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Moyal and RankinнCohen deformations
of algebras

VolodДmДr LДАbashenko

Abstractо It is proБen that Rankin-Cohen brackets form an associatiБe
deformation of the algebra of polДnomials Вhose coeࢺcients are holomorphic
fАnctions on the Аpper half-plane.

А̗̎̏̓́іяо ͗ΉͺΉєΈΒ·Ε ͸΀΁Ͷͺͻ΃΃Ε ͺ΄ͷΉΈ΀Ή ͸ͻΆ΋΃Β΄Ν ΃Ͷ΅Μ͸΅΁΄Ώ;΃; ΃Ͷ
΀΄΂΅΁ͻ΀·΃Ή ΅΁΄Ώ;΃Ή ͽ ͸;΀΄΁΄Έ;΂ ΃Ή΁ͻ΂ ͸ ΀΄΂΅΁ͻ΀·΃;Ϳ ΅Ά΄·ΈΜΆ C

2 ͽ
΀΄΄Άͺ;΃ͶΈͶ΂; (q, p). ͩͽͺ΄͸ͼ ΃Β΄͹΄ ΅ͻΆͻ΃΄·;ΈΒ·Ε ͷΜ͸ͻ΀Έ΄Ά΃ͻ ΅΄΁ͻ

M = ∂p ⊗ ∂q − ∂q ⊗ ∂p,

ͺ͸΄Ν·Έͻ ͺ΄ ·ΈͶ΃ͺͶΆΈ΃΄Ν ·;΂΅΁ΜΌΜͶ΁Β΃΄Ν Ί΄Ά΂; ΃Ͷ C
2. ͥ΄ͺΜͷ΃;΂ ΍;΃΄΂ ͽ

ͺͻΊ΄Ά΂ͶΌΜΝ ͢ΉͶΕ΁Ε Ͷ΁͹ͻͷΆ; ΅΄΁Μ΃΄΂Μ͸ ͸Μͺ ͺ͸΄΋ ͽ΂Μ΃΃;΋ ΄ΈΆ;΂Ͷ΃΄ Ͷ·΄ΌΜͶ-
Έ;͸΃Ή ͺͻΊ΄Ά΂ͶΌΜΔ Ͷ΁͹ͻͷΆ; ΅΄΁Μ΃΄΂Μ͸, ΀΄ͻΊΜΌΜє΃Έ; Ε΀;΋ є ͹΄΁΄΂΄ΆΊ΃;΂;
ΊΉ΃΀ΌΜΕ΂; ΃Ͷ ͸ͻΆ΋΃ΜͿ ΃Ͷ΅Μ͸΅΁΄Ώ;΃Μ. ͢ͻΈͶ Μ ΄·΃΄͸΃;Ϳ ΆͻͽΉ΁ΒΈͶΈ: ͺ΄͸ͻͺͻ-
΃΄, Ώ΄ n-Ϳ ΍΁ͻ΃ ΌΜєΝ ͺͻΊ΄Ά΂ͶΌΜΝ ͽͷΜ͹ͶєΈΒ·Ε ͽ n-Δ ͺΉͼ΀΄Δ ͦͶ΃΀Μ΃Ͷ-͠΄ͻ΃Ͷ.
ͬͻ ΅΄͸’ΕͽΉє ͺͻΊ΄Ά΂ͶΌΜΔ ͽ ΂΄ͺΉ΁ΕΆ΃;΂; Ί΄Ά΂Ͷ΂;. ͘ ͺ΄͸ͻͺͻ΃΃Μ ͸;΀΄Ά;-
·Έ΄͸ΉєΈΒ·Ε ΆͻͽΉ΁ΒΈͶΈ ͛΁Β ͙ΆͶͺͻ΀Μ ΅Ά΄ єͺ;΃Μ·ΈΒ ͽ Έ΄΍΃Μ·ΈΔ ͺ΄ ΍;·΁΄͸΄-
͹΄ ΂΃΄ͼ΃;΀Ͷ SL(2,R)-ͻ΀͸Μ͸ͶΆΜͶ΃Έ΃΄͹΄ ͷΜͺ;ΊͻΆͻ΃ΌΜͶ΁Β΃΄͹΄ ΄΅ͻΆͶΈ΄ΆͶ ΃Ͷ
΅Ά΄·Έ΄ΆͶ΋ ͹΄΁΄΂΄ΆΊ΃;΋ ΊΉ΃΀ΌΜͿ ΃Ͷ ͸ͻΆ΋΃ΜͿ ΃Ͷ΅Μ͸΅΁΄Ώ;΃Μ ͽ ΅ͻ͸΃΄Δ ͺΜ-
єΔ ͹ΆΉ΅; SL(2,R). ͵΀ ΍΁ͻ΃; ͽ͹ͶͺͶ΃΄Ν ͺͻΊ΄Ά΂ͶΌΜΝ, ΈͶ΀ Μ ͺΉͼ΀; ͦͶ΃΀Μ΃Ͷ-
͠΄ͻ΃Ͷ ͽͶͺ΄͸΄΁Β΃ΕΔΈΒ ΌΜ Ή΂΄͸;, ΄Έͼͻ, є ΅Ά΄΅΄ΆΌΜͿ΃;΂;. ͥͻΆͻ͸ΜΆΕєΈΒ·Ε,
Ώ΄ ΀΄ͻΊΜΌΜє΃Έ ΅Ά΄΅΄ΆΌΜͿ΃΄·ΈΜ ͺ΄ΆΜ͸΃Δє 1. ͣͶ͸ͻͺͻ΃ͻ ͺ΄͸ͻͺͻ΃΃Ε ΄·΃΄͸΃΄-
͹΄ Έ͸ͻΆͺͼͻ΃΃Ε ΀΄Ά΄ΈΎͻ ͽͶ Μ·΃ΉΔ΍Μ: ͥ. ͠΄ͻ΃, ͢Ͷ΃Μ΃Ͷ Μ ͝Ͷ͹ΜΆͶ; ͠΄΃΃Ͷ Μ
͢΄·΀΄͸Μ΍Μ; ͘. ͤ͸·Μє΃΀Ͷ.

