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Automorphisms of Kronrod-Reeb graphs
of Morse functions on 2-sphere

Anna Kravchenko, Sergiy Maksymenko

Abstract. Let M be a compact two-dimensional manifold, f € C*° (M, R)
be a Morse function, and I'y be its Kronrod-Reeb graph. Denote by
O(f) ={feoh|heD}

the orbit of f with respect to the natural right action of the group of dif-
feomorphisms D on C*°(M,R), and by S(f) = {h € D | foh = f} the
corresponding stabilizer of this function. It is easy to show that each h € S(f)
induces a homeomorphism of I'y. Let also Dia(M) be the identity path com-
ponent of D(M), §'(f) = S(f) N Dia(M) be group of diffecomorphisms of M
preserving f and isotopic to identity map, and Gy be the group of homeo-
morphisms of the graph I'y induced by diffeomorphisms belonging to S’(f).
This group is one of the key ingredients for calculating the homotopy type
of the orbit O(f).

Recently, the authors described the structure of groups Gy for Morse
functions on all orientable surfaces distinct from 2-torus and 2-sphere. The
present paper is devoted to the case M = S2. In this situation I" 't is always
a tree, and therefore all elements of the group Gy have a common fixed
subtree Fix(Gy), which may even consist of a unique vertex. Our main
result calculates the groups Gy for all Morse functions f: S* — R whose
fixed subtree Fix(Gy) consists of more than one point.

Amnoramnisa. Hexait M — kommakTHa gBoBuMipHa moBepxus i f: M — R —
dynknia Mopca i I'y — i1 rpad Kponpona-Piba. Busnauumo npupogny mpa-
By aito rpymu C*° judeomopdismie D(M) noeepxui M Ha C*°(M,R) 3a
npasusioM: pesynbrar mil mudeomopdisma h € D(M) ma f € C*°(M,R)

ne xommosunisg f o h: M — R. HOna f € C*®(M,R) nosnaunmo uepes
O(f) ={foh | he D(M)} 1aS(f) ={h € D(M) | foh = f} — Binnosiamo
opbity Ta crabimizarop miei dynknii. Jlerko mokasarwm, mo koxen h € S(f)
innykye neskuii romeomopdism p(h) rpada Iy, a signosinmicts h +— p(h)
€ romomopdizmom 3 S(f) B rpyny romeomopdismis Iy. Hexait Dig(M)—
TOTOKHA KOMIIOHeHTa 38 sizHocti rpymu D(M), 8'(f) = S(f) N Dia(M)

miarpyna B Dia(M) mo ckuamgaersesa 3 gudeomopdisMi ski 36epiraiors f
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i opienranito M Ta i3oTouHi O TOTOXKHOrO BimobpakenHs, i Gy — rpyna
aBroMopdismiB rpada Kpoupona-Piba dyukmil f immykoBanux gudeomop-
dismamu 3 S'(f). Ocranns Tpyma € CKiHIEHHOIO i Bifirpae K/IOUOBY POJb
2t 069mcsieHHs romMoromiugoro tuity opbitu O(f).

B nonepenniit crarti aBropu onmcasu anrebpaidny crpykrypy rpyn Gy
s bynkmii Mopea Ha BCix OpieHTOBHEX MOBEPXHSX BiaMimHuX Bifg Topa T2
Ta 2-cepu S2. ITana pobora npucssaena sunanky M = S2. Bigmirumo, mo
quts kKool dynxiii Mopea f: §% — R i1 rpad I’y 3aBx/aum € JepesoM, a
ToMy Bei eszemenTu rpymu Gy MaioTh ciijabHe HepyxoMy mijgzepeso Fix(Gy),
SKEe MOXKE CKJIAJIATUCh 3 OjHiel Bepmuuu. OCHOBHUI pe3yabTar JAHOI CTaTTi
o6uucoe rpyma Gy jyia Beix dyukuiit Mopea f: S? — R, y akux HepyxoMe
nigzuepeso Fix(Gy) micturs Giibiue HIXK OHY TOUKY.

