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A calculation of periodic data of surface
diffeomorphisms with one saddle orbit

Ele“a N”Еdri“”Бa, Olga P”chi“ka

Abstractо We pr”Бe that eБerД ”rie“table sАrface admits a“ ”rie“tati”“-
preserБi“g diࢷe”m”rphism Вith ”“e saddle ”rbit. It disti“gАishes i“ pri“ciple
the c”“sidered class ”f sДstems fr”m s”Аrce-si“k diࢷe”m”rphisms eГisti“g
”“lД ”“ the sphere. It is sh”В“ that diࢷe”m”rphisms Вith ”“e saddle ”rbit
”f a p”sitiБe tДpe ”“ a“Д sАrface haБe eГactlД three “”de ”rbits. We als”
describe all p”ssible tДpes ”f peri”dic data f”r sАch diࢷe”m”rphisms, a“d
f”А“d f”rmАlas eГpressi“g peri”ds ”f s”Аrces Бia peri”ds ”f the si“k a“d the
saddle.

А̗̎̏̓́іяо ͥΆ; ͸;͸΍ͻ΃΃Μ ͺ;·΀ΆͻΈ΃;΋ ͺ;΃Ͷ΂Μ΍΃;΋ ·;·Έͻ΂ ͸Ͷͼ΁;͸Ή Ά΄΁Β
͸ΜͺΜ͹ΆͶΔΈΒ ΅ͻΆΜ΄ͺ;΍΃Μ ΄ΆͷΜΈ;. ͠΁Ͷ·;΍΃;΂ ΅Ά;΀΁Ͷͺ΄΂ є Έͻ΄Άͻ΂Ͷ ͮͶΆ-
΀΄͸·Β΀΄͹΄ ΅Ά΄ ͸Μͺ΄ͷΆͶͼͻ΃΃Ε ͸ΜͺΆΜͽ΀Ή ͸ ·ͻͷͻ, Ε΀Ͷ ·Έ͸ͻΆͺͼΉє, Ώ΄ ͽ Μ·΃Ή-
͸Ͷ΃΃Ε ΄ΆͷΜΈ ΅ͻΆΜ΄ͺΉ ΈΆ; ُ΅΄Ά΄ͺͼΉє ΋Ͷ΄·ِ. ͘ ΄·ΈͶ΃΃Μ 40 Ά΄΀Μ͸ ͽ’Ε͸;΁΄·Β
ͷͶ͹ͶΈ΄ Ά΄ͷΜΈ ΅Ά;·͸Ε΍ͻ΃;΋ ͸;͸΍ͻ΃΃Δ ΅ͻΆΜ΄ͺ;΍΃;΋ ͺͶ΃;΋ ͸Μͺ΄ͷΆͶͼͻ΃Β ΅΄-
͸ͻΆ΋΄΃Β. ͣͶͿͷΜ΁ΒΎ ΀΄Ά;·΃;΂; Μ΃·ΈΆΉ΂ͻ΃ΈͶ΂; ͺ΁Ε ͺ΄͸ͻͺͻ΃΃Ε Μ·΃Ή͸Ͷ΃΃Ε
΃ͻΆΉ΋΄΂;΋ Έ΄΍΄΀ ΈͶ, ͸ ͷΜ΁ΒΎ ͽͶ͹Ͷ΁Β΃΄΂Ή ͸;΅Ͷͺ΀Ή, ΅ͻΆΜ΄ͺ;΍΃;΋ Έ΄΍΄΀ ΃ͻ-
΅ͻΆͻΆ͸΃΄͹΄ ͸Μͺ΄ͷΆͶͼͻ΃΃Ε ΀΄΂΅Ͷ΀Έ΃΄͹΄ ΂΃΄͹΄͸;ͺΉ, є Έͻ΄Άͻ΂Ͷ ͡ͻΊΎͻΌΕ
΅Ά΄ ΃ͻΆΉ΋΄΂Ή Έ΄΍΀Ή ΈͶ ΝΝ ΉͽͶ͹Ͷ΁Β΃ͻ΃΃Ε. ͚ͽͻΈͶ-ΊΉ΃΀ΌΜΕ ͡ͻΊΎͻΌΕ ·΅Ά΄-
ΏΉє ͸;͸΍ͻ΃΃Ε ΅ͻΆΜ΄ͺ;΍΃;΋ Έ΄΍΄΀ ͺ;Ίͻ΄΂΄ΆΊΜͽ΂Μ͸ ΅΄͸ͻΆ΋΄΃Β ͽ Άͻ͹Ή΁ΕΆ-
΃΄Δ ͺ;΃Ͷ΂Μ΀΄Δ. ͦͻͽΉ΁ΒΈͶΈ; ͺ΄·΁Μͺͼͻ΃Β ͸ ͺͶ΃΄΂Ή ΃Ͷ΅ΆΕ΂΀Ή ΂΄ͼ΃Ͷ ͽ΃Ͷ-
ͿΈ; ͸ Ά΄ͷ΄ΈͶ΋ ΈͶ΀;΋ Ͷ͸Έ΄ΆΜ͸ Ε΀: ͥ. ͗΁Ͷ΃ΎͶΆ, ͧ. ͗ͶΈΈͻΆ·΄΃, ͩ. ͜Ͷ΀΄,
͚ͼ. ͪΆͻ΃΀·, ͧ. ͣͶΆͶ·Μ΂΋Ͷ΃ Μ Μ΃. ͤ΅;· ΅ͻΆΜ΄ͺ;΍΃;΋ ͺͶ΃;΋ ͹ΆͶͺΜє΃Έ΃΄-
΅΄ͺΜͷ΃;΋ ͺ;Ίͻ΄΂΄ΆΊΜͽ΂Μ͸ ΅΄͸ͻΆ΋΄΃Β ͷΉ͸ ΄ΈΆ;΂Ͷ΃;Ϳ ͖. ͗ͻͽͺͻ΃ͻͼ΃;΋ ΈͶ
͘. ͙ΆΜ΃ͻ·΄΂ Μ ·΅;ΆͶ͸·Ε ΃Ͷ ΀΁Ͷ·;ΊΜ΀ͶΌΜΔ ͹΄΂ͻ΄΂΄ΆΊΜͽ΂Μ͸ ΅΄͸ͻΆ΋΄΃Β, ΄ΈΆ;-
΂Ͷ΃Ή ͚ͼ. ͣΜ΁Β·ͻ΃΄΂.
ͩ Ά΄ͷ΄ΈΜ ُA c”mplete t”p”l”gical classiࢸcati”“ ”f M”rse-Smale diࢷe”m”r-

