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Moyal and Rankin-Cohen deformations
of algebras

Volodymyr Lyubashenko

Abstract. It is proven that Rankin-Cohen brackets form an associative
deformation of the algebra of polynomials whose coefficients are holomorphic
functions on the upper half-plane.

Amnotanis. Bynyernca BriIageHHs JOOYTKY BepXHBOI HAIIBIJIOIIMHE HA
KOMILICKCHY ILIONMHY 3 BHKOJIOTHM HyJleM B KOMILIekcHmii mpoctip C2 3
KoopauHaramu (g, p). Y3I0BXK HbOIO IEPEHOCUTLCA GIBEKTOPHE 110JIe

M =0, ® 0, — 9q ® By,

nBoicTe 10 cramgapraol cummtniansuol dpopyu na C2. HoxibuuM dunoM 3
nedopmarnii Myasiia ajarebpu mosriHOMIB BiJf BOX 3MIHHUX OTPUMAHO acollia-
TUBHY [edOPMAITIo aarebpu MOTHOMIB, KOeMIIIEHTH SKUX € TOTOMOPMOHIMEI
dyHKIigIME Ha BepxHii HamiBiomuni. Mera i ocHOBHUIT pe3yJibTar: JoBee-
HO, 110 M-I 4jeH 1€l medpopmariii 36iraerbest 3 n-1o jayxkkoo Pankina-Koena.
Ile mow’s13ye medopmariito 3 momynspauMu gopmamu. B moBeseHHI BUKOPH-
CTOByEThCA pesyabrar Ejab ['pajieki mpo €IuHicTh 3 TOYHICTIO JI0 YHUCJIOBO-
ro muoxkHuKa SL(2, R)-ekpiBapianTHoro 6iaudepeniiaabHOro oneparopa Ha
MPOCTOPax TOJOMOPMHNX (DYHKIN HA BEPXHIl HAMIBILIONINHI 3 TIEBHOKO [Ti-
eo rpymu SL(2,R). 4k wrenn sraganol gedopmarnil, Tak i xykku Pankina-
Koena 3a/10BosIbHAIOTE IIi yMOBH, OTKe, € nponopiiitaumu. Ilepesipserbes,
mo Koedinient mpomopiiiinocri gopisaioe 1. HaBenene j10BeieHHS OCHOBHO-
ro TBepiKeHHs Koporie 3a icuytoui: I1. Koen, Manina i 3aripa; Kounna i
Mockosiui; B. Obcienka.

Annoranus. /Jokazano, uro ckobku Pankwnna-Kosna obpasyior accorma-
TUBHYIO J1eDOPMAIIIO AJIrebpbl MHOTOUIEHOB, KOI(DMUIMEHTHI KOTOPHIX $IB-
JISIIOTCSI TOJIOMOPMHBIMA (DYHKIUAMI HA BEPXHEH ITOJIYIIOCKOCTH.
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1. RANKIN-COHEN BRACKETS

Denote H = {z € C | Imz > 0}, C* = C — {0}. Then the left action

az+b X)
cz+d cz+d/)’

where v = (‘cl Z), induces the right action of SL(2,R) on the algebra of holo-
morphic functions Hol(H x C*). The restriction of this action to the sub-
space X*Hol(H), k € 7Z, equips Hol(H) with the right action |5 of SL(2,R).
Recall that a modular (automorphic) form of weight k [10, Definition 2.1] is,
in particular, a fixed point of this action. Rankin described in [8] SL(2,R)-
invariant polydifferential operators on H. Earlier Gordan proposed bidif-
ferential SL(2, R)-invariant operators and called them transvectants [6]. In
modular form theory these operators are known as Rankin-Cohen brackets.
They were defined by H. Cohen as follows in [1]. Let k,l € Z, n € N = Z>o,
f,g € Hol(H). Then

SL(2,R) x (H x C) 5 Hx C*,  ~.(2,X) = (

7,520
— kE+n—-1\[(l+n-1
k L JRC _ yk+i+2n _1)\s (r) ,(s)
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r+s=n
where
f(r) = 0./, 0.f = (0uf — iayf)/z
H. Cohen proved in [1, Theorem 7.1] that the operation [ , ]®¢ on the

algebra Hol(H)[X !, X] is SL(2, R)-equivariant.

