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Bypassing dynamical systems: a simple
way to get the box-counting dimension
of the graph of the Weierstrass function

Claire David

Abstract. In the following, bypassing dynamical systems tools, we propose
a simple means of computing the box dimension of the graph of the classical
Weierstrass function defined, for any real number z, by

—+oo

W(z) = Z A" cos (27 N} ),

n=0
where A\ and N, are two real numbers such that 0 < A < 1, N, € N and
AN, > 1, using a sequence a graphs that approximate the studied one.

Amwnoranisi. B po6oTi nponoHyeThCst TPoCTUil crioci6 obumcieHHs 1mo box-
counting posmipnicts (a6o posmiprocti MiHKOBCHKOTO) rpadika KIaCHIHOI
HenepepBHOI Hize He mudepentiitosrol dyukiii Beitepurrpaca

—+o0
W(z) = Z A" cos(2m Ny '),
n=0
ae A\ ta Np — miiicui uncira taki, mo 0 < A < 1, Ny € N, AN > 1.

BigmiTumo, o momepesai poboTH, B AKHX 00YMCIOBATIACh box-counting
po3mipHicTh rpadika dyukmii Beitepmrpaca, 6a3yBajuch Ha TAKAX ITOHIT-
TAX TEOpil JAUHAMIYHUX CHUCTEM $K: PO3MIpHICTH JIdmyHoBa eKBiBajeHTHHUX
[PUTATYIOYUX TOPIB, BKJIaJIeHHs I'pada B aTPAKTOP JMHAMIYHOI cUCTeMU, b-
BiI0OpaskKeHHsT MeKapsi OJUHUIHOIO KBaJIpaTy, CTiiKi Ta HECTIiKi miMHOro-
BUIN Ta iH.

B mamiit crarri Mm «06X0auMO» TEXHIKY TeOpil JUHAMIYHUX CUCTEM 34
noromMoromo nociigosrocreil rpadikis (I'w,, )men, Mo 36iraloTbes 10 Ipa-
dika dyuxmii Beiteprurrpaca. OcHOBHMIT IHCTPYMEHT — 1€ iT€pOBaHA CHUCTE-
Ma dyHKIjii, T06T0 ciM’s C°° cruckarounx Bigobpaxens T; : RZ — R2
1=0,...,N, — 1, Bu3HaueHux 3a HopMmyIamMu

Ti(w,y) = (5 2y + cos(2m - 52)),
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Hexait P; — nepyxoma touka T; i Vo = {Po, ..., Pn,—1}. daui yist KokHOro

Np—1 . .
HATYPAJLHOTO M IOKJIaaeMo Vi, = U;2° " T;(Vin—1). 3’equasmmn nociigoBHi
TOYKU B MHOXKWHI V), y HAIpsIMKYy 3pOCTaHHH abcrucn OTpuMaeMo rpad
T'w,, . O6uncienns po3mipaocti rpadika 6a3yeThbcsd HA OIIHKAX BHILY:

Cintlx1 — 12\27DW < W(z1) — W(z2)| < Csplz1 — 232|27DW

e [xh xz] C [O 1] — JOBIJIbHMI JTOCUTH MaJjuii iHTepBasty, Dy = 2 + 111111;‘ a

Cint 1 Ciyp cTPOTO O7ATHI umCIA. IX 10BeIeHHs 3aiiMae Jmlre Bl CTOPIHKH i
HE BUMAarae CIeIiaJbHAX 3HaHb, [0 POOUTD TOCTYIHAM POOOTY JJIsT IITIPOKOT
ayauTopii.

INTRODUCTION

The determination of the box and Hausdorff dimension of the graph
of the Weierstrass function has, since long been, a topic of interest. In
the following, we show that the box-counting dimension (or Minskowski
dimension) can be obtained directly, without using dynamical systems tools.

Let us recall that, given A € (0,1), and b such that \b > 1+ 37”, the
Weierstrass function

reR — W(x Z)\”coswb"

is continuous everywhere, while nowhere dlfferentlable. The original proof,
by K. Weierstrass [18], can also be found in [17]. It has been completed by
the one, now a classical one, in the case where A\b > 1, by G. Hardy [5].

