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Abstract. The object of research is the problem of rational distribution of limited resources between subsystems of a
complex system that function independently. The relevance of the work is determined by the fundamental features of this
problem, which take into account the possible variability of the parameters of the environment in which real systems
operate. The work sets out tasks for the rational distribution of resources for multiplicative, additive and parametrically
defined objective functions, as well as for cases where the parameters of the objective function are not clearly defined.
Methods for solving these tasks have been developed. At the same time, it is shown how the desired result can be obtained
analytically or numerically. To solve the problem of rational allocation of a one-dimensional resource with multiplicative
and additive functions, the method of Lagrange multipliers is used. Under these conditions, the mathematical model of
the problem allows it to be reduced to an easily solvable equation. The paper investigates a significantly more complex
problem in which the production function for the elements of the system is represented as regression polynomials. In
particular, a special case is considered in detail where the parameterised production function depends linearly on two
arguments that determine a two-dimensional resource. It is further shown that even a more complex problem with a
multidimensional resource can be reduced to an equation that can be solved numerically. Of greatest theoretical interest
is the problem of resource allocation for cases where the parameters of the production function are defined imprecisely
with (L-R)-type membership functions. The fundamental scientific novelty of the proposed approach to solving the
problem consists in the development and use of a technology for reducing the initial fuzzy problem to a clear one by
finding and using the membership function of the fuzzy criterion of the problem. At the same time, the unique adaptive
properties of (L-R)-type numbers determine good opportunities for the practical use of the proposed methods.

Anomauin. O0'exm Oocriodcenns — 3a0a4a payioHAILHO20 PO3NOOLLY OOMENCEHUX PecypCié MIdC RIOCUCmeMamu
CKNAOHOT  cucmemu, wo (DYHKYIOHYIOMb — HEe3ANeNHCHO. AKmyanbHicmb  pobomu  GUHAYAEMbCL  NPUHYUROBUMU
ocobnueocmamu yiel 3a0ayi, wo 6paxo8yontb MOJICIUGY MIHIUGICIb NAPAMEMPIE cepedosuyd, 6 SKOMY (DYHKYIOHYIonb
peanvHi cucmemu. Y pobomi UKOHAHO NOCMAHOBKU 3a0a4 PAYiOHAIbHO20 PO3NOOINY Pecypcié O MYTbMUNIKAMUGHOI,
AOUMUBHOIL Ma NAPAMEMPUYHO GUIHAYEHOT YIMbOBUX (DYHKYII, a MAaKoic Ost GUNAOKY, KOIU NaApamMempu yinbosoi Qynkyii
susHaueHi Heuimko. Pospobneno memoou eupiwienns yux saoay. IIpu ybomy nokasano, Ax came WLyKaAHUU pe3yibmam moxce
6ymu ompumanull ananimuyHo abo uucenvHo. /A supiuierHs 3a0ayi payioHarbHo20 po3noodiny 0OHOBUMIPHOZ0 pecypcy 3
MYTOMUNTIKAMUBHOIO MA AOUMUBHOIO (DYHKYIAMU BUKOPUCIAHO MemOO HeBU3HAYeHUX MHOXNCHUKIe Jlacpanaca. YV yux
VYMOBAX MAMEMAMUYHA MOOeb 3a0ayi 00380A€ 36eChil il 00 PIBHAHHA, sIKe JIecKO 8Upiuyemovcs. Y pobomi 0ocniodxiceno
SBHAYHO CKAAOHIWY 3a0a4y, 8 AKil 8upoOHUYA (YHKYIA 0N elleMeHmie cucmemu npeocmagiena y eueiioi pecpecitiHux
noainomis. Ilpu ybomy 0emanvbHo po3eSIHYMO OKpemull 8UNadokK, KOau NApamempu3o8and eupooHuYa QyHKYis JIHIIHO
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3anexcumb 8i0 080X ap2yMeHmis, Wo 8U3HAUAIOMb 0808UMIpHULL pecypc. [lani nokazauo, wjo Hagimb Oilbiu CKIAOHA 3a0ayd
3 0a2amoBUMIPHUM PeCcypCoM 3800UmMbCsl 00 DIBHAHHA, AKe MOXMCHA supiwumu ducenvbho. Hatibinbwuii meopemuunuii
inmepec Mmae 3adaua posnooiny pecypcy Onid 6uNAaoKie, KOIu napamempu eupooHu4oi (yHKyii eusHaueni Heuimko 3
Qynryismu nanexicnocmi (L-R)-muny. Tlpunyunoea naykoea HOBUSHA 3ANPONOHO8AHO20 NIOX00Y 00 UPIUEHHS 300a4i
noaszae 8 po3pooyi ma GUKOPUCMAHHI MEXHONO2TT 36e0eHHs BUXIOHOI HeuimKoi 3adaui 00 4imKoi WiAXoM NOWLYKY ma
BUKOPUCMAHHS (DYHKYIT HAledCHOCMI HedimKko2o Kpumepito 3a0adi. IIpu ybomy yHIiKarbHi a0anmayiiiti 61acmueocmi yucein
(L-R)-muny susnauaromo xopowsi Mos#CAUBOCMI 0115t NPAKMUYHOSO GUKOPUCHIAHHS 3ANPOROHOBAHUX MEMOOLE.

