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Abstract. The object of study is a non-ergodic Markov system functioning under conditions when there is a subset of
absorbing states among the set of possible states. The relevance of the problem is determined by the impossibility of
analysing such systems by traditional methods. A high practical need for solving these problems arises to ensure the
required efficiency of complex systems. Accordingly, the aim of the research is to develop a simple, convenient and
efficient method for analysing non-ergodic Markov systems. The method of solving the problem proposed in this paper
consists in transforming the original non-ergodic system into an ergodic one. The essence of the method consists in
adding to the set of possible transitions of the system fictitious transitions from absorbing states to return states. In this
case, the original non-ergodic system is transformed to an ergodic system available for analysis in the standard way.
Thus, the proposed method solves the problem. The advantage of the method is simplicity of implementation and practical
independence of the computational procedure from the dimensionality of the problem.

Anomayin. O6'ckm OocniodceHHs - HeepeoOUYHA MAPKOBCbKA cucmemd, wo (DYHKYIOHYE 8 YMOB8ax, Koau cepeo
MHOICUHU MOXNCIUBUX CMAHIE € NIOMHONCUHA NOSTUHAIOYUX. AKMYanbHicmb npoobieMu 8U3HAYAEMbCST HEMOICTUGICIIO
aHanizy makux cucmem mpaouyiiHumu memooamu. Bucoka npaxmuuna nompeda po36'si3anHs yux 3a0a4 eUHUKAE OJis
3abesneyenns HeoOXiOHOI ehexmusHOCMi CKIAOHUX cucmem. Bionosiono 00 yboco mema 00CHiONCeH s - PO3POOIEHHS
NPOCMO20, 3PYYHOR0 Ul eeKMUBHO20 MEMOOY aHANI3Y HeepeOOUYHUX MAPKOBCLKUX cucmeM. 3anpononosanutl y pobomi
MemoO pO36'A3aHHsL NOCMABNIEHOT 3a0ayi Noifedae 6 NepemeopeHHi GUXIOHOI HeepeoOUuuHOl cucmemu HA epeoouyHy.
Cymuicmob memooy nonsicae 6 000a8aHHi 00 MHONCUHU MONCIUBUX Nepex00ie cucmemu QIKmusHuUx nepexoois 3i CMawis,
wo noznunaioms, y 360pomui. Ilpu ybomy 6UXIOHA HeeP2OOUUHA CUCEMA MPAHCPHOPMYEMBCSL 00 epeoOUtHOL, 00CMYNHOL
Ot AHANE3Y CMAHOAPMHUM UWSIXOM. TaKum YuHOM, 3anpONOHOSAHUL MemoO supiulye nocmasiene 3a80anns. Ilepesaca
MemoQy - npOCMOma peanizayii ma nPaKmuyHa He3a1exiCHICMb 00YUCTIO8AIbHOL npoyedypu 8i0 pO3MIPHOCHI 3A0ai.

Key words: analysis of non-ergodic Markov systems, transformation of a non-ergodic Markov chain into an ergodic one.
Kio4oBi ciioBa: aHami3 HeeproJuuHUX MapKOBCBKUX CHCTEM, MEPETBOPEHHS HESProOMYHOrO MApKOBCHKOTO JIAHIFOTA B
€ProIMYHUN.

Introduction. The most important element of the procedure for analysing Markov systems is the calculation of the
probability distribution of states at any moment of time [1]. At the same time, the final distribution of these probabilities
is of great practical interest. If each state of the system is reachable from any other state of this system, then the system is
ergodic and to obtain the final probability distribution of states, the system of linear algebraic equations Kolmogorov [2]
is solved, which is formed as follows. The system in the process of functioning can be in one of its states.Possibilities of
transition of the system to other states are determined by the matrix of transition probabilities P =(p,) ,where p,

probability of transition of the system from the state i,i =1,2,..,n, in the state of j, j =1,2,..,n, in one step. Let's
introduce the set p =(p,,p,,....p,) of the final state probabilities. Then the system of algebraic equations with respect

to unknown final probabilities p i1 =1,2,..,n is in the form of:
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pn :plpln +p2p2n +"‘+pnprm‘

This system of equations is solved by known methods, for example, by Kramer's formulas [3]. Let us consider an

example. Let the system can be in one of three states. The graph of states and the transition probability matrix are shown
in Fig. 1.
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Fig.1. State graph and transition probability matrix
Puc.1. I'pa¢ craniB Ta MaTpuns iiMoBipHOCTel epexoxy
Let us introduce a vector of final probabilities of the system states p =(p,,p,,P). The system of equations for
finding the vector of final probabilities is as follows:

P =(P,P,P;) =(P,P,P;)P.
Let us write this system of equations in scalar form:
pl :pIPII + p21)21 + p3P31 4
p2 :pIPIZ +p21)22’
p3 :p1P13 +p21)23 +p3P33‘
The resulting system of equations is linearly dependent [3]. Indeed, summing up the left and right parts of
these equations, we obtain the identity:
pl +p2 +p3 :pl(Pll +P12 +P13) + p2([)21 +[)22 +P23) +p3(P31 +P32)'
In this connection, let us replace one of these equations by the normalisation condition. In this case, we obtain
pl :pll)ll +p21)21 +p31)31’
p2 :p11)12 +p21)22’
p,+p, +p, =L
Using the second equation of the system, express the variable p, through p,.
We have
p,(1- P,) =p,h,,
from where
P, :lpipz'

Let's substitute the obtained expressions into the first equation of the system, which we will bring to the form:
p, =(1- £)) =p, b, +p,F;.