А̗̎̎̏̓́ияо ͚΄΀ͶͽͶ΃΄, ΍Έ΄ ·΀΄ͷ΀; ͦͶ΃΀;΃Ͷ-͠΄Γ΃Ͷ ΄ͷΆͶͽΉΔΈ Ͷ··΄Ό;Ͷ-
Έ;͸΃ΉΔ ͺͻΊ΄Ά΂ͶΌ;Δ Ͷ΁͹ͻͷΆΑ ΂΃΄͹΄΍΁ͻ΃΄͸, ΀΄ΓΊΊ;Ό;ͻ΃ΈΑ ΀΄Έ΄ΆΑ΋ Ε͸-
΁ΕΔΈ·Ε ͹΄΁΄΂΄ΆΊ΃Α΂; ΊΉ΃΀Ό;Ε΂; ΃Ͷ ͸ͻΆ΋΃ͻͿ ΅΄΁Ή΅΁΄·΀΄·Έ;.
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1. Rࢊࢅࢇࢊࡽ-Cࢊࢁࢄࢋ ࢏࢐ࢁࢇࡿࡽࢎࡾ

Denote H = {z ∈ C | Imz > 0}, C× = C− {0}. Then the left action

SL(2,R)× (H× C
×) → H× C

×, γ.(z,X) =
(az + b

cz + d
,

X

cz + d

)

,

Вhere γ =
(

a b
c d

)

, indАces the right action of SL(2,R) on the algebra of holo-
morphic fАnctions Hol(H× C