Key words: rational allocation of limited resources, parameterisation of production functions, solution methods.

KirouoBi cjioBa: parioHATEHHA PO3IOAIT OOMEKEHHX PeCcypeiB, MapameTpu3arlis BHPOOHWYNX (YHKIIH, MeTomm
BHPIIICHHS.

Introduction. The task of rational allocation of limited resources belongs to the class of nonlinear mathematical
programming problems. The structural features of such problems determine their belonging to conditional optimisation
problems. This paper considers the main types of resource allocation problems in a multi-element system. We illustrate
the main features of constructing rational resource allocation problems and methods for solving them using a simple
example. Let's introduce a vector X=(X,X,,...,X,)— distribution of resources across system elements and set

fi(x;)=a;x{'j=1,2,..,n , single-parameter production functions of system elements. Let us define the multiplicative

production function of the system, which determines the criterion for the efficiency of resource allocation
h n n n
f00=TTax =TT@ITx =l ]x. @
j=1 j=1 j=1 j=1

Let's introduce a restriction on the total amount of resources consumed

n

> x; =c. ®)

j=1
Unknown vector X = (X, X,,...,X,) we will find it using Lagrange's method of undetermined multipliers. Let us
introduce the Lagrange function

(p(x,/l):aol_[x‘jZ —X(ij -o). ?3)
=1 =1
Next
O("(x j') aO (Hx )xa 1 j. 0
5)‘,0 o (4
or
ST -2=0,
Xjn =1
From here

A
X, _THXj o =1,2,..,0
j=1

®)
Unknown value 4 we will find it from equation (2). We have
\ 1 S
JZ:;X" = /lnaoang ¢,
i__ ¢
4 naoaﬁ x§
= (6)

Substituting (6) into (5), we obtain
X; = aoaHx
naﬂaHx =

The triviality of the solution obtained is explained by the multiplicative nature of criterion (1) and the extreme
simplicity of the production function. Let us now obtain solutions to this problem by introducing another variant of the
production function. Let

)= Zf( )= Za,x,

Again, using Lagrange's method of undetermined multipliers, we obtam

@
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n n
(o(x,i)= > a.x%-2 > x.-c
j=1 1] j=1 J
Next
op(x,2
o(x2)_ - A=0,
OX;
x}‘" = L,j =1,2,..n
a,a
were

1

Unknown multiplier (ijl we will find it using constraints (2):

a
1 1
n n i ol ] a-1
X =)= — | =
S0 [0

|
VR
SIS
R
X
‘ﬂ. >
X
VR
S~
R
1
o

from here
1
27—
-0 1 -
a Zn: i o)
i1\ 4
Then
1
of L7 1
a, c-aj
X = L: n 17 (8)
i i a-1 Zlaj]—a
=1 & d

The variety of practical problems leading to the typical schemes (1)-(8) naturally determines the corresponding set
of publications.