After the works of A. S. Besicovitch and H. D. Ursell [2], it is Benoit Man-
delbrot [12] who particularly highlighted the fractal properties of the graph
of the Weierstrass function. He also conjectured that the Hausdorff dimen-
sion of the graph is Dyy = 2 + %. Interesting discussions in relation to
this question have been given in the book of K. Falconer [4]. A series of
results for the box dimension can be found in the works of J. L. Kaplan et
al. [8] (where the authors show that it is equal to the Lyapunov dimension
of the equivalent attracting torus), in the one of F. Przytycki and M. Ur-
banki [14], and in those by T. Y. Hu and K-S. Lau [6]. As for the Hausdorff
dimension, a proof was given by B. Hunt [7] in 1998 in the case where
arbitrary phases are included in each cosinusoidal term of the summation.
Recently, K. Baransky, B. Barany and J. Romanowska [1| proved that, for
any value of the real number b, there exists a threshold value A, belonging
to the interval (1 5> 1) such that the aforementioned dimension is equal to
Dyy for every b in (A, 1). Results by W. Shen [16] go further than the ones
of [1]. In [9], G. Keller proposes what appears as a much simpler and very
original proof.
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May one wish to understand the proofs mentioned above, it requires
theoretical background in dynamic systems theory. For instance, in the
work of J. L. Kaplan et al. [8], the authors call for results that cannot
be understood without knowledge on the Lyapunov dimension. One may
also note that their proof, which enables one to obtain the box-counting
dimension of the aforementioned graph, involves sequences revolving around
the Gamma Function, Fourier coefficients, integration in the complex plane,
definition of a specific measure, the solving of several equations, thus, a lot
of technical manipulations (on eleven pages), to yield the result.

Following those results, F. Przytycki and M. Urbariki [14] give a general
method leading to the value of this box-counting dimension. It was ini-
tially devoted to the calculation of the Hausdorff dimension of the graph.
It appears simpler than the one by Kaplan et al., calling for Frostman’s
lemma [15], [13]. The authors deal with continuous functions f satisfying
conditions of the form:

sup{[f(a1) — f(az)| : 21 < a1 < az < @} > Oy — 22| (%)

for all (z1,79) € [0,1]?, where C' and a < 1 denote strictly positive real
constants.

In order to apply the results by F. Przytycki and M. Urbanki, one thus
requires the estimate (%), which is not that easy to prove. The same kind
of estimate is required to obtain the Hausdorff dimension of the graph.
As evoked above, existing works in the literature all call for the theory of
dynamical systems.

Until now, the simplest calculation is the one by G. Keller [9], where the
author bypasses the Ledrappier-Young theory on hyperbolic measures [10],
[11], embedding the graph into an attractor of a dynamical system. The
proof requires b-baker maps, acting on the unit square. It also requires
results on stable and unstable manifolds, as well as results on related fibers.

In our work [3], where we build a Laplacian on the graph of the Weier-
strass function W, we came across a simpler means of computing the box
dimension of the graph, using a sequence a graphs that approximate the
studied one, bypassing all the aforementioned tools. The main computa-
tion, which, for any small interval [z, z2] C [0, 1], leads to an estimate of
the form:

Cinglzr — 22~ < W(21) = W(a2)| < Cauplr — w277

where Dy = 2—1—%, and Cjy, r and Cy,,;, denote strictly positive constants, is
done in barely two pages, and does not require specific know-ledge, putting
the result at the disposal of a wider audience. The key results are exposed
in the sequel.
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1. FRAMEWORK OF THE STUDY

In this section, we recall results that are developed in [3]. We consider
the case when the real number b is an integer, that we thus choose to denote
by Np.

Notation. We will denote by N the set of natural integers. In the following,
A and NNy are two real numbers such that:

0<a<l1 Ny € N, and ANy > 1.

We will consider the Weierstrass function W, defined, for any = € R, by:

+0o0
W(x) = Z A" cos(2nNy'x).

n=0

Periodic properties of the Weierstrass function. Notice, that for any
real number z:

“+o0 “+o0
Wz +1) = Z A" cos(2n Nz + 2 Ny') = Z A" cos(2mNi'x) = W(x).
n=0 n=0

Hence the study of the Weierstrass function can be restricted to the interval
[0,1).

In the sequel, we place ourselves in the Euclidean plane of dimension 2,
referred to a direct orthonormal frame. The usual Cartesian coordinates

are (x,y).