phisms ”“ sАrfaces: a ki“d ”f k“eadi“g the”rД i“ dime“si”“ tВ”ِ ͘. ͙ΆΜ΃ͻ·,
ͤ. ͥ΄΍;΃΀Ͷ, ͧ. ͘Ͷ΃ ͧΈΆΜє΃ ΅΄΀ͶͽͶ΁;, Ώ΄ ͸;͸΍ͻ΃΃Ε ΅ͻΆΜ΄ͺ;΍΃;΋ ͺͶ΃;΋
ͺ΄͸Μ΁Β΃;΋ ͺ;Ίͻ΄΂΄ΆΊΜͽ΂Μ͸ ͢΄Ά·Ͷ-ͧ΂ͻͿ΁Ͷ ΃Ͷ ΅΄͸ͻΆ΋΃Ε΋ ͽ͸΄ͺ;ΈΒ·Ε Ύ΁Ε-
΋΄΂ ΊΜ΁ΒΈΆͶΌΜΝ ͺ΄ ͽͶͺͶ΍Μ ΄ͷ΍;·΁ͻ΃΃Ε ΅ͻΆΜ΄ͺ;΍΃;΋ ͺͶ΃;΋ ͺ;Ίͻ΄΂΄ΆΊΜͽ΂Μ͸
ͽ єͺ;΃΄Δ ·ͻͺ΁΄͸΄Δ ΅ͻΆΜ΄ͺ;΍΃΄Δ ΄ΆͷΜΈ΄Δ. ͥΆͻͺ·ΈͶ͸΁ͻ΃Ͷ Ά΄ͷ΄ΈͶ ΅Ά;·͸Ε-
΍ͻ΃Ͷ ͸;ΆΜΎͻ΃΃Δ ΄·ΈͶ΃΃Β΄Ν ͽͶͺͶ΍Μ Ή ͸;΅Ͷͺ΀Ή, ΀΄΁; ΄ΆͷΜΈͶ ·Μͺ΁΄͸΄Ν Έ΄΍΀;
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΂Ͷє ͺ΄ͺͶΈ΃;Ϳ Έ;΅ ΄ΆΜє΃ΈͶΌΜΝ. ͘ ·ΈͶΈΈΜ ͺ΄͸ͻͺͻ΃΄, Ώ΄ ΃Ͷ ΀΄ͼ΃ΜͿ ΄ΆΜє΃Έ΄͸-
΃ΜͿ ΅΄͸ͻΆ΋΃Μ Μ·΃Ήє ͺ;Ίͻ΄΂΄ΆΊΜͽ΂, Ε΀;Ϳ ͽͷͻΆΜ͹Ͷє ΄ΆΜє΃ΈͶΌΜΔ Μ ΂Ͷє єͺ;΃Ή
·Μͺ΁΄͸Ή ΄ΆͷΜΈΉ. ͬͻ ΅Ά;΃Ό;΅΄͸΄ ͸ΜͺΆΜͽ΃Εє Ά΄ͽ͹΁Ε΃ΉΈ;Ϳ ΀΁Ͷ· ·;·Έͻ΂ ͸Μͺ ͺ;-
Ίͻ΄΂΄ΆΊΜͽ΂Μ͸ ُͺͼͻΆͻ΁΄-·ΈΜ΀ِ, Ε΀Μ Μ·΃ΉΔΈΒ ΁;Ύͻ ΃Ͷ ·ΊͻΆΜ. ͥ΄΀ͶͽͶ΃΄, Ώ΄
ͺ;Ίͻ΄΂΄ΆΊΜͽ΂; ͽ ΄ͺ΃ΜєΔ ·Μͺ΁΄͸΄Δ ΄ΆͷΜΈ΄Δ ΃Ͷ ͷΉͺΒ-Ε΀ΜͿ ΅΄͸ͻΆ΋΃Μ ΂ͶΔΈΒ
ΆΜ͸΃΄ ΈΆ; ͸Ήͽ΁΄͸;΋ ΄ΆͷΜΈ;. ͠ΆΜ΂ Έ΄͹΄, ͸·ΈͶ΃΄͸΁ͻ΃΄ ͸·Μ ΂΄ͼ΁;͸Μ Έ;΅; ΅ͻ-
ΆΜ΄ͺ;΍΃;΋ ͺͶ΃;΋ ͺ΁Ε ΈͶ΀;΋ ͺ;Ίͻ΄΂΄ΆΊΜͽ΂Μ͸, Ͷ ·Ͷ΂ͻ: ͽ΃ͶͿͺͻ΃΄ Ί΄Ά΂Ή΁;,
Ώ΄ Ε͸΃΄ ͸;ΆͶͼͶΔΈΒ ΅ͻΆΜ΄ͺ; ͺͼͻΆͻ΁ ΍ͻΆͻͽ ΅ͻΆΜ΄ͺ; ·Έ΄΀Ή ΈͶ ·Μͺ΁Ͷ.