×). The restriction of this action to the sАb-
space XkHol(H), k ∈ Z, eqАips Hol(H) Вith the right action |k of SL(2,R).
Recall that a modАlar (aАtomorphic) form of Вeight k [10, Deࢸnition 2.1] is,
in particАlar, a Гedࢸ point of this action. Rankin described in [8] SL(2,R)-
inБariant polДdiࢷerential operators on H. Earlier Gordan proposed bidif-
ferential SL(2,R)-inБariant operators and called them transБectants [6]. In
modАlar form theorД these operators are knoВn as Rankin-Cohen brackets.
TheД Вere deࢸned bД H. Cohen as folloВs in [1]. Let k, l ∈ Z, n ∈ N = Z⩾0,
f, g ∈ Hol(H). Then

[Xkf,X lg]RC
n = Xk+l+2n

r,s⩾0
∑

r+s=n

(−1)s
(

k + n− 1

s

)(

l + n− 1

r

)

f (r)g(s),

Вhere

f (r) = ∂r
zf, ∂zf = (∂xf − i∂yf)/2.

H. Cohen proБed in [1, Theorem 7.1] that the operation [_,_]RC
n on the

algebra Hol(H)[X−1, X] is SL(2,R)-eqАiБariant.

2. D࢏ࢊࢋࢅ࢐ࡽࢉࢎࢋࢂࢁ

A deformation of an associatiБe C-algebra (A,m : A ⊗ A → A) is a
C-bilinear map

µ : A×A → A[[ℏ]], µ(a, b) =
∞
∑

n=0

ℏ
nµn(a, b)

sАch that

µ0(a, b) = m(a⊗ b) = ab, µ(1, a) = a = µ(a, 1),

and the C[[ℏ]]-bilinear map µ̃ : A[[ℏ]]×A[[ℏ]] → A[[ℏ]], Вhich eГtends µ bД
C[ℏ]-bilinearitД and ℏ-adic continАitД, is associatiБe.
Let a ⊂ DerA be an abelian C-sАbalgebra of the Lie C-algebra of deriБa-

tions of A. VieВ an element

P =
l

∑

i=1

ξi ⊗ ηi ∈ a⊗C a



50 V. LДАbashenko

as a C-linear operator A⊗2 → A⊗2. It is Вell-knoВn that

a ⋆P b ≡ µP (a, b) = m eГp(ℏP ).(a⊗ b) =
∞
∑

n=0

ℏ
n

n!
mPn.(a⊗ b)

is a deformation of A. An eГample is proБided bД the MoДal deformation
of A = Hol(C2), C2 = {(q, p)}, P = M = ∂p ⊗ ∂q − ∂q ⊗ ∂p. The point of
this note is to shoВ that the Rankin-Cohen brackets giБe a deformation of
the algebra Hol(H)[X], related to the MoДal deformation.
FolloВing a remark of EholЕer, Zagier noticed in [12] that manД identi-

ties inБolБing operations [, ]RCn folloВ from the statement that these form a
deformation of the algebra of modАlar forms. This Вas fАrther elaborated
bД P. Cohen, Manin, Zagier [2], Вhere theД shoВ that the deformed algebra
of modАlar forms is isomorphic to certain algebra of inБariant pseАdodif-
ferential operators.
Connes and MoscoБici discoБered certain Hopf algebra H1 dАring their

Вork on foliations [3]. TheД described also its action [4] on the algebra of
modАlar forms from Вhich a deformation of the latter is obtained. More-
oБer the Rankin-Cohen deformation generaliЕes to a АniБersal deformation
formАla of H1 as shoВn bД Tang and Yao [11]. These resАlts are reБieВed
in [9].
OАr proof of the main resАlt is concise. It is most close to the proof bД

V. OБsienko [7] Вith the diࢷerence that he looks for a sДmplectomorphism
Вhereas Вe ndࢸ an open embedding of H × C

× into C
2, compatible Вith

the Poisson strАctАre.