The restriction I'yy to [0, 1) x R, of the graph of the Weierstrass function,
is approximated by means of a sequence of graphs, built through an iterative
process. For this purpose, we introduce the iterated function system, i.e.
the family of C™ contractions from R? to R?:

{T()v cee 7TNb—1}

where, for any integer i belonging to {0, ..., Ny — 1}, and any (z,y) in R?:
Ti(xz,y) = (%, Ay + cos (2 - IT*;)) .

We will denote by:
In A
In Nb

the Hausdorff dimension of T'yy (see [1], [9]).

DW:2+

Proposition 1.1. Ty = Ufﬁ’&l T;(Ty).
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Definition 1.2. For any integer ¢ belonging to {0,..., N, — 1}, let us de-
note by:
P = (xz’yl) = (ﬁ? ﬁCOS ]\?bﬂ—_zl)
the fixed point of the contraction T;.
We will denote by Vj the ordered set (according to increasing abscissae),
of the points:

{Po,...,Pn,—1}

The set of points Vp, where, for any i of {0,..., N, — 2}, the point P,
is linked to the point P;ii, constitutes an oriented graph (according to
increasing abscissa), that we will denote by I'y,,. We will call Vj the set of
vertices of the graph I'yy,.

For any natural integer m, we set:

Np—1
Vin=J Ti(Vin-1).
i=0
The set of points V,,,, where two consecutive points are linked, is an oriented
graph (according to increasing abscissa), which we will denote by I'yy, . We
will call V;,, the set of vertices of the graph I'yy, . We will also denote, in
the sequel, by
NS =2N™ + N, —2
the number of vertices of the graph I'yy,,, and write:

Vin = {P&”,P{”,...,PK}%A}.

D T (P)=Ti (P TiP)=T2(Py) a2

vy 4

To (P1)

Py po]ygon P11

FIGURE 1.1. The polygons P10, P1,1, P1,2, in the case where
A= % and N, = 3.
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FIGURE 1.2. The graphs I'yy,, I'yy, (in red), 'y, Ty, in
the case where \ = % and Ny = 3.

\J

Definition 1.3 (Consecutive vertices on the graph I'yy). Two points X
and Y of I')y will be called consecutive vertices of the graph I'yy if there
exists a natural integer m, and an integer j of {0,..., N, — 2}, such that:

X =(Tyo--0T,,)(P)),
Y = (T, 0---0T;,)(Pit1),

or:

X = (Tll 0Ti2 S OTim)(PNbfl)v
Y = (Ti1+1 0T, -+ OTim)(PO)v

where (i1,...,0y,) € {0,---, Ny — 1}

Definition 1.4. For every m € N the NS consecutive vertices of the graph
I'y,, are, also, the vertices of IV} simple polygons Py, ;, 0 < j < NJ* — 1,
with IVy sides. For any integer j such that 0 < j < VJ™ — 1, one obtains
each polygon by linking the point number j to the point number j + 1 if
j =1imodNy, 0 < i < Ny — 2, and the point number j to the point number
j — Ny +1if j = —1modNy. These polygons generate a Borel set of R2.

Definition 1.5 (Word, on the graph I'yy). Let m be a strictly positive
integer. We will call number-letter any integer M; of {0,..., N, — 1}, and
word of length | M| = m, on the graph I'yy, any set of number-letters of the
form:

M - (Mla" . ,Mm)
We will write:
TM :TM1 O"'OTMm'
Definition 1.6 (Edge relation, on the graph I')y). Given a natural integer

m, two points X and Y of I'yy, will be called adjacent if and only if X and
Y are two consecutive vertices of I'yy,,. We will write:

X ~Y.

m
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This edge relation ensures the existence of a word M = (My,..., M,,) of
length m, such that X and Y both belong to the iterate:

Tm Vo= (Tm, 0---0Tpm,,) Vo.

Given two points X and Y of the graph ')y, we will say that X and Y are
adjacent if and only if there exists a natural integer m such that:

X~Y.