OTpumaHi pe3yIbTaTH MAIOTh MICIle TAKOXK JIJIst O1JIBII IIIMPOKOTO HizK MOP-
ciBepki Kmacy dynkmii f: S% — R, mo € T1agKo eKBiBaJIEeHTHIME 10 OHOPI-
JIHUX MHOTOYWIEHIB 6€3 KPDATHIX MHOXKHUKIB B OKOJIi KO2KHOI CBOET KPUTUIHOL
TOYKH.

1. INTRODUCTION

Let M be a compact two-dimensional manifold and D(M) the group of
diffeomorphisms of M. Then there exists a natural right action

¢: C®(M,R) x D(M) — C®(M,R)

of this group on the space of smooth functions on M defined by the formula
¢(f,h) = foh. For f € C®(M,R) denote by

S(f)={heDM)|foh=f}
its stabilizer with respect to the specified action.

Definition 1.1. Let F(M,R) be the subset of C>°(M, R) consisting of maps
f+ M — R such

(1) f takes constant values on the connected components of the boundary
OM and has no critical points on M
(2) for each critical point z of f there are local coordiantes (z,y) in which
z=(0,0) and f(z,y) = f(2) + g.(z,y), where g,: R? — R is a homo-
geneous polynomial without multiple factors.
Notice that every critical point of f € F(M,R) is isolated.
A function f € F(M,R) is called Morse, if degg, = 2 for each critical
point z of f. In that case, due to Morse Lemma, one can assuse that
9-(z,y) = +a? £ .

We will denote by M (M, R) the space of all Morse maps M — R.
Homotopy types of stabilizers and orbits of Morse functions and functions
from F(M,R) were studied in [8], [9], [10], [1], [2], [3], [4], [5], [6]-
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Let f € C*(M,R), I’y be a partition of the surface M into the connected
components of level sets of this function, and p : M — I'; be the canonical
factor-mapping, associating to each x € M the connected component of the
level set f~1(f(z)) containing that point.

Endow I’y with the factor topology with respect to the mapping p: so
a subset A C I'y will be regarded as open if and only if its inverse image

p~1(A) is open in M. Then f induces the function f I't — R, such that
f=TFfop.

It is well known, that if f € F(M,R), then I'; has a structure of a one-
dimensional CW-complex called the Kronrod-Reeb graph, or simply the
graph of f. The vertices of this graph correspond to critical connected
components of level sets of f and connected components of the boundary
of the surface. By the edge of I'y we will mean an open edge, that is, a
one-dimensional cell.

Denote by H(I'y) the group of homeomorphisms of I';. Notice that each
element of the stabilizer h € S(f) leaves invariant each level set of f, and
therefore induces a homeomorphism p(h) of the graph of f, so that the
following diagram is commutative:

P f

M ry R
T
M—r 1 R

Moreover, the correspondence h — g(h) is a homomorphism of groups
p:S(f) = H(TY).

Let also Djq(M) be the path component of the identity map idys in
D(M). Put

S'(f) = S(f) N Dia(M) Gy =p(S'(f)).

Thus, Gy is the group of automorphisms of the Kronrod-Reeb graph of
f induced by diffeomorphisms of the surface preserving the function and
isotopic identity.

Remark 1.2. Since f is monotone on edges of I'y, it is easy to show that
Gy is a finite group. Moreover, if g(E) = E, for some g € G and an edge
E of the graph I'f, then g(z) =« for all z € E.

Since G is finite and p is continuous, it follows that p reduces to an
epimorphism pg: mS’(f) — Gy of the group mpS'(f) path components
of 8'(f) being an analogue of the mapping class group for f-preserving
diffeomorphisms.
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Algebraic structure of the group mS’(f) of connected components of
S'(f) for all f € F(M,R) on orientable surfaces M distinct from 2-torus
and 2-sphere is described in [11], and the structure of its factor group Gy is
investigated in |7]. These groups play an important role in computing the
homotopy type of the path component O¢(f) of the orbit of f, see also [§],
(91, 11, [2], [3]-

The purpose of this note is to describe the groups G for a certain class
of smooth functions on 2-sphere.