Analysis of publications on the issue of rational resource allocation. Work [1] considers the problem of
multidimensional resource allocation, modelled as a nonlinear integer programming problem. The computational
procedure is implemented using the branch and bound method. The effectiveness of the method depends significantly on
the dimension of the problem. The same approach—nonlinear integer programming—is used in [2]. In [3], the problem
of rational distribution of water resources in river basins is solved. The computational procedure is implemented using a
two-level model. The upper level of the model is used to distribute water resources, while the lower level ensures
maximisation of expected benefits. The specific formulation of the computational procedure for the problem being solved
makes it difficult to use the proposed method to solve other problems. In [4], a heuristic algorithm is proposed to solve
the problem of rational resource allocation, but its accuracy is not discussed. The main content of [5] consists of solving
the problem of resource allocation in two stages. In the first stage, it is proposed to obtain a set of feasible solutions, from
which the optimal one is selected in the second stage. It is clear that the effectiveness of the proposed technology
significantly depends on the feasibility threshold, the correctness of which is a separate task. In [6], a class of resource
allocation problems for service systems is considered, in which the objective function and constraints are represented
probabilistically. The Bayesian approach is used to take into account a priori data and assess the effectiveness of possible
solutions. The proposed approach is strictly tied to the formulation of a specific problem to be solved. The main content
of [7] is related to management and recovery issues arising from the consequences of the COVID-19 pandemic. The
corresponding mathematical model of resource distribution does not contain any nowvelty. In [8], a goal space and a
solution space are introduced to solve the problem of rational resource distribution. A heuristic procedure for obtaining
an initial solution is proposed, which is iteratively improved. Work [9] is devoted to the consideration of the problem of
distributing multiple resources with partial preferences, including those specified probabilistically. Examples of specific
problems solved by known methods are given. In [10], the problem of multidimensional resource allocation for optimising
throughput in the Internet of Things system is solved. A heuristic algorithm is used to solve the resulting nonlinear
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programming problem.

An analysis of well-known publications on solving problems of rational resource allocation leads to the conclusion
that this issue remains relevant.

Purpose of the study. Development and analysis of methods for solving typical problems of rational distribution of
limited resources.

Materials and methods for solving the problem. Let us now solve the initial problem using a more informative
representation than before for the production function of the system elements and an additive criterion for its efficiency.

Let's introduce

a.
fi [ =a;x"
and
f0=> f,(x)=> a;x".
=1

j=1

©)

In this case, the Lagrange function has the following form:
p(xA) =) ax" —ﬂ[z X; —cj.
j=1 j=1
Next
rp(%4)
OX;

J

aj—l _ s
:ajﬂjxj -41=0,j=12,..,n.

from here

Let's find the multiplier (1)« using (2).

$x -3 (LJ“ ¢ 10)

= | 3¢
The resulting nonlinear relative to 4 The equation is solved numerically. A simple analytical solution can be found
in the special case when a; =«, j=1,2,.,n.
Then relation (9) takes the form:

At the same time

=) a1 oo
Then
1
(i =—=
n 1 a-1
and
N
a-1
“lag)
a
ML GO P (11)

Let us bring (11) to a form that is more convenient for calculations:

21


http://www.atbp.ontu.edu.ua/

- e . . . . . "’
u ABTOMATH3AIIisI TEXHOJIOTIYHKX i 6i3Hec-mporeciB Volume 18, Issue 1/2026 N

ISSN 2312-3125 (print), ISSN 2312-931X (online) http://www.atbp.ontu.edu.ua/
1 1
(a-a ~a a.la
x; =C —=C———F,
Z (aja ~a z ajﬁ
=1 j=1

which, of course, coincides with (8).
Let us now consider the problem of distributing a two-dimensional resource with single-parameter production
functions of system elements. Let us introduce the production function of system elements

fj(X1X2)=ale1ja +a2jX2ja; j=12...n,
f(x%)=> f(xx)=
=t

n
= Z(aljxlja +a’2jX2ja )
j=1

(12)
The restriction on the two-dimensional resource is as follows:
2% =6
= 13)
D X, =C,.
=1 (14)
Next
olx,x, ) = Z(auxna + aZj'XZja )—
j=1
— A (Y — ) — (Y% — ;)
j=1 j=1
79(%.X, ) _ aaljxljafl =0,
5X“— J:1,2,n (15)
1
) »a—l - , E /1 I
R -
oy o ay;
Let's find it 4, using (13),
1 1
n /1 E n ] a-1
lej = (_j ° (—] =q
= ¢ AN (17)

were

.
=8 (18)

= (19)
Repeat steps (15) to (18) for x,;, we will obtain a similar result:
1
c.a a-1
%= 2( = ); ’
Z a‘2j a-1 .
= j=12,.,n (20)

Let us now solve the problem of optimal allocation of a two-dimensional resource for more informative production
functions of system elements.
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Let's introduce

fZ(XZXZ ): aljxljalj +a2jX2jazj ; (21)