Proposition 1.7 (Addresses, on the graph of the Weierstrass function).
Given a strictly positive integer m, and a word M = (My,...,My,) of
length m € N*, on the graph Ty, , for any integer j of {1,..., Ny — 2},
any X = Tm(Pj) of Vin \ Vo, i.e. distinct from one of the Ny fized point P;,
0 <i < Ny —1, has exactly two adjacent vertices, given by:
Tm(Pjy1)  and  Tpm(Pj-1),
where:
Tywm=Tpm,0...0T0,,.
By convention, the adjacent vertices of Tam(Po) are Ty (P1) and Ta(Pn,—1),
those of Tamy(Pn,—1), Tm(Pn,—2) and Tha(FPp).
Notation. For any integer j belonging to {0,..., N, — 1}, any natural in-
teger m, and any word M of length m, we set:
Tam (Py) = (2 (Tam (By)) sy (Ta (Fy)))
Trm (Pjy1) = (@ (Tm (Pj41)) sy (T (Pit1)))

Ly = 2 (Tam (Pji1)) — 2 (Tm (P)) =

hjm =y (Tam (Pit1)) — y (Ta (Fy)) -

1
(Ny — 1) N’

2. MAIN RESULTS

Theorem 2.1 (An upper bound and a lower bound, for the box-dimension
of the graph I'yy). For any integer j belonging to {0,1,..., N, — 2}, each
natural integer m, and each word M of length m, let us consider the
rectangle, whose sides are parallel to the horizontal and vertical azxes, of

width:
1

(Ny — 1) Ny

and height |hjm|, such that the points Taq (Pj) and Th (Pj4+1) are two
vertices of this rectangle.

L =z (T (Pj+1)) — 2 (Tm (Fy)) =
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(i) If the integer Ny is odd, then:

L2 Pw (N, —1)2Pw x

2 o : J+1)‘ 2 1
X 4 2 sin L < |h;
{1—,\ SNT (2N, 1 )Sm N, Ny (No—1) AN,—1 [ = [hjm|
(ii) If the integer Ny is even, then

L2 Pw (N, —1)27Pwx

% max{ 2« sin <%~ min |sin ZZHD |
T—x No—T o< jons 1 N,—1
_ 2= 14 1-N) o |
Ny (Nbfl) AN,—1° N62 Nb2—1 — J,m

Also:
|| < Ly P9 (N — 1)27 P
where the real constant my s given by:
e = 2 { (2N, — DA(NZ — 1) N 2N, }
(Ny—12(L=N(ANZ—1)  (ANZ—=1)(AN$ —1)

Corollary 2.2. The boz-dimension of the graph I'yy is exactly Dyy.

Proof. By definition of the box-counting dimension Dyy (we refer, for in-
stance, to [4]), the smallest number of squares, the side length of which
is at most equal to L,,, that can cover the graph I')y on [0, 1), obeys,
approximately, a power law of the form:

cL,Pw  c>0.
Let us set

T(2j+1) |
sin =7 Ny ( Nb 1),\Nb 1}

C = max{ —2_gin—"— min
{17,\ I R

4 1-— N_
NZ N1 ,771/\/}
and consider the subdivision of the interval [0,1) into:

1
Np=—=(Ny,—1)N;"
Ly,
sub-intervals of length L.,. One has to determine a natural integer Ny,
such that the graph of I'yy on [0, 1) can be covered by N,, x N,, squares of
side L,,. By considering, the vertical amplitude of the graph, one gets:
- {C’ Lz Pw

Ny = | —F J+1, ie.  Np=|CLL,P"|+1.
m
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Thus,
Y N, 1 1-D
m X N =7 = =[O L+ -
The integer N,, X N,, then obeys a power law of the form
Ny, X Nm =~ cL;ZDW

where ¢ denotes a strictly positive constant.

61

0

Proof of Theorem 2.1. Preliminary computations. For any pair of inte-

gers (im,j) of {0,..., Ny — 2}?
T;,. (Pj) = <xj;5m, Ayj + cos<27r %)) .
For any triple of integers (i, 4m—1,7) of {0,..., Ny —2}3
Tips (T (F)) =

zj;im +im—1 2 x4+ ijL‘m‘i’imfl
= 25— Ny + A cos(2m 2™ +cos<27r ”7)

Ny

Ny

_ (J:j];[f—gim + Z‘T;LV;17A2yj + )\COS(27T J:j;:m) + COS<27T (xj];%im + in]([bl)))'

For any quadruple of integers (i, im—1,im—2,7) of {0,..