The main result Theorem 1.4 reduces computation of Gy to computations
of similar groups for restrictions of f to some disks in the 2-sphere. As noted
above the latter calculations were described in [7].

First we recall a variant of the well known fact about automorphisms of
finite trees from graphs theory.

Lemma 1.3. Let I' be a finite contractible one-dimensional CW-complex
(«a topological treey), G be a finite group of its cellular homeomorphisms,
and Fix(G) be the set of common fized points of all elements of the group
G. Then Fix(Q) is either a contractible subcomplex or consists of a single
point belonging to some edge E an open 1-cell), and in the latter case there
exists g € G such that g(E) = E and g changes the orientation of E. [

Suppose f: 8% — R belongs to F(S%,R). Then it is easy to show that
I'; is a tree, i.e., a finite contractible one-dimensional CW-complex, and
by Remark 1.2 Gy is a finite group of cellular homeomorphisms of I7.
Therefore, for G, the conditions of Lemma 1.3 are satisfied. Note that
according to Remark 1.2 the second case of Lemma 1.3 is impossible, and
hence Gy has a fixed subtree.

In this paper we consider the case when the fixed subtree of the group
Gy contains more than one vertex, i.e. has at least one edge.

Let us also mention that Diq(S?) coincides with the group D+ (S5?) of
diffeomorphisms of the sphere preserving orientation, [12|. Therefore S'(f)
consists of diffeomorphisms of the sphere preserving the function f and the
orientation of S2.

Theorem 1.4. Let f € F(S%,R). Suppose that all elements of the group
Gy have a common fired edge E. Let v € E be an arbitrary point and

A and B be the closures of the connected components of S?\ p~!(x), see
Figure 1.1. Then

(1) A and B are 2-disks being invariant with respect to S'(f);

(2) the restrictions f|la € F(A,R) and f|p € F(B,R);

(3) the map ¢: Gy — Gy, X Gy, defined by ¢(v) = (YIry,v|rg) is an
isomorphism of groups.
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Tyin

FIGURE 1.1.

Corollary 1.5. For any a,b € F(D* R) there exists f € F(S% R) such
that G has an fized subtree consisting of more than one vertexr and

Gr =Gy x Gy

Sketch of proof. One can assume that a takes maximal value on 9D?,
while b takes a minimal value on 9D?. Now regard S? = {22 +y%+22 =1}
as the unit sphere in R3. Let also A = SN {z < 0} and B = S?>N{z > 0}
be the lower and upper hemispheres respectively. Then one can assume
that the function a is defined on A, the function b is defined on B, they
coincide on the big circle AN B, and define a function f € F(S2,R). It then
easily follows that Gy has a fixed edge containing the point corresponding
to AN B, whence by Theorem 1.4 we get an isomorphism G; = G, X Gj.
We leave the details for the reader. O

For the structure of the groups G for f € F (D%, R) we refer the reader
to the paper [7].

2. PROOF OF THEOREM 1.4

(1) By assumption x belongs to the open edge E. Therefore p~!(z) is a
regular connected component of some level set of the function f, that is, a
simple closed curve. Then, by Jordan Theorem, p~!(x) divides the sphere
into two connected components whose closures are homeomorphic to two-
dimensional disks. Consequently, A and B are two-dimensional disks.