1. Iࢊࢋࢅ࢐ࡿ࢑ࢀࢋࢎ࢐ࢊ ࢀࢊࡽ ࡽ ࢊࢋࢅ࢐ࡽ࢈࢑ࢉࢎࢋࢂ ࢂࢋ ࢏࢐࢈࢑࢏ࢁࢎ

I“ the stАdД ”f discrete dД“amical sДstems, i.e. stАdД ”f ”rbits ”f self-
maps f deࢸ“ed ”“ a giБe“ c”mpact ma“if”ld, the peri”dic behaБi”r plaДs
a“ imp”rta“t r”le. DАri“g the last f”rtД Дears there Вere a gr”Вi“g “Аmber
”f resАlts sh”Вi“g that certai“ simple assАmpti”“s ”“ f f”rce qАalitatiБe
a“d qАa“titatiБe pr”perties (like the set ”f peri”ds) ”f a sДstem. O“e ”f
the best k“”В“ resАlt i“ this directi”“ is the paper e“titled ُPeri”d three
implies cha”s f”r the i“terБal c”“ti“А”Аs self-mapsِ (see, f”r eГample, [8]).
The eࢷect described i“ [8] Вas disc”Бered bД A. Shark”БskД i“ [12]. The
m”st АsefАl t””ls f”r pr”Бi“g eГiste“ce ”f Гedࢸ p”i“ts, ”r m”re ge“erallД ”f
peri”dic p”i“ts f”r a c”“ti“А”Аs self-map f ”f a c”mpact ma“if”ld, is the
LefschetЕ FiГed P”i“t The”rem a“d its ge“eraliЕati”“s (see, f”r i“sta“ce
[11], [3]). The LefschetЕ Еeta fА“cti”“ simpliࢸes the stАdД ”f peri”dic p”i“ts
”f f . This is a ge“erati“g fА“cti”“ f”r all the LefschetЕ “Аmbers ”f all
iterates ”f f .
Peri”dic data ”f diࢷe”m”rphisms Вith regАlar dД“amics ”“ sАrfaces is

stАdied i“ alreadД classical В”rks bД P. Bla“chard, J. Fra“ks, R. B”Вe“,
S. Batters”“, J. Smillie, W. Jac”, P. Shale“, C. Narasimha“ a“d ”ther.
Descripti”“ ”f peri”dic data ”f gradie“t-like diࢷe”m”rphisms ”f sАrfaces
Вas giБe“ bД A. BeЕde“eЕh“Дkh a“d V. Gri“es [1], Аsi“g J. Nielse“’s clas-
siࢸcati”“ ”f peri”dic sАrface tra“sf”rmati”“s. I“ the paper bД V. Gri“es,
O. P”chi“ka, S. Va“ Strie“ [6] it Вas sh”В“ that the stАdД ”f peri”dic data
”f arbitrarД M”rse-Smale diࢷe”m”rphisms ”“ sАrfaces is redАced bД -ltraࢸ
ti”“ t” the pr”blem ”f c”mpАti“g peri”dic data ”f diࢷe”m”rphisms Вith a
А“iqАe saddle peri”dic ”rbit. The prese“t paper is deБ”ted t” a s”lАti”“ ”f
this pr”blem.
As rstࢸ Вe Вill recall s”me basic deࢸ“iti”“s a“d “”tati”“s.
Let Sg be a cl”sed ”rie“table sАrface ”f ge“Аs g ≥ 0 Вith a metric d a“d

f : Sg → Sg be a“ ”rie“tati”“ preserБi“g diࢷe”m”rphism. A p”i“t x ∈ Sg

is called wandering f”r f , if there eГists a“ ”pe“ “eighb”rh””d Ux ”f x
sАch that fn(Ux) ∩ Ux = ∅ f”r all n ∈ N. OtherВise, x is non-wandering.
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The set of all non-Вandering points of f is denoted bД Ωf and called the
non-wandering set of f .
When Ωf is niteࢸ then eБerД point p ∈ Ωf is periodic, and its period

Вill be denoted bД mp ∈ N. MoreoБer, p is called hyperbolic if the Jacobian

matriГ
(

∂fmp

∂x

)

|p has eigenБalАes Вhose absolАte БalАes are distinct from 1.
If the absolАte БalАes of all eigenБalАes are less (resp. greater) than 1, then
p is called a sink (resp. source). Sink and soАrce points are also called
nodes, Вhile hДperbolic periodic points being not nodes are called saddles.
HДperbolicitД of a periodic point p leads to the eГistence of the stable,

W s
p , and unstable, W

u
p , manifolds, Вhich are deࢸned as folloВs:

W s
p = {x ∈ Sg : lim

k→+∞

d(fk·per(p)(x), p) = 0},

W u
p = {x ∈ Sg : lim

k→+∞

d(f−k·per(p)(x), p) = 0}.