Ny — 234

Tz (Tin s (Ti () = <““m+"*;’vg 552, Ny % cos (2w ) +

3
Nb

+ )\cos<27r(xj;§m + Z”]V;l)) + Cos<27r(xj;§m + e
b b

Given a strictly positive integer m, and two points X and Y of V,,, such

that:
X~Y
m

there exists a word M of length | M| = m, on the graph I'yy, and an integer

j of {0,..., Ny — 2}2, such that:
X = Tu(P). Y = T(Pya).
Let us write T\ under the form:
Tw=1,, 0T, ,0...0T;,
where (i1,...,7m) € {0,..., Ny — 1}™.
One has then:

2(Tm(P)) = o + W 2(Tp(Pig)) = 2L 4
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and:

m . k ;
WTM(Py) = X7y + 3 Am COS(%(]‘% +3 er;g))
=1 mrt
k.
Y(Tm(Pjy1)) = A" yj1 + Z Am—k cos(zﬂ( J? + ) ]2\7;;@»
=0 ""b

Determination of a lower bound. Let us note that:

Pjm — A" (yj41 — yj) =

:i)\m_k{cos@w ]+1+Z;\7fc£z) COS<27T(J$€_§: JZ\?’ZZZ))}

=0 ?
k
_ m—k ]+1 Tj+1+T; —
25 A sm )sm<27r(72N5 + E le—") .
=0

Taking into account:

A < 27 (j +1) 27”')
y) = (cos TS

A (01 — — _
(W1 1—A N, —1 PN, -1
oA op(j+1—4) | 2m(j+147)

= Sin S1n
1— 2(Ny — 1) 2(Ny — 1)
—2\™ T . m(25+1)

=71 smNb_lsm N,—1°

the triangular inequality leads then to:

[y(T:m(Pj11)) = y(Tm(P))| =

(2j+1) m
‘/\ (Yj+1—Yj) 22 AR sin Nk'H(N 5 sm(N,CJrl]Jr +27TZ ]ka 4@

k=1
k
. 27+1 b, —
‘)\ |y]+l_yj’_22 A k‘sln Nk+1(N ) Sln(N;Zl(lg;bil) +27TZ ]ZV:fe)‘
k=1 0

— A\

2 : T . m(2j+1) _
T—x SN, T | sin Ny—1 |

k
_ w<2]+1) g
=1 =0
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One also has:
k
. m(2j+1) it
22)\ sin N’““(N )‘sm(N:H(Nb_l) +27TZN§_Z) <
k=1 =0
m
< 22)\ S.lnNk+1 N D) < Z Nk+1 -
k=1 k=1
= 1-A""N,~
_ 21 —1p7—1 1=ATTN,™
Nb 1) Z,\ka T Np(Np— 1))‘ Ny 1-A-IN!
k=
1 1 _ 2 1
< N(Nb DA Ny oI — Ny (N, =T) AN, =1
which yields:
m k
_ kg g (24D im—¢
22)\ sin NN, —D) )51n(Nk+1( )+2 ZNS*‘) >
1 =
2 1
= _Nb(NZ—l) AN,—1°
Thus:
2 sin " ‘sm m(2j + 1)|
1—A Ny—1 Ny —1
m
_ —k T s 2j+1)
QZ)‘ s NFFL(Ny—1) ‘SID(N“l(N ; ‘
=1
27 1

2 T ‘ (25 + 1)

> — .
1 AN, -1 M—l‘NWWJMM—l

Lemma 2.2.1. The following result holds: for 0 < j < Np — 1:
27+1 N,
11r1M =0 if and only if Ny is even and j = RLNENY
N, — 1 2
Proof. Since 0 < j < N, — 1, one has:

2j +1

1<2j+1<2Ny—1 d th 0 <2 .
<2741 b an us <Nb_1_ +Nb_1
Then, smw = 0 if and only if
2j+1 2j+1
=1 or =
Ny —1 Ny —1

The second case has to be rejected, since it would lead to

. 3
J:Nb—§¢N
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The only possibility is thus when N is an even number:
Ny
= — —1.
17

The converse is obvious. O

First case: sin % # 0. One has then:

725 + 1) _ w25+ 1) . 2
— | > — | = > .
TN | Togienet PN, — 1 "N, 1T N, -1
This leads to:
2 . T ’ . m(25+1) ‘
sin . —
1—A Ny —1 Ny—1