Then
1- P,
ﬁpz - P, Py =p;h,
or
1- P77
pz(ﬁ' Py) =p; B,
or
(1' Pzz)' le(l' Pn)
P, ( ) =p; B
1- P, 3431
or
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P3| (1- Pl 1 )

: (1)
(- Py)- B, (1- R)

Now, substituting the obtained relations for p, and p, in the normalisation condition, we find the value of p, through
which we obtain relations for calculation of final probabilities of states p,,p,,p,.

P, =P;

If among the possible states of the system there is at least one absorbing state, the system becomes non-ergodic, and
its analysis by traditional methods is possible in the case when such a state is the only one. Let us consider an example.
The graph of the system states and the transition probability matrix are shown in Fig. 2.
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Fig.2. State graph and transition probability matrix
Puc.2. I'pa¢ craniB Ta MaTpuus iiMoBipHOCTeli nepexoaiB
Let us introduce the vector of final probabilities of the system p =(p,p,p,);

To find the vector of final probabilities, let us form a system of Kolmogorov equations

| =pP. 2
Let us reduce the matrix system of equations (2) to rt)he scalar form ()
&, B, Py o
(PP2P;) =(P,P,P3) gf)ZI P, Py :
go 0 1g
From here
pl :pll)ll +p21)21’
pZ :pll)IZ +p21)22’ (3)

p3 :pll)B +p21)23 +p3'
The resulting system is linearly dependent. Indeed, let us sum up the first two equations of the system (3).
pl +p2 :pl([)ll + 32) +p2([)21 +[)22)’

or
P, P, :pl(l- ])13)+p2(1- Pz3)a
or
P, *+P, =P, - p1P13 *+P,- pzpza'
From here

p1P13 +p2P23 :O *

The obtained equation coincides with the third equation of the system (3). Therefore, we remove the third
equation from the system (3) and add the normalisation condition instead. Thus we obtain:

P, =P, h, +P, by,
P, =p,h, +P, Py, 4)
P, +p, +p, =1.

From here
p, =(1- B))-p,A, =0,
p.B, - p,(1- P,) =0, (5)
P, +p, +p, =L

Let us solve the obtained system of equations by Cramer's rule [4]. Accordingly, using (5), we introduce the
required set of determinants of matrices:
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a-hn-pF 006
gplz 1- Pzz 0 :
él 1 g
ad - P 06
A =det€0 -(1-PB) 0%
§1 1 1g
@-P0 05
A4 =detP, 0 0.

§1 1 g

é'Pll _Pn 06

A, =det

A, =detP,  1-P, 0.
§1 1 g
From here
4, =(1- R)(A- Py)+R,P, =
=1-P,-1,,+RP, +F,P, =
=H, +h, +R} -R+P,P,+E,P, =
:RZ +113 +le)22 +[72[)21;
A4, =4, =0;

A, =4,.

There fore
_Al —()- _A2_ . _A3_

o} 4 =0; p, =4 =0; p, N =1. (6)

A natural and expected result is obtained: the analysed system has a single absorbing state. Therefore, all components
of the final probability distribution of the system states are equal to zero, except for the only probability corresponding to
the absorbing state, which is equal to one. Note that in this particular problem this result could be obtained from relation
(1), if in the final relation we put the probability of P, =0, thus making the state with number 3 absorbing. Thus from

(1) for P, =1 value p, =0, from here p, =0 and p, =I.

Consider again a system which at each moment of time can be in one of its possible states. In the process of functioning
the system passes from one state to another. Suppose now that some of the possible states are absorbing. It is clear that
the final probability distribution of such a system has the following structure: the final probabilities for the returning
states are zero, and the final probabilities of the absorbing states sum to one. The probability distribution for absorbing
states is of practical interest because the possible consequences of stopping the system in different states can be
significantly unequal. A system in which the property of accessibility of any state of the system from any other state is
not fulfilled is by definition non-ergodic. To analyse such a system, the standard approach used above, based on the
solution of the system of linear algebraic equations of Kolmogorov with respect to the unknown final probabilities of the
system states, is unacceptable, which determines the purpose of the work.

Purpose of the study. Development of a method for calculating the set of final state probabilities for a non-ergodic
Markov chain.