3. Rࢊࢅࢇࢊࡽ-Cࢊࢁࢄࢋ ࢏࢐ࢁࢇࡿࡽࢎࡾ ࢏ࡽ ࢊࢋࢅ࢐ࡽࢉࢎࢋࢂࢁࢀ

Consider the open embedding

Ψ =
(

H× C
× →֒ C× C

× ψ
−−→
∼=

C× C
× →֒ C

2
)

,

Вhere ψ(z,X) = (zX−1, X−1) = (q, p). Vector eldࢸ ∂p (resp. ∂q) on C
2

is lifted along Ψ to Бector eldࢸ ξ = −X2∂X − zX∂z (resp. η = X∂z) on
H× C

×. ThАs,
M = ∂p ⊗ ∂q − ∂q ⊗ ∂p

is lifted to
P = RC = ξ ⊗ η − η ⊗ ξ

and ξ and η commАte. Hence,

F ⋆RC G = m eГp(ℏRC).(F ⊗G) =

∞
∑

n=0

ℏ
n

n!
m(RC)n.(F ⊗G)

is a deformation of Hol(H× C
×).
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Theorem уосо Let k, l ∈ Z, n ∈ N. Assume that one of the following
conditions holds:

• k > 0;
• l > 0;
• k, l ⩽ 0 and n < maГ{1− k, 1− l};
• k, l ⩽ 0, n > 1− k − l.

Then for all f, g ∈ Hol(H) and F = Xkf , G = X lg we have

(n!)−1m(RC)n.(F ⊗G) = [F,G]RC
n .

Proofо The embedding Ψ : H × C
× →֒ C

2 is SL(2,R)-eqАiБariant, Вhere
the left action on C2 = {(q, p)} is the standard action of matrices on Бectors.
The mapping

M = ∂p ⊗ ∂q − ∂q ⊗ ∂p ∈ EndC(Hol(C
2)⊗Hol(C2))

commАtes Вith the action of SL(2,R), or, eqАiБalentlД, of the Lie alge-
bra sl(2,R). Hence, the MoДal deformation is SL(2,R)-eqАiБariant. This
implies and can be checked directlД that

RC = ξ ⊗ η − η ⊗ ξ ∈ EndC(Hol(H× C
×)⊗Hol(H× C

×))

commАtes Вith the action of sl(2,R) and SL(2,R). ThАs,

⋆RC : Hol(H× C
×)⊗Hol(H× C

×) → Hol(H× C
×)[[ℏ]]

is a homomorphism of SL(2,R)-modАles. AccordinglД to El Gradechi [5,
Proposition 3.11] if the hДpotheses on (k, l, n) hold, then there is onlД 1-di-
mensional Бector space of SL(2,R)-eqАiБariant bidiࢷerential operators

(Hol(H), |k)⊗ (Hol(H), |l) → (Hol(H), |k+l+2n).

Both maps

f ⊗ g 7→ (n!)−1m(RC)n.(Xkf ⊗X lg), f ⊗ g 7→ [Xkf,X lg]RC
n

belong to this space, therefore, theД are proportional. One checks that
the proportionalitД constant is 1. In fact, eБalАate both operators on the
folloВing f ⊗ g.
If k = l = n = 0, take f = g = 1.
If k > 0 or k < 0, k ⩽ l ⩽ 0, n < 1− k, take f = 1, g = zn.
If l > 0 or l < 0, l ⩽ k ⩽ 0, n < 1− l, take f = zn, g = 1.
If k, l ⩽ 0 and n > 1−k− l choose r, s ∈ N, sАch that r+s = n, r+k > 0

and s + l > 0, and take f(z) = zr and g(z) = zs. (Hint: Аse coordinates
(q, p) to make the compАtations easier). □



52 V. LДАbashenko

Corollary уото The Rankin-Cohen deformation ⋆RC restricted to A⊗2,
A = Hol(H)[X] coincides with the map

A⊗A → A[[ℏ]], Xkf ⊗X lg 7→

∞∑

n=0

ℏ
n[Xkf,X lg]RC

n .

Proofо For all (k, l, n) ∈ N
3 the statement folloВs from Theorem 3.1 eГcept

for (k, l, n) = (0, 0, 1). In the latter case [f, g]1 = 0 = m(RC)(f ⊗ g) for all
f, g ∈ Hol(H). □
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