2. DEFORMATIONS

A deformation of an associative C-algebra (A,m : A® A — A) is a
C-bilinear map

p:Ax A— Al[h], w(a,b) = Zhnun(a,b)
n=0

such that
:U'O(a7 b) = m(a ® b) = ab, :U'(La) =a= :U'(aa 1)a
and the C[[A]]-bilinear map f : A[[h]] x A[[A]] — A][A]], which extends u by
Clha]-bilinearity and A-adic continuity, is associative.
Let a C DerA be an abelian C-subalgebra of the Lie C-algebra of deriva-
tions of A. View an element
!
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as a C-linear operator A®2 — A%®2, Tt is well-known that

o hn

a*xpb=pup(a,b) =mexp(hP).(a®b) = Z ﬁmpn.(a ® b)

n=0
is a deformation of A. An example is provided by the Moyal deformation
of A= Hol(C?), C? = {(¢,p)}, P=M = 9, ® 9, — 9, @ 8. The point of
this note is to show that the Rankin-Cohen brackets give a deformation of
the algebra Hol(H)[X], related to the Moyal deformation.

Following a remark of Eholzer, Zagier noticed in [12| that many identi-
ties involving operations [, ]%¢ follow from the statement that these form a
deformation of the algebra of modular forms. This was further elaborated
by P. Cohen, Manin, Zagier [2], where they show that the deformed algebra
of modular forms is isomorphic to certain algebra of invariant pseudodif-
ferential operators.

Connes and Moscovici discovered certain Hopf algebra H; during their
work on foliations [3]. They described also its action [4] on the algebra of
modular forms from which a deformation of the latter is obtained. More-
over the Rankin-Cohen deformation generalizes to a universal deformation
formula of #; as shown by Tang and Yao [11]. These results are reviewed
in [9].

Our proof of the main result is concise. It is most close to the proof by
V. Ovsienko [7| with the difference that he looks for a symplectomorphism
whereas we find an open embedding of H x C* into C?, compatible with
the Poisson structure.

3. RANKIN-COHEN BRACKETS AS DEFORMATION

Consider the open embedding
T=(HxC* < CxC* 25 CxC* < C?),

where (2, X) = (:X~1, X 1) = (¢,p). Vector field 9, (resp. 9,;) on C?
is lifted along ¥ to vector field ¢ = —X20x — 2X0, (resp. n = X0,) on
H x C*. Thus,

M=0,80,—0,®0,
is lifted to

P=RC=(@n—1m®¢E
and ¢ and 7 commute. Hence,

Fno G = mexp(hRC).(F© G) = Y %m(RC)”.(F Q)
n=0

is a deformation of Hol(H x C*).
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Theorem 3.1. Let k,l € Z, n € N. Assume that one of the following
conditions holds:
o k> 0;
e[ >0;
e k1 <0 andn <max{l—k,1—1};
e LI<0O,n>1—-k—1.

Then for all f,g € Hol(H) and F = X*f, G = X'g we have
(n)"t*m(RC)".(F ® G) = [F, G]FC.

Proof. The embedding ¥ : H x C* < C? is SL(2,R)-equivariant, where
the left action on C? = {(q,p)} is the standard action of matrices on vectors.
The mapping

M=038,209;,— 0,20, € Endc(Hol(C?) @ Hol(C?))

commutes with the action of SL(2,R), or, equivalently, of the Lie alge-
bra s[(2,R). Hence, the Moyal deformation is SL(2,R)-equivariant. This
implies and can be checked directly that

RC=¢(@n—n®& € Ende(Hol(H x C*) @ Hol(H x C*))
commutes with the action of sl(2,R) and SL(2,R). Thus,
*xpe : Hol(H x C*) @ Hol(H x C*) — Hol(H x C*)[[h]]

is a homomorphism of SL(2,R)-modules. Accordingly to El Gradechi [5,
Proposition 3.11] if the hypotheses on (k,1,n) hold, then there is only 1-di-
mensional vector space of SL(2,R)-equivariant bidifferential operators