FOOX, )= D0 06 )= D (ay %™ +a,,%,,).
i1 =

Let the resource volume restriction still be of the form (13), (14).
Next,

n
P(x,x, ) = Z(aljxlja“ +a2jx2jazj )—
=1

_A(jx“_cl]_[ixzj _]

dp (X1Xp) _ a—1 _
——al-al-Xl- —/11—0, )
ox 377 _
1j J_1|2|"'n1
-1 Xl .
X =

80

. 1

g, =2t LT

1~ M :
a0

n

w0 Yad
PRADIWER { ] ~e,
it i=1 a

i%j

Now

(22)
Performing the same actions with the variable x,;, we obtain a similar equation for x, :

a,;0,;
Equations (22) and (23) relative to 4 and /, are solved numerically, enabling the calculation of optimal values
X X5, J =12,

ixzj i(ﬂz)"“{ - ] = (23)

Finally, let us consider the problem of rational resource allocation under conditions of uncertain initial data.
Let us introduce a single-parameter production function j - th element of the system:

f, (xj):ajxj“, i=12,...n

Let us now assume that the coefficients a; there are fuzzy numbers with membership functions (L,R) that is,
a; :</¢j,aj,[J’j,j:1,2,...,n.

Now let's set the task of finding a non-negative set X = (xl, Xy e X ) maximizing the objective function

F(X,A)=> ax" A=(a,a,,...4a,)
=L (24)
and satisfying the constraint

= (25)
We will obtain a solution to this fuzzy problem by reducing it to an adequate clear mathematical programming
problem. In this case, for fuzzy parameters a;, j =1,2,..,n acertain threshold value is introduced P level of belonging.

Now, problems (25) and (26) boil down to the following: find sets (X, A), A=a,,a,,...,&,, maximizing F(X,A),

satisfying constraint (26) and additional constraints.

/’l(aj)zpvj:]-vzy---vn (26)

The point of this approach is that the resulting solution belongs to the set of alternatives that maximize (25) with a
degree of no less than P . The shortcomings of this approach are obvious. First, the resulting problem is significantly
more complex than the original one: it contains twice as many variables. Second, it is unclear how to choose the value of
P . Similarly, it is unclear how the solution to the problem depends on the chosen value P .

In this regard, let us consider a different approach to solving the problem. In the course of its implementation, using
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the rules for performing operations on fuzzy numbers, taking into account membership functions x(a;), j=1,2,...,n, the

membership function is sought u(f(x;a)) objective function f(xa). Then a specific value is selected. p<1 fuzzy
membership level f(x,a) and the equation is solved

m(f(xa))=p(y)=p. (27

This equation has two roots:
Vo= (P)Y, =1, '(P).
Next, one of these roots is selected, for example, the first one, and the task of finding a set is formulated x”,
maximising y, (x) and satisfying constraint (26). The resulting solution x™ corresponds to the membership function,

maximally shifted to the region of large values of the objective function. Let us apply this technology to solve problems
(25) and (26). Let the membership functions of fuzzy numbers a;, j—1,2,...,n,— Gaussian and have the form:

(aj_aj(O))z
2§j2 '
For any set x The objective function (25) is a fuzzy number with a membership function

()] 2
wmw—m{—izggl}
were

ﬂﬂ%)=aw{

(0) _n(O)az N 220
y (X)_Z;ai X7, 0y (X)—Z;5i X
1= ]=
In accordance with the proposed technology, we will set the value of the membership function at the level of p and
solve the equation.

(y-y"00)

= _ =p. 28
()= exp 207 (%) p (28)
This equation has two roots:
1
1 \2
=9 0 5 o

y,=y" (><)+(5y2 (x)n %j

Choosing the smaller of these roots, we introduce the objective function

1 1
n n 2 2
y (x)=> al"x s{Zéfxf} ,s=[lnizjz (29)
=1 =1 p
Now the task of finding a set is formulated X", maximizing (29) and satisfying the constraint (26), which can be
easily solved, for example, using the Nelder-Mead method. The clear set obtained as a result of solving this problem x”
corresponds to a fuzzy value with a membership function
2
[Y‘Zaj (Xj)aj
,u(xx):exp -:1_17 )

ajzﬂ:éjz (x: )Za
shifted as far to the right as possible, which was required.

Conclusions

1. Thus, methods for solving the main types of problems involving the distribution of one-dimensional and
multidimensional resources have been considered.

2. The direction of further research is the development of methods for solving the resource allocation problem in
situations where not only the parameters of the production functions of the system elements, but also the numerical values
of the multidimensional resource are specified imprecisely.
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