The stable and Аnstable manifolds are called invariant manifolds. A
connected component of the set W u

p \ p (resp. W s
p \ p) is called unstable

(resp. stable) separatrix.
A diࢷeomorphism f : Sg → Sg is Morse-Smale if the set of its Вandering

points consists of nitelДࢸ manД periodic points and there is no separatriГes
connecting saddles.
To the orbit Op of a periodic point p of a Morse-Smale diࢷeomorphism

f one can associate the folloВing nАmbers (mp, qp, νp) called the periodic
data of p, Вhere

• mp is the period of p,
• qp = dimW u

p , and
• νp is the orientation type of p Вhich eqАals +1 (resp. −1) ВheneБer
fmp |Wu

p
preserБes (resp. reБerses) orientation.

Denote bД G(Sg) the set of Morse-Smale diࢷeomorphisms f : Sg → Sg

haБing a АniqАe saddle periodic orbit Oσ and satisfДing νσ = +1. The case
νσ = −1 Вas inБestigated in [9].
Let f ∈ G(Sg). It is Вell knoВn that the EАler characteristic for an

orientable sАrface of genАs g is eГpressed bД the formАla: χ(Sg) = 2 − 2g,
(see, for eГample, [5], [2]). On the other hand, bД [13], a Morse-Smale
diࢷeomorphism indАces a cellАlar decomposition of Sg Вhose open cells are
Аnstable sАbmanifolds of periodic points:

Sg =
∪

p∈Ωf

W u
p .

Then

c2 − c1 + c0 = 2− 2g, (1.1)
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Вhere c2 is be the nАmber of the soАrces of f corresponding to 2-cells, c1 is
the nАmber saddles corresponding to 1-cells, and c0 is the nАmber of sinks
(0-cells).
The folloВing theorem describes the nАmbers of the periodic orbits of

f ∈ G(Sg).

Theorem сосо The non-wandering set of every diffeomorphism f ∈ G(Sg)
consists of a unique saddle orbit and three node orbits: either one sink orbit
and two source orbits or one source orbit and two sink orbits.

In Вhat folloВs Вe assАme that a diࢷeomorphism f ∈ G(Sg) has a АniqАe
sink orbit Oω and tВo soАrce orbits Oα1

,Oα2
(otherВise, Вe coАld jАst

replace f Вith its inБerse f−1).
BД assАmption f has one saddle periodic orbit preserБing the orientation,

hence νσ = +1 and qσ = 1. The orbits of Oα1
,Oα2

consist of soАrces, so
qα1

= qα2
= dimW u

αi
= 2. MoreoБer, since f preserБes the orientation of

open connected inБariant sАbsets, Вe get that ναi
= +1. The orbit of Oω

consists of sinks, Вhence qω = dim W u

ω
= 0 and νω = +1. ThАs, a part

of the periodic data is alreadД knoВn and oАr task is to ndࢸ the periods
mω,mσ,mα1

,mα2
. Notice that from (1.1) Вe haБe

mα1
+mα2

−mσ +mω = 2− 2g. (1.2)

BeloВ (a, b) means the greatest common diБisor of the natАral nАmbers
a, b, also Вe assАme (0, b) = b.

Theorem сото Every diffeomorphism f ∈ G(Sg) has the following periodic
data:

mω = m, mσ = km,

mα1
= (k, j + 1)

(

k

(k, j + 1)
,m

)

,

mα2
= (k, j)

(

k

(k, j)
,m

)

,

(1.3)

for some m ∈ N, k ∈ N, j ∈ {0, . . . , k − 1}.
Furthermore, for every collection of the natural numbers k ∈ N, m ∈ N,

j ∈ {0, . . . , k − 1} there exists a diffeomorphism f ∈ G(Sg) with a periodic
data of the form (1.3) on a surface of genus

g = 1 +
1

2

(

(k − 1)m− (k, j + 1)

(

k

(k, j + 1)
,m

)

− (k, j)

(

k

(k, j)
,m

))

.

Corollary соуо Due to theorem above every orientable surface of genus g
admits a diffeomorphism from the class G(Sg), with the following periodic
data: mσ = 2g + 1, mω = mα1

= mα2
= 1, see Figure 1.1.
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Fࢁࢎ࢑ࢃࢅ 1.1. Diࢷeomorphisms from G(S1) Вith mσ = 3,
mω = mα1

= mα2
= 1

Acknowledgementsо The stАdД of the non-Вandering set strАctАre of
considered diࢷeomorphisms Вas nancialࢸ sАpported bД RFBR (project 18-
31-00022), the ndingࢸ of a list of the periodic dates for these diࢷeomor-
phisms Вas sАpported bД the fАndamental research program of the HSE in
2018.
The aАthors are gratefАl to the referee for the carefАl reading of the

manАscript and БerД АsefАl comments.

2. Sࢁࢎ࢐࢑ࡿ࢑ࢎ࢐ ࢂࢋ ࢁࢄ࢐ ࢃࢊࢅࢎࢁࢀࢊࡽ࢓-ࢊࢋࢊ ࢐ࢁ࢏

In this section Вe proБe Theorem 1.1. Detailed proofs of aАГiliarД state-
ments giБen in this section can be foАnd in [5].