(Hol(H), |) @ (Hol(H), |;) — (Hol(H), |x+1+2n)-
Both maps
fog— M) 'mERO(XFfeX'g), fog— [XFfXgRC

belong to this space, therefore, they are proportional. One checks that
the proportionality constant is 1. In fact, evaluate both operators on the
following f ® g.
Ifk=1l=n=0,take f=9g=1.
fhk>00rk<0,k<I<0,n<1—k, take f=1, g= 2"
fl>00rl<0,I1<k<0,n<1l—1I take f=2" ¢g=1.
Ifk,l<0andn >1—k—1chooser,s € N, suchthat r+s=mn,r+k >0
and s+ > 0, and take f(z) = 2" and g(z) = z°. (Hint: use coordinates
(¢, p) to make the computations easier). O
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Corollary 3.2. The Rankin-Cohen deformation xrc restricted to A®?,
A = Hol(H)[X] coincides with the map

A® A= AllA], XFfoXlge Y R XM X gl

n=0

Proof. For all (k,1,n) € N3 the statement follows from Theorem 3.1 except
for (k,l,n) = (0,0,1). In the latter case [f,g]1 = 0=m(RC)(f ® g) for all
fyg € Hol(H). O

REFERENCES

[1] Henri Cohen. Sums involving the values at negative integers of L-functions of quadratic
characters. Math. Ann., 217(3):271-285, 1975.

[2] Paula Beazley Cohen, Yuri I. Manin, Don Zagier. Automorphic pseudodifferential op-
erators. In Algebraic aspects of integrable systems, volume 26 of Progr. Nonlinear Dif-
ferential Equations Appl., 17-47. Birkhduser Verlag, Boston, MA, 1997.

[3] Alain Connes, Henri Moscovici. Hopf algebras, cyclic cohomology and the transverse
index theorem. Comm. Math. Phys., 198(1):199-246, 1998.

[4] Alain Connes, Henri Moscovici. Rankin-Cohen brackets and the Hopf algebra of trans-

verse geometry. Mosc. Math. J., 4(1):111-130, 311, 2004.

Amine M. El Gradechi. The Lie theory of the Rankin-Cohen brackets and allied bi-

differential operators. Adv. Math., 207(2):484-531, 2006.

[6] Paul A. Gordan. Vorlesungen iber Invariantentheorie. Teubner, Leipzig, 1885.

[7] Valentin Ovsienko. Exotic deformation quantization. J. Differential Geom., 45(2):390—
406, 1997.

[8] Robert Alexander Rankin. The construction of automorphic forms from the derivatives
of given forms. The Michigan Mathematical Journal, 4(2):181-186, 1957.

[9] Richard Rochberg, Xiang Tang, Yijun Yao. A survey on Rankin-Cohen deformations.
In Perspectives on noncommutative geometry. Proceedings of the noncommutative ge-
ometry workshop, Fields Institute, Toronto, Canada, May 27-31, 2008, 133-151. Prov-
idence, RI: American Mathematical Society (AMS); Toronto: The Fields Institute for
Research in Mathematical Sciences, 2011.

[10] Goro Shimura. Introduction to the arithmetic theory of automorphic functions, vol-
ume 11 of Publ. of the Math. Soc. of Japan. Iwanami Shoten, Publishers, Tokyo, 1971.
Kand Memorial Lectures, No. 1.

[11] Xiang Tang, Yi-Jun Yao. A universal deformation formula for 1 without projectivity
assumption. Journal of Noncommutative Geometry, 3(2):151-179, 2009.

[12] Don Zagier. Modular forms and differential operators. Proc. Indian Acad. Sci. Math.
Sci., 104(1):57-75, 1994. K. G. Ramanathan memorial issue.

5

Received: January 15, 2018, accepted: June 5, 2018.

Volodymyr Lyubashenko

INSTITUTE OF MATHEMATICS OF NAS OF UKRAINE, 3 TERESHCHENKIVSKA ST., KYIV,
01004, UKRAINE

Email: 1lub@imath.kiev.ua

ORCID: orcid.org/0000-0002-3480-1514


mailto:lub@imath.kiev.ua
http://orcid.org/0000-0002-3480-1514