(2j+1) { e
sm(Nk+1 +2 g ]\T;Lz

m
—k o ™
_2§:1A Sme“(Nbf 5

S 2 T . T 27r 1
1n 11 —
1N, 1N, 1 NV, — 1) AN, — 1
P 4 o 1

> _
_1—)\(Nb—1)2 Nb(Nb—l))\Nb—l

2 41 x 1

_Nb—l{l—ANb—l_Nb)\Nb—l}

2(ANp(ANp — 1) — (1 = N)(Np, — 1))
Np(Np — 1)(1 = A) (AN, — 1)

The function
A — 4Nb()\Nb — 1) — 7T(1 — )\)(Nb — 1)

is affine and strictly increasing in A, and quadratic and strictly increasing
in Ny, for strictly positive values of Np. This ensures the positivity of:

2 . T ey P25
T—x SR =T [sin Ny—1 |

—ZkZ)\ SmN’““(N 0
1

. m(2j+1) Gy ,z
Sm(Nf“(Nb +2m Z NF- ’5

Second case: sin ](V] +1) — (. One has then:

[Y(Tm(Pjt1)) = y(Tm(Fy))| =

m
E A Fsin —F -
+1
Nb

k=1

> 2\

k
: Im—¢
Sln(Nb;rJrl +27T E ]W)H
=0
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Thanks to the periodic properties of the sine function, one may only
consider the case when:

4 1—A"™N,™ 4 1-N,;?

T NZ(N,— 12 AN,—1 N2 NZ—1°

General case. The above results enable us to obtain the predominant
term of the lower bound of |y(Tam(Pjt1)) — y(Tm(Py))],

AT — (Dyy—2) In N, — Nb m(Dw—2) _ L2 Dy (Nb . 1)27DW'

Determination of an upper bound. One has

, 2>\m w2 2g+1 m—k 2541 im—¢
|h37m|< X (Np—1)2 +QZ)‘ { 1)J\ﬂv+2z:]\ﬂc f} (Np— 1Nk

m
_9am w2 (2j+1) 4 22 (2j+1) Ak 19 Z im—g A7F
T I-X (Np—1)2 Np—1 (Np— N2k Ngkfé
k=1

_ 2 (2j+1)
T 1X (NV,-1)?

L o2mam JATIN 254 (AT N +22 (Ng—1) A~k 1= N; F~"
Np—1 (Np—1) 1-A— 1N 2 N% 1-N 1

b

2\ 72 (2N, — 1) N 2w A (2N, — 1) (1 — A" N, ™)
1= (Ny—1)2 Ny—1 (Ny—1) ANE -1

2mA™ AN (N — 1) (1 — A™ N, 2™
Ny —1 (1-NH (1 =A1N?)
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22 A™ ) ATLN, 3 (N — 1) (1= AT N, 3™
Ny —1 (1-NH (1 -A1NP

2\ 72 (2N, —1) 272A™ (2N, —1) 1
T1-X (Ny—1)2 Ny—1 (Ny—1) ANZ -1

47r2Nb)\m{ 1 1 }

Ny—1 |ANZ—1 AN} -1
_MW{ (2N, — DA (NG — 1) 2Ny }
(Np—12(1—=A)(ANZ=1)  (ANZ—1)(AN}—1)
Since !
T (P; —2(Ty(P))= ——————
(Tpm(Pj41)) — (Tm(F;)) N DN
and
In A B
= - — (DW—Q) lan — N(DW 2)
Dyy =2+ N, A=e ) ,
one has thus
{ (2N, — DA(NE — 1) 9N, }
(Np — 12(L = A)(ANZ —1) = (ANZ — 1)(AN? — 1)
Theorem 2.1 is completed. 0

Remark 2.3. In [7] B. Hunt uses the fact that the Hausdorff dimension of a
fractal set F can be obtained by means of what is called the ¢t-energy, ¢t € R,
of a Borel measure supported on F (one may refer to [4], for instance):

0= ]

dim F = sup {t € R, | u supported on F, [;(u) < +oo}.

which enables one to obtain:

A lower bound tg of the Hausdorff dimension can thus be obtained by
building a measure p supported on F such that:

I, (:U') < +o0.

B. Hunt proceeds as follows: he introduces the measure ), supported on
I'yy, induced by the Lebesgue measure p on [0,1]. Thus

dpw (@) dpy (2')
o= ff (o — 22 + W(@) - W2}t
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We could also have used a similar argument since, in our case:

@ — 27 S () = W(2)| S o — 2P
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