Proofо Let Аs shoВ that the non-Вandering set of eБerД diࢷeomorphism
f ∈ G(Sg) consists of a АniqАe saddle orbit and three node orbits (either
one sink and tВo soАrce, or one soАrce and tВo sink orbits).
For the saddle separatriГ ℓ Вe denote bД mℓ its period, that is, the

smallest natАral nАmber µ sАch that fµ(ℓ) = ℓ. Also denote bД Oℓ the
orbit of the separatriГ ℓ. BД [5, Proposition 2.3, p. 31], the closАre of
each Аnstable saddle separatriГ contains a АniqАe sink, Вhile the closАre
of each stable saddle separatriГ contains a АniqАe soАrce. AssАme that the
Аnstable separatriГ ℓu of a saddle point σ contains a sink ω in its closАre.
Let m be the period of ω. According to [10, Theorem 5.5], fm is locallД
conjАgate at the point ω Вith the linear diࢷeomorphism of R2 giБen bД the
formАla

L(x, y) =
(x

2
,
y

2

)

.
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Let Oω be the orbit of the point ω, Vω = W s
Oω

\ Oω, V̂ω = Vω/f be

the orbit space of the action of the groАp F = {fk, k ∈ Z} on Vω, and

p
ω
: Vω → V̂ω the natАral projection.
Notice that Vω is diࢷeomorphic to a disjoint Аnion of m open cДlinders

S1×R that are cДclicallД interchanged bД f . MoreoБer, dАe to [5, Proposi-

tion 2.5, p. 35], the space V̂ω is diࢷeomorphic to a tВo-dimensional torАs.
Let x ∈ Vω be anД point and x̂ = pω(x). Then the natАral projection

pω : Vω → V̂ω is a coБering map and Вe haБe the folloВing eГact seqАence

0 → π1(Vω, x) → π1(V̂ω, x̂)
ηω

−−−−→ π0Z → π0Vω → 1, (2.1)

Вhere ηω is the boundary homomorphism. Since the connected component
of x in Vω consists of points {f

kmω(x)}k∈Z, it folloВs that the image of ηω
is a sАbgroАp mωZ ⊂ Z ∼= π0Z.
In other Вords, Вe get an epimorphism ηω : π1(V̂ω) → mωZ onto the

sАbgroАp of Z consisting of mАltiples of mω. For the conБenience of the
reader let Аs recall the deࢸnition of ηω. Let [ĉ] ∈ π1(V̂ω, x̂) be a loop in V̂ω

and c : [0, 1] → Vω be its lift starting at c(0) = x ∈ Vω. Then the end point
c(1) = fn(x), for some n ∈ mωZ, and ηω([ĉ]) = n.
Denote bД a : R2 → R

2 the diࢷeomorphism giБen bД the formАla

a(x, y) =
(x

2
, 2y

)

.

EБidentlД, it has a АniqАe Гedࢸ saddle point at the origin O Вith the sta-
ble manifold W s

O = Ox and the Аnstable manifold W u
O = Oy. Then the

diࢷeomorphism fmσ in some neighborhood of the point σ is topologicallД
connected to the diࢷeomorphism a in a neighborhood of the point O (see,
for eГample, [10, Theorem 5.5]).

Let ℓ̂u = pω(ℓ
u) and j

ℓ̂u
: ℓ̂u → V̂ω be the inclАsion map. It folloВs

from [5, Proposition 2.5, p.35] that the set ℓ̂u is a circle smoothlД embedded

in V̂ω and sАch that ηω(jℓ̂u∗(π1(ℓ̂
u))) = mℓuZ. Notice that pω(Oℓu) = ℓ̂u.

FigАre 2.1 depicts the torАs V̂ω Вith the projection ℓ̂u of the separatriГ
ℓu sАch that mℓu

mω
= 3.

Let N = {(x, y) ∈ R
2 : |xy| ≤ 1}. Notice that the set N is inБariant

Вith respect to the diࢷeomorphism a. A neighborhood of Nσ of the point
σ is called linearizing if there eГists a homeomorphism µσ : Nσ → N
conjАgating the restriction fmσ |Nσ

Вith the diࢷeomorphism a|N .
In this case the neighborhood

NOσ
=

mσ−1
∪

j=0

f j(Nσ)
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Fࢁࢎ࢑ࢃࢅ 2.1. The projection of the saddle separatriГ in the
orbit space of the sink basin homeomorphic to the torАs

of the orbit Oσ =
mσ−1∪

j=0
f j(σ) eqАipped Вith the map µOσ

: NOσ
→ N ,

deࢸned bД

µOσ
|fj(Nσ) = µσ ◦ f−j : f j(Nσ) → N , j = 0, . . . ,mσ − 1,

is called the linearizing neighborhood of the orbit Oσ.
DАe to [5, Theorem 2.2, p. 29], the saddle point (orbit) of the diࢷeomor-

phism f has a lineariЕing neighborhood.
Let N u = N \Ox and N̂ u = N u/a be the orbit space of the action of the

groАp {an, n ∈ Z} on N u. Then the natАral projection p
N̂u : N u → N̂ u

is a coБering map. MoreoБer, the fАndamental domain of the action of the
groАp {an, n ∈ Z} on N u consists of tВo disjoint cАrБilinear trapeЕoids,
each of Вhich has eqАiБalent points belonging to the horiЕontal segments
of the boАndarД. In FigАre 2.2 these trapeЕoids are shaded and it is shoВn
hoВ Вe can obtain the manifold N̂ u bД identifДing their boАndaries Бia
the diࢷeomorphism a. ThАs the space N̂ u is homeomorphic to a pair of
tВo-dimensional annАli K1,K2.

Fࢁࢎ࢑ࢃࢅ 2.2. The orbit space N̂ u
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Let

Nu
σ = Nσ \W s

σ , N s
σ = Nσ \W u

σ .

Denote bД Nℓu the connected component of the set N
u
σ containing an Аn-

stable separatriГ ℓu. Let also N̂ℓu = p
ω
(Nℓu) and jN

ℓ̂u
: N

ℓ̂u
→ V̂ω be the

inclАsion map. The set N̂ℓu is a smoothlД embedded annАlАs in V̂ω sАch
that ηω(jN̂ℓu∗

(π1(N̂ℓu))) = mℓuZ.

