOBEPXHEBUM HATSTOM
MexXKi pijuHM i HampaB/ieHa HOpPMaJbHO J0 moBepxHi. Ilo-mapyre, 3a moro-
MOI'OI0 MEXaHIYHOTO IPHHIHUILY OalaHCy CHJI Ha TPHAHIYIBOBaHIi ITOBEPX-
Hi MOXKHA 3HAUTH TPOCTI POPMY/IN Jisi OOUUC/IEHHST BY3JI0BUX CHJI. BisbImn
TOTO, IO AITPOKCUMAIIIiHI BUpa3u Jijisd BY3JIOBUX CUJI, OTPUMaHI B JaHiil po-
0oti 3 izuuHEX MipKyBaHb, MATEMATHYHO €KBiBaJEHTHI BUpa3aM OTPUMa-
M Desbrum rta inruMm aBTOpaMu 3a JOTOMOIOIO JMCKPETHOTO OIepaTopa
Jlamnaca-Besabrpami. 3 iHmoro 60Ky, Ha MeTo, MOxKe 6yTH HONIMPEHUH HA
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HETPUKYTHI 1 HaABITh HEOIHOPIJHI MOBEPXHEBI CITKH, /IS SAKAX HEMOJIJIUBO
noOyayBaTu guckperHuit oneparop Jlannaca-Beaprpami. Mu Takox mokasy-
€MO, IIT0 METOJ CKIHIeHHUX €JIEMEHITB MOXKe OyTH BUKOPUCTAHUI JJIsT PO3pa-
XYHKY BY3JIOBOI CHJIM Yepe3 IIOBEPXHEBUN HATAT B HETPUKYTHUX €JIEMEHTAX
[IOBEPXHi, a CepeiHs KPUBU3HA 1| HOPMAJILHIIN HAIPSIMOK MOXKYTb OyTH OTpPH-
MaHi 3a JomoMoroio pisagnus Jlammaca-fura.

Estimating the normal and curvature for a triangulated surface is neces-
sary for many computations and simulations, such as computer graphics, re-
verse engineering, medical image analysis, and multiphase flow simulations
[12, 11, 2, 6, 13, 17]. Various methods have been proposed and readers can
refer to several review articles [12, 16, 11] and references therein. Among
them, Desbrun et al. [4, 9] proposed an approximation method for diffe-
rential attributes of triangular meshes. Recognizing that the normal vector
and mean curvature on a smooth surface can be expressed by the Laplace-
Beltrami (LB) operator in differential geometry, the authors integrated the
LB operator over a control surface around a vertex of the triangulated
mesh for an estimation of the local mean curvature vector. This method
has since been employed in various applications, such as computer graphics
[1], artificial intelligence [8], and biomedical engineering [18]. In this note,
we will present an alternative derivation for the discrete LB operator based
on simple physics, namely, the Young-Laplace equation [6, 10] and the
force balance principle [5]. We will also show that our derived expression
is equivalent to the discrete LB method by Desbrun et al. [4, 9].

For a system consisting two static fluids separated by an interface, there
may exist a difference in fluid pressure across the interface, and this pressure
difference is given by the classical Young-Laplace equation [20, 7, 14, 10]:

Pin_Pout:’)/(‘;l""R}Q)? (1)
where -y is the tension in the interface, R; and Ry are the two principal radii
of curvature, and P;, and P,,, respectively, are the fluid pressures inside
and outside of the interface. The normal direction n of the interface points
into the outside fluid (Fig. 1a). The mean curvature H is the mean value
of the principle curvatures k1 = 1/R; and kg = 1/Rs, and thus Eq. (1) can
be rewritten to

Py, — Pour = 2vH.

The Young-Laplace equation Eq. (1) can be derived rigorously from physical
principles such as the force balance and surface energy minimization [10,
15]. On a differential surface area dA, over which the surface curvature
and normal can be considered constant, the pressure difference P, — Pyt
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FIGURE 1. Schematic drawings for the method description:
(a) the original smooth surface; (b) a vertex x; and its adja-
cent elements of the triangulated surface mesh; (c) notations
for the interior angles, edge lengths, and outward edge per-
pendicular vectors of the element FE;j; (d) the free-body
diagram for the element E;;, with uniform force distribu-
tions along edges; (e) the replacement of the uniform force
distributions with end forces; and (f) the two side elements
Ejir; and Ej;j, sharing the same edge and the two opposite
angles 3;; and 0;;.

generates a force
OF = (P;;, — Pyyt)0An = 2yH0 An.