Development of a method for analysing a non-ergodic Markov system. The simplest approach to solving this
problem is to use the step-by-step evolution of the system state vector. Let us introduce an initial vector of state

probabilities p” =(p,"”,p,"”,...p,”) and matrix P =(pij), of transition probabilities.

Then

p" =@".p,".p,") =P.
In this case

p," =p, "R, +p, VP, +...+p P

nl>

M —pn (D (0) (0)
pz _pl Plz+p2 })22+“‘+pn F

n2>

(0) (0)
+p2 })Zn +“‘+pn P

nn*

O —pn (0
pn _pl P

In

Further
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p? =pWp =p©p?,
p® =p@p =p®p3
p(k+1) :p (k)P :p(O)PkH.
It is clear that each step of this procedure approximates the vector p*“*’, obtained at the next step to the final
distribution of state probabilities. The procedure continues until the natural stopping criterion is fulfilled

max{Dpj“' n :pj“’ . pj“' ’} <e, e- a given small number. The disadvantages of this approach are obvious. Firstly,

(k+1)

there is no proof of monotonic convergence of the procedure. Second, the convergence rate of the procedure is
unpredictable. It is not known how it depends on the dimensionality of the system.

In this connection, to solve this problem, we consider a computational procedure transforming the initial nonergodic
system into a pseudoergodic one. For this purpose, for each absorbing state the probability of return to this state, equal to
unity, will be reduced by some small value a . It is necessary to add a fictitious transition from this state with the same
probability a to any return state, for example, to the first state. The corresponding transition graph for the resulting
system and the transition probability matrix are shown in Fig. 3.

@®P,B 0 0 0 &
00 po00R
P:goo 0 B P07
QaO 0l1-a0 0 -
a0 0 0 1-a0 =
§ao 00 O0l-ag

Fig.3. State graph and transition probability matrix
Puc.3. I'pagik craniB Ta MmaTpuus iiMoBipHOCTeil nepexony
Let us introduce a vector of final probabilities of the system states and a system of linear algebraic equations to
calculate the components of this system:

P =(P.P,P;P.PsP,); | =pP. (7
Let us write the system of equations (7) in scalar form, dividing it into two subsystems.
P, =p,a +pa +pa =(p, +p;*+py)a =S@)°a,
P, :plplz :Ple(a )a . (8)
Py =P, A5 +p, Py =p,F; +p, A, Py =(F; + F,P;)S@)a,
P, =P;B, +p,(1-a),
p. =p,P; +p,(1- @), ©)
Ps :p2P26 +p6(1- a).
Solving the subsystem (8), we obtain
p,@)=S@)a,

(10)
p,@)=h,@)a,
p,@)=(h, +F,>;)S@)a.
Further, for the equations of the subsystem (9) we open the brackets and give similar terms. Thus, acting
sequentially for each of the equations, we obtain:
P, :p3P34 +p,- 2p47
from where
ap, =P,p, =P,(P, + £, >;)S(@)a 1)
Ps =P; >P35 +Ps-aps,
from where
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apS = 35p3 :f)BS(f)IB +f)12 >{)23)S(a )a

Ps =P, X +p,(1-2a),
from where
aps =h P, =hh,S@)a
Performing in relations (10) the limit transition by @ , we get

P, =P, =p; =0.

Then from the normalisation condition we have

P, +Ps +Ps =1- (p, +p, +p;) =1, (12)
from where S =1.
Substituting (12) into (11), we obtain the desired result
Py =B, (B + B, 8),

Ps =Ps(F; + B, 8,),
p() :P12P26'

It is easy to check that the normalisation condition P, +Ps +Ps =l is being fulfilled.
Indeed,

Py +Ps +Pg =By (B + B, X0) + By (B + B, X0, +

4P, 3, (P, +P,)Py + P, )+ By =P, + P, P, +

+h,(1- Py) =R; +R,Py +F, - R,P; =F, +F; =1.

The last equality represents the sum of probabilities of all exits from states 1.

Thus, we obtained a methodology for calculating the final probability distribution for the failure states of a Markov
system. The computational procedure is based on the use of a simple mechanism of transformation of the initial non-
ergodic system into an ergodic one. We note important advantages of this procedure. First, the computational complexity
of the implementation of the procedure for a non-ergodic problem does not exceed the complexity of its implementation
for an ergodic problem. Second, this complexity is practically independent of the number of failed states and their share
in the total number of states. Note, moreover, that the solution of the problem can be obtained not necessarily by analytical
solution of the system of linear algebraic equations (8), (9). The required result can be achieved by solving this system of
equations numerically, setting the value of the parameter @ with the required accuracy. The direction of further research
is to extend the proposed method for solving problems of analysing continuous Markovian [6,7] and semi-Markovian
[8.9] systems, including situations when the initial data are fuzzy [10].

Conclusions.

1. A technique for calculating the final state probability distribution for a non-ergodic Markov chain is proposed.

. The technique is based on the transformation of the original non-ergodic discrete system into an ergodic one.
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