Denote bД A the Аnion of all sink points of the diࢷeomorphism f . Let
also VA = W s

A
\ A, V̂A = VA/f , and pA : VA → V̂A be the natАral projec-

tion. SimilarlД to the aboБe argАments, the orbit space in the sink basin is
homeomorphic to the torАs, Вhich implies that each connected component
of the set V̂A is homeomorphic to a tВo-dimensional torАs, and the nАmber
of connected components coincides Вith the nАmber of sink orbits.
Let Nu

Oσ
= NOσ

\ W s
Oσ

, N s
Oσ

= NOσ
\ W u

Oσ
, N̂u

Oσ
= Nu

Oσ
/f . It folloВs

from [5, Theorem 2.4, p. 42] that the set N̂u
Oσ
is a pair of annАli smoothlД

embedded in V̂A. Also dАe to [5, CorollarД 2.1, p. 46] the set V̂A is not

emptД and, bД [5, CorollarД 2.2, p. 62], each torАs in V̂A has to contain at

least one annАlАs from the set N̂u
Oσ
. ThАs V̂A contains one or tВo connected

components.
Similar statements can be formАlated for the soАrce point α and for the

stable separatriГ ℓs of the saddle point σ sАch that ℓs ⊂ W u
α .

Denote bД R the Аnion of the soАrce points of the diࢷeomorphism f . Let
also VR = W u

R
\R, V̂R = VR/f and p

R
: VR → V̂R be the natАral projection.

SimilarlД to the aboБe argАments, the orbit space in the soАrce basin is
homeomorphic to the torАs, Вhich implies that each connected component
of the set V̂R is homeomorphic to a tВo-dimensional torАs, and the nАmber
of connected components coincides Вith the nАmber of soАrce orbits. On
the other hand, it folloВs from the eqАalitД VR = (VA \ Nu

Oσ
) ∪ N s

Oσ
(see,

for instance, [5, Theorem 2.1, p. 28]) that

V̂A = (V̂R \ N̂u
Oσ

) ∪ N̂ s
Oσ

.

ThАs, to get the space V̂R Вe haБe to delete N̂u
Oσ
from the torАs V̂A and

glАe the set N̂ s
Oσ
to the boАndarД of the resАlting set.

Each of the sets N̂u
Oσ
, N̂ s

Oσ
consists of tВo annАli. MoreoБer, the an-

nАli N̂u
Oσ
are homotopicallД non-triБiallД embedded in the torАs V̂A. If Вe

assАme that V̂A consists of a АniqАe connected component then V̂A \ N̂u
Oσ

consists of tВo annАli and a glАing N̂ s
Oσ
to their boАndaries giБes tВo tВo-

dimensional tori (see FigАre 2.3, Вhere the transition from the sink basins
to the soАrces basins is illАstrated bД the eГample of a diࢷeomorphism
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Fࢁࢎ࢑ࢃࢅ 2.3. ReglАing along annАli

of the 2-sphere. For conБenience, in the aboБe-mentioned basins, fАnda-
mental regions are selected, after the identifДing of their boАndarД circles
the corresponding tori in the qАotient spaces are obtained). This means
that there are eГactlД tВo soАrce orbits for the diࢷeomorphism f , that is,
R = Oα1

∪ Oα2
for some periodic soАrces α1, α2.

If Вe assАme that V̂A consists of tВo connected components then the
similar cАt and glАing operation implies the eГistence of the АniqАe soАrce
orbit in this case. □

3. Pࡿࢅࢀࢋࢅࢎࢁ Dࡽ࢐ࡽ

This section is deБoted to the proof of Theorem 1.2. FirstlД let Аs shoВ
that eБerД diࢷeomorphism f ∈ G(Sg) has folloВing periodic data, see (1.3):

mω = m, mσ = km,

mα1
= (k, j + 1)

(

k

(k, j + 1)
,m

)

,

mα2
= (k, j)

(

k

(k, j)
,m

)

,

Вhere m ∈ N, k ∈ N, j ∈ {0, . . . , k − 1} are natАral nАmbers.
Let Аs introdАce an abstract model of dДnamics in the basin of a periodic

sink of period m. Let m ≥ 1 be an integer and Vm = S
1 × R

+ × Zm. ThАs
Vm is a model for the basin of a periodic sink of period m. Let k ∈ N,
τ ∈ {0, . . . , k − 1} and

γτ1 =
k−1
∪

τ=0

eiπ(
1

2
−

2τ

k
) × R

+, γτ2 =
k−1
∪

τ=0

eiπ(
1

2
−

2τ+1

k
) × R

+,
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γ1 =

k−1
∪

τ=0

γτ1 × Zm, γ2 =

k−1
∪

τ=0

γτ2 × Zm,

Here γ1 ∪ γ2 m”dels the saddle А“stable separatrices, see FigАre 3.1.
Let n ≥ 0 be a“Д i“teger satisfДi“g the f”ll”Вi“g c”“diti”“s:

• if k = 1, the“ n = 0;
• ”therВise, n ∈ {1, . . . , k − 1} is sАch that mn a“d k are c”-prime.

Here mn m”dels the peri”d ”f peri”dic А“stable separatrices i“ Vm a“d
mn
k

represe“ts their ُr”tati”“ “Аmberِ, i.e. h”В the diࢷe”m”rphism permАtes
these separatrices. As a l”cal m”del f”r the diࢷe”m”rphism ”“ the basi“
Вe take the c”“tracti”“ ϕm,k,n : Vm → Vm giБe“ bД the f”rmАla:

ϕm,k,n(z, r, w) =
(

ze−
2πmn

k
i, r

2m
, w + 1 m”dm

)

.