On the other hand, for a surface discretized into triangular elements
(Fig. 1b), a nodal force F; is required on vertex x; to counter-balance the
surface tension effect in triangular elements. We consider one such adjacent
element Fjj; with vertices x;, x; and xj, and denote its interior angles
as «, edges as [, and the outward edge perpendicular vector as t, with
corresponding subscripts (Fig. 1c). A free-body diagram is constructed
for this element in Fig. 1d. Here uniform force distributions of magnitude
~ in the outward perpendicular directions are applied along the element
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edges, according to the surface tension definition [10, 3|. Take the edge
connecting vertices x; and x; in Fig. 1d as an example. The total surface
tension force along this edge is the product of the surface tension (force
density) v and the edge length [;;, and the force is in the outward direction
t;;. We then replace this uniform force distribution with two equal point
forces Fi; = ~l;j/2, [5], at the end points of this edge, Fig. le. Similar
analysis can be applied to the other two edges, and we have:

T

M7 Ejk_ Fk:Z:L

2 27 2

Here and afterwards we use [ to represent the segment length between two
points indicated by the subscripts. For example, in the above equations, /;;,
Lk, and ly; are the edge lengths of the element E;;,. The nodal force F; Eiji»
the force resulted at vertex x; due to the surface tension v in element Ejjy,
is

Fij =

Fiinjk = Fpity; + Fijtij. (2)
To further simplify this equation, we set the local coordinate system

(&, m) in the plane of the element E;j, as shown in Fig. le. The outward
directions at the element edges can now be expressed as

tij=-—m, tj=sine;§+cosam, ty =—sina€+cosayn.  (3)
The nodal force in Eq. (2) can then be rewritten as

%(lkztk;z + lz’jtij) = g [_lkzz sin Oéif — (lzj — l]m COS ai)n}

Fi7Eijk =

= —%(sin a;€ + cosaym) = —%, (4)
where the following geometric relations for the element triagle E;;;. have
been utilized: i sin oy = i sin; (the same altitude to the edge ;) and
lij = lgi cos a; + 1 cos v (the edge length [;; is the sum of the preojections
of edges lj; and l;1,).

It is interesting to see that the nodal force F; g,;, at vortex x; is simply
the force required to counter balance the surface tension force «l;; on the
opposite edge. The total force at vortex x; is simply the sum of such nodal
forces from all adjacent elements:

g
F; = —3 Z Liktjk- (5)
(7:,k)
Considering the triangulated mesh in Fig. 1b is a discrete approximation of
the original smooth surface in Fig. 1a, the nodal force F; given in Eq. (5)
is therefore an approximation of the force §F due to the pressure difference
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FIGURE 2. A graphical description of the Voronoi area cal-
culation. The Voronoi area A; for vortex x; is the sum of
the fractional Voronoi area AY of each surrounding elements
#1~#6 (shaded area), see Eq. (8). For an acute trian-
gle (such as Elements #1~#4), the fraction Voronoi area
of vertex x; is the area of the quadrilateral formed by the
vortex x;, the midpoints of the two edges from x; (white
squares), and the circumcenter of the triangle (black cir-
cles), see Eq. (9). For an obtuse triangle, the circumcenter
locates out of the triangle and thus the calculation of AY has
been modified, [9]: The obtuse triangle is divided into three
parts by the two midsegments through the midpoint of the
longest edge. Therefore, the fraction Voronoi area for Ele-
ment #5 is the area of the quadrilateral formed by vortex x;
and the three edge midpoints of Element #5, see Eq. (10);
and the fractional Voronoi area for Element #6 is the area
of the triangle formed by vortex x; and the two midpoints
of the edges from x;, see Eq. (11).

over a control volume surface patch A; associated with vortex x;
F, = 2yHA;n. (6)

Combining Egs. (6) and (5) and canceling the surface tension v yield the
following approximation for the mean curvature normal Hn

1
(Hn)(xi) = =0 > Lt (7)
"Gk
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With the nodal coordinates and connectivity available for the mesh net-
work, the opposite edge length [;; and its outward direction tj; in each
adjacent element can be readily calculated. The control volume area A;
can be calculated as the modified Voronoi area