Let as show that A and B are invariant with respect to S'(f), i.e.,
h(A) = A and h(B) = B for each h € §'(f). Denote

I'y=p(A) I's = p(B).
Then
Ir'yulg=1r FAOFB:{ZL'}.
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By definition, p(h)(z) = =, whence p(h) either preserves both I'4 and I'p
or interchange them. We claim that

p(h)(I'a) =T’ p(h)(I's) = I'p.
Indeed suppose p(h)(I4) = I'g. Since p(h) is fixed on E, it follows that
p(h)(I'aNE)=Ta1NE,
whence
p(W)(Ta 1 B) = p(h)(I'a) N p(E) = T3 0 B £ T4 E,

which contradicts to our assumption. Thus I'4 and ['p are invariant with
respect to the group Gy.

Now we can show that A and B are also invariant with respect to h. By
virtue of the commutativity of the diagram (1.1) p(h)(p(y)) = p(h(y)) for
all y € I'. In particular:

p(h(A)) = p(h)(p(A)) = p(h)(I'a) = L.
Therefore, h(A) = p~'(I'4) = A. The proof for B is similar. Thus, A
and B are invariant with respect to S’'(f).

(2) Notice that the function f takes a constant value on the simple closed
curve p~!(z) being a common boundary of disks A and B, and does not
contain critical points of f. Therefore, the restrictions f|4, f|p satisfy the
conditions 1) and 2) the Definition 1.1, and so they belong to F(A,R) and
F(B,R) respectively.

(3) We should prove that the map ¢: Gy — Gy, x Gy, defined by
formula ¢(v) = (v|r,,7|ry) is an isomorphism.

First we will show that ¢ is correctly defined. Let v € G¢ = p(S'(f)),
that is, v = p(h), where h is a diffeomorphism of the sphere preserving the
function f and isotopic to the identity.

We claim that hlg € S'(f|a) = S(f|a) N Dia(A). Indeed, for each point
x € A we have that:

f(x) = fla(@) = fla(hla(z)) = fla(h(z)) = f(h(z)),
which means that k|4 € S(f]a).

Moreover, since h preserves the orientation of the sphere, it follows that
h|a preserves the orientation of the disk A, whence by [12], h|4 € Dia(A).
Thus v|r, € Gy|,. Similarly v|r,; € Gy, and so ¢ is well defined.

Let us now verify that ¢ is an isomorphism of groups, that is, a biective
homomorphism. Indeed, if §,w € G, then

p(0ow) = (5ow|pA, 50w|pB) =

= (5|FA7 5‘133) ° (W|FA7 w’FB) =
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= (5‘114 OW‘FA7 5’FB OW|FB) =

(5ow|pA, (5ow\pB),

sp ¢ is a homomorphism.

Let us show that ker¢ = {idp}. Indeed, suppose v € ker ¢, that is
v|r, =idr, and v|r, =idp,. Then v is fixed on I’y UI'p = I', and hence
it is the identity map.

Surjectivity of ¢: Gy — Gy, x Gy, is implied by the following simple
lemma.

Lemma 2.1. Let f € F(M,R). Then for each o € Gy, there exists
a € 8'(f) fixed near the boundary OM and such that o = p(a).

Proof. By assumption o = p(h) for some h € S'(f) = S(f) N Dia(M).
Since h is isotopic to idjy, it leaves invariant each connected component V' of
OM and preserves its orientation. In particular, the restriction hly : V — V
is isotopic to idy,. As f takes constant value on V' and has not critical points
near V, h can be deformed in S(f) to a diffecomorphism a fixed near OM,
e.g. |8, Lemma 4.14], whence p(a) = p(h) = a. O

Let (a,8) € Gy, x Gy|,, then by Lemma 2.1 there exist a € S'(f[a)

and b € S'(f|p) fixed near A = OB = p~!(z) and such that o = pa(a)
and 8 = pp(b). Define h by the following formula:

_Ja(z), €A
h_{b(m), xr € B.

Then, h is a diffeomorphism of the sphere, preserving the function and
orientation, whence h € S'(f).

Moreover if we put v = p(h) € Gy, then v|r, = p(hla) = « and
My = p(hls) = B. In other words, $(7) = (v|rwslry) = (@ B), ie.
¢ is surjective and therefore an isomorphism.
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