The“

ϕm,k,n(γ
τ
i × {w}) = γτ+mn

i × {w + 1 m”dm} (3.1)

f”r all i = 1, 2, τ = 0, . . . , k − 1, w = 0, . . . ,m− 1.
N”tice that V̂m,k,n = Vm/ϕm,k,n is a t”rАs. Let pm,k,n : Vm → V̂m,k,n the

“atАral pr”jecti”“. The“ γ̂i = pm,k,n(γi), i = 1, 2 is a k“”t i“ V̂m,k,n.
Let f ∈ G(Sg). F”r the si“k ”rbit Oω pАt Vω = W s

Oω
\ Oω. De“”te bД

V̂ω = Vω/f the ”rbit space ”f the acti”“ ”f the gr”Аp F = {f i, i ∈ Z} ”“ Vω

a“d bД p
ω
: Vω → V̂ω the “atАral pr”jecti”“. The А“stable separatrices ℓ

u
1 ,

ℓu2 ”f the saddle p”i“t σ haБe peri”d mσ a“d lie i“ the basi“ Vω. Si“ce the
gr”Аp F acts tra“sitiБelД ”“ the c”““ected c”mp”“e“ts ”f Vω (the “Аmber
”f sАch c”mp”“e“ts is m) a“d ”“ the ”rbit ”f each А“stable separatriГ (the
“Аmber ”f the c”““ected c”mp”“e“ts ”f this ”rbit is mσ), it f”ll”Вs that
i“ each c”““ected c”mp”“e“t ”f the set Vω there eГists the same “Аmber
”f separatrices fr”m that ”rbit. He“ce the peri”d mσ is a mАltiple ”f the
peri”d m.
ThАs each c”““ected c”mp”“e“t ”f Vω c”“tai“s k := mσ

m
separatrices

fr”m the ”rbit ”f the separatriГ ℓui . Let ℓ̂
u
1 = p

ω
(ℓu1) a“d ℓ̂u2 = p

ω
(ℓu2). The“

there is a “Аmber n a“d a diࢷe”m”rphism ĥω : V̂ω → V̂m,k,n tra“sf”rmi“g

the k“”ts ℓ̂u1 , ℓ̂
u
2 t” the k“”ts γ̂1, γ̂2. ThАs, there is a lift hω : Vω → Vm ”f

ĥω Вhich se“ds the separatrices W
u
Oσ

\Oσ t” the frame ”f raДs γ1 ∪ γ2 a“d
c”“jАgates diࢷe”m”rphism f |Vω

Вith the diࢷe”m”rphism ϕm,k,n, e.g. [5,
Stateme“t 10.35, p. 243]. I“ this case, Вe maД ide“tifД the c”“jАgated
”bjects eБerДВhere bel”В.
N”tice that γ01 × {0} c”rresp”“ds t” ”“e ”f А“stable separatrices, saД

ℓu1 , ”f the saddle p”i“t. Let γ
j
2
× {ρ} be a“”ther separatriГ ℓu2 , Вhere
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j ∈ {0, . . . , k − 1} and ρ ∈ {0, . . . ,m− 1}. Then

(ρ,m) = 1

dАe to connectiБitД of the ambient sАrface Sg. MoreoБer, as hω conjАgates
f Вith ϕm,k,n, it folloВs from (3.1) that for eБerД τ ∈ {0, . . . , k − 1}

γτ1 × {w} and γ
(τ+j) mod k
2 × {w + ρ modm}

are stable and Аnstable manifolds of the same saddle point, so the param-
eters j and ρ determine the are responsible for diБision of separatrices into
stable-Аnstable sАbmanifolds of the same saddle.
Notice that the choice of j and ρ depends on the order Вhich hω maps

γ01 ×{0} and γ
j
2×{ρ} to separatrices of the saddle point. It eГchange those

separatrices, so γ01 × {0} Вill correspond to ℓu2 , and γ
j′

2 × {ρ′} to ℓu1 , then
the pairs (j, ρ) and (j′, ρ′) are related bД the formАlas:

j + j′ + 1 = k, ρ+ ρ′ + 1 = m.

This leads to the formАlas

(k, j′ + 1) = (k, j), (m, ρ′ + 1) = (m, ρ),

gАaranteeing that in (1.3) the periods mα1
,mα2

do not depend on the order
of separatrices.
BД Theorem 1.1, the non-Вandering set of f contains eГactlД tВo soАrce

orbits Oα1
,Oα2

sАch that cl(ℓu1) = ℓu1 ∪ α1, and cl(ℓu2) = ℓu2 ∪ α2. ThАs

W s
Oω

= Sg \ cl(W
s
Oσ

).