A; = Z Ak (8)
(J,k)

with the fractional Voronoi A, area given as [9]:

v cot avj|xi — x;|? + cot ag|x; — x;|?

max(ai, a5, a1) < 33 (9)

ijk — 3 )
Aijk T
=Ty 4> g (10)
Ak T T
ik = Z > or o> o, (11)
where A;;;, is the area of element Ejjj.
(a) (b) (c)
Xf

FIGURE 3. The three possible situations for the relative po-
sition of altitude foot x; to the edge ends x; and x;: (a) xf
locates between x; and x;, when o < 7/2 and oy, < 7/2;
(b) x¢ locates outside of the edge and is closer to x; when
a; > 7/2; and (c) x locates outside of the edge and is closer
to x; when oy > /2.

Please see Fig. 2 for more detailed descriptions of the Voronoi area cal-
culation.

Next, we show that our approximation Eq. (7) actually is equivalent to
that given by Desbrun et al. [4, 9]. Again we start with the element Ejjp,
in Fig. 1c, and its inner angles are o, «j, and oy, at vortice x;, X; and xy,
respectively. The position of the foot of altitude x; on the base |xj; — x;]|
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can be calculated from x; and x; with the distances as weight factors, and
the exact relation depends on the relative position of x; to vortice x; and
Xy, see Fig. 3:

lijf = lkfXj + lijk, for Qg < g and Q. < g;
7T

lkij = lijf + ljka, for a5 > 5;
s

lijk = lijf + lkij, for oy > 5

The outward vector t;i, for these three individual situations in Fig. 3 is
then expressed respectively as

o — X —X; Xy X — Ligx;
Jk = -

lLif Likliy
lprxs +Lirxe — (s +1i7)%x; 1 [ l;
L | R e
jkbif gk Lbif if
= — |cot ap(x; — X;) + cot o (X — x;)], oro«ﬁzandakgz;
J J f J
Lik 2 2
. Xf— X . lkfXj — ljka — ljkxi
tik = I - Ll
if jklif
lk X'—Z‘Xk—ak —l')XZ‘ 1 lk l;
= B jfl.l, Lt = #(Xj_xi)_%(xk_xi)
jklif gk Lbif if
= — [cot ag(x; — X;) + cot aj(xf — x;)], for a; > E;
ljk‘ 2
¢ o XX Lipxp — lepxy — LigX;
Jk = L. - Ll
if jkvif
l; —1 = (Lir—1 i l l;
_ %k k:fX]‘ ‘(]f kf)X :i —ﬁ(Xj—Xi)-i-]%f(Xk—Xi)
l]klzf ljk lzf lzf

1
=1 [cot o (x5 — x;) + cot oy (x, — x;)], for ay, > g
jk



Physics-Based Estimation of Mean Curvature 7

The final expressions for the vector t;; are identical in all the three situa-
tions, and thus we can write the following relation in general:

i, = T [cot oy (x; — x;) + cot o (x5 — x)] -
J
Eq. (7) is then rewritten by enumerating every link instead of every element
connected at the same vertex x; in the summation operation:

1
Hn(x;) = A [cot o (x; — x;) + cot a(x; — X)) . (12)
1
Here n(x;) is the unit normal vector at vertex x;, Fig. 1b. By enumerating
each edge from the vertex x; instead of each element around x;, Eq. (12)
can be rewritten to

1
Hn(x;) =~ 1A Z(cot Bij + cot 0;5)(x; — x5), (13)
b

where f;; and 6;; are the opposite angles of the two elements sharing the
edge l;;, Fig. 1f. This is exactly the same expression given by Desbrun
et al. [4, 9]. We do not present any numerical examples for our method
Eq. (7) due to the mathematical identity to Eq. (13), which has been tested
in numerous studies [4, 9, 1, 8, 18].

In summary, we have derived an estimation expression for the mean cur-
vature vector at vertices of triangulated surfaces, and shown that our ex-
pression is equivalent to the result from the discrete LB operator approach
by Desbrun et al. [4, 9]. The key idea of our method can also be extended
to other non-triangular and even heterogeneous surface meshes. In such
situations, instead of Eq. (4), the finite element method [19] can be uti-
lized to calculate the nodal force due to the surface tension effect in each
non-triangular surface element.
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