If Вe remoБe from oАr sАrface Sg the closАres of mσ stable manifolds, then
Вe get m disks (the basins of the sinks). Since each stable manifold locallД
separates tВo sАch discs on the sАpporting sАrface, it folloВs that eБerД
stable manifold Вill inclАded tВice to the boАndaries of the disks after
cАtting. ThАs, the boАndarД of each disk consists of 2mσ

m
= 2k stable

manifolds so that disk can be regarded as 2k-gon (see FigАres 3.1 and 3.2
on the left).
The stable separatrices are called s1- and s2-curves, the Аnstable sepa-

ratrices (theД are located on the raДs of the frames γ1 and γ2) are called
u-curves frames, and the segments connecting the Бertices of the polДgon
Вith its center are called t-curves. ThАs, this (colored) cАrБes diБide eБ-
erД polДgon into the triangles Вith si-, t-, u-sides. Let Аs enАmerate these
triangles as it shoВn on FigАres 3.1 and 3.2 on the left.
As u-sides belonging to the raДs

γτ1 × {w}, and γ
(τ+j)mod k
2 × {(w + ρ)modm}
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Fࢁࢎ࢑ࢃࢅ 3.1. The octagon Π that is the closАre of the sink
basin of the diࢷeomorphism f ∈ G (on the left) and the
foАr-color graph Tf constrАcted on it (on the right). Here
m = 1, k = 4, n = 1, j = 1, ρ = 0

are separatrices of the same saddle point of f , it folloВs that in order to
get the sАrface Sg from the polДgons Π0, . . . ,Πm−1 Вe haБe to identifД the
pairs of those sides of polДgons Вhich are transБersal to this pair of the
separatrices.
To compАte periods of soАrce points Вe associate a foАr-color graph Вith

the diࢷeomorphism f in the folloВing ВaД (see for details, for eГample, [7]
and [4]):

1) the Бertices of the graph Tf one-to-one correspond to the triangАlar
regions;

2) tВo Бertices of the graph are incident to the edge of color s1, s2, t
or u if the triangАlar areas corresponding to these Бertices haБe a
common s1, s2, t or u side (see FigАre 3.1 and 3.2 on the right).

Denote bД Bf the set of Бertices of the graph Tf and bД ∆f the set
of triangles in the partition of the polДgon. Let also πf : ∆f → Bf be
a one-to-one correspondence betВeen the set of triangАlar domains of the
diࢷeomorphism f and the set of Бertices of the graph Tf . Then f indАces

an aАtomorphism Pf = πf ◦ f ◦ π−1

f of the set of Бertices and edges of the
graph Tf . MoreoБer,

• the set of sink points of the diࢷeomorphism f is in a one-to-one
correspondence Вith the set of tu-cДcles of the graph Tf ;

• the set of saddle points of the diࢷeomorphism f is in a one-to-one
correspondence Вith the set of su -cДcles of the graph Tf ;
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• the set of soАrce points of the diࢷeomorphism f is in a one-to-one
correspondence Вith the set of ts -cДcles of the graph Tf .

ThАs, to determine the period mαi
of the point αi, i = 1, 2, Вe haБe to

calcАlate the nАmber of sit-cДcles. As eБerД sАch cДcle is an image of an
other sАch cДcle bД f , Вe see that all cДcles mАst haБe the same period.
Hence, the length of each sАch cДcle is some eБen nАmber (as edges si and
t folloВ one after other), Вhich Вe denote bД 2λi. Notice that the nАmber
of si- and t-edges in all sit-cДcles eqАals 2km then mαi

is calcАlated bД the
formАla

mαi
=

km

λi

. (3.2)

Fࢁࢎ࢑ࢃࢅ 3.2. HeГagons Π and f(Π) Вhich are the closАres
of the sinks basins of the diࢷeomorphism f ∈ G (left) and
the foАr-color graph Tf (right) constrАcted from them. Here
m = 2, k = 3, n = 1, j = 2, and ρ = 1
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NoВ Вe Вill calcАlate the length of s1t-cДcle starting from the s1-edge
(01, j2). We get the folloВing seqАence of the Бertices

01 → j2 → ((j + 1) mod k)1 → ((2j + 1) mod k)2 →

→ (2(j + 1) mod k)1 → · · · → (λ1(j + 1) mod k)1,

Вhere (τ)i correspond to the separatrice γ
τ
i , i = 1, 2. Since that seqАence

constitАte a cДcle, Вe obtain that

λ1(j + 1) mod k = 0, λ1ρ modm = 0,

Вhence

λ1(j + 1) = lk, λ1ρ = rm

for some l, r.
Let A = (k, j + 1). Then k = pA, j + 1 = qA, Вhere (p, q) = 1. Hence,

λ1 =
lp

q
=

rm

ρ
.

As λ1 is a natАral, (p, q) = 1, and (ρ,m) = 1, it folloВs that l = µq and
r = νρ. Hence λ1 = µp = νm and (µ, ν) = 1, since λ1 is the minimal
nАmber Вith the propertД λ1 = µ̃p = ν̃m for some natАral µ̃, ν̃.
Let B = (p,m) then p = xB, m = yB, Вhere (x, y) = 1. Therefore

µx = νy, µ = y, ν = x, and λ1 = yp. ThАs

mα1
=

km

λ1
=

km

yp
=

pAm

yp
= AB = (k, j + 1)

(

k

(k, j + 1)
,m

)

.

A similar constrАction for α2 giБes mα2
= (k, j)

(

k
(k,j) ,m

)

. BД (1.2),

m+ (k, j + 1)

(

k

(k, j + 1)
,m

)

+ (k, j)

(

k

(k, j)
,m

)

− km = 2− 2g.

In an addition, eБerД collection of natАral nАmbers m ∈ N, k ∈ N,
j ∈ {0, . . . , k− 1} can be realiЕed bД an admissible foАr-color graph, Вhich
in tАrn, dАe to [7], alloВs to constrАct a diࢷeomorphism f ∈ G(Sg) Вith a
periodic data of the form (1.3) on a sАrface of genАs

g = 1 +
1

2

(

(k − 1)m− (k, j + 1)
(

k
(k,j+1) ,m

)

− (k, j)
(

k
(k,j) ,m

))

.
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