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Abstract. Background. Computer circuits enable almost every piece of electronics to function. An opportunity for their
optimization was found in one of the ways to implement a circuit, which involves a decoder. Decoders are basic circuit
components whose behavior makes it easy to implement multiple Boolean functions. Functions are just rules by which
informational signals are being processed in the circuit. To implement a function Logic gatEs (LEs) are used. LEs group
multiple input signals and process them using binary logic operators like AND or NOR.

Purpose. Develop a computer program that, based on provided functions, will find a solution associated with
approximately minimal number of logic gates.

Relevance. Prevalence of circuits increases the value of small optimizations, since any improvement gets multiplied
by millions of circuits produced. Optimization at the logic level is being explored, which will retain value regardless of
the physical properties of the circuit. Additionally, the theory of optimizing LE usage for circuits built on decoders is
examined, which will alleviate future research.

Methods. Development of the theory arose from an understanding that input signals can be grouped using LEs
consciously. This way, LE outputs can be used in more than one function, which results in reduction of total number of
LEs. It becomes evident that the problem can be restated in terms of sets. Similarity to known NP-hard problems emerges,
which prompts usage of existing solution approaches. Among them, the greedy algorithm is chosen for its simplicity in
program implementation. The connection between the problem and digital circuitry is weakened by the introduction of
special evaluation functions that work with sets. So, the problem is reduced to several mathematical rules, which then are
used as the appropriate parts of the greedy algorithm. Development of knowledge necessary to create the target program
is thus concluded.

Results. The target program is successfully implemented and can be seen in full at https://github.com/Gleb-
05/MakeFuncForDC. A test is conducted on 1000 sets of four pseudorandom eight-term functions. It is estimated that the
implementations proposed by the program require on average 0.75 of the initial number of LEs. The average running
time is estimated at 2 milliseconds. In contrast, brute-force search for the same problem is theorized to run for years.

Conclusions. A working program that finds an almost optimal solution is successfully created and tested. Its
performance makes it potentially useful in the industrial scale of circuit manufacturing. Since the program essentially
offers workload management, its possible applications go beyond the domain of digital electronics. Additionally, the
theory of optimizing the use of LEs is presented for the first time. It can be used as the basis for future research on the
implementation of multiple Boolean functions using decoder.

Anomayin. Konmexcm. 3a60aKku komn 1omepHum cxemam QyHkyionye maidice 6yov-axa enekmponixa. Moociugicme
ONMUMIZY8AMU CXeMU 3HAUOEHO 8 OOHOMY 3i cnocobig ix peanizayii, wo 3anyuac dewugppamop. Hewugppamopu €
0a3068uUMU KOMNOHEHMAMU CXeM, NOGEOIHKA AKUX 00360JI€ J1e2KO peanizyeamu Kiibka Oynesux @yuxyin. @yukyii — ye
Juwie npasuia, 3a AKUMU  IHQOpmayituHi  cueHanu obpobasiemvcs 6 cxemi. LlJo6 peanizysamu  pynxyiro
suxopucmosyiomocs Jloziuni Enemenmu (JIE). JIE epynyrome Kinbka 6XiOHUX CUeHAli@ i 06poOasitomy ix 3a 00noMo2ow
08ltiko6Ux n02iuHUX onepamopis, sik mo AND a6o NOR.
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Mema. Po3pobumu xomn tlomepHy npoepamy, aKa Ha 0CHO8I Ha0anux QyrKyiill 3uatioe piuieHis, nos sa3ame 3 6auU3bKoI0
00 MiHimManvroi Kinbkicmio Jlociunux Enemenmis.

Axmyanvuicmo. Iowupenicms cxem nioguwye yiHHiCmsb He@eIUKUX NOKPAUeHb, OCKIIbKU 0)0b-sKe 800CKOHANEHHS
NOMHONCYEMBCA HA MINLUOHU 8U20MOGIeHUX cxeM. Jocnidxncyemoves onmumizayis Ha 102IHOMY pieHi, AKa 36epedice
3HAYEHHs He3aNedHCHO 6I0 Qisuunux eracmueocmeil cxemu. Kpim moeo, pospobnoemvcs meopis oas onmumizayii
suxopucmanna JIE, axa noneauiums matibymui 00caioNcenHs.

Memoou. Ilowmosxom 0ns po3eumxy meopii 6y10 po3yMiHHA, W0 6XIOHI CUSHANU MOJICHA CEI0OMO epynysamu 3a
donomoeoro JIE. Taxum uunom, euxoou JIE mosicna euxopucmosysamu 6 Oinbul Hidie 00HIU YHKYIL, WO npu3e00ums 00
3meHwenns 3azanvnoi xinekocmi JIE. Cmae ouesuOHuM, wo 3a0auy MOMCHA GUPA3UMU 8 KOHMEKCIi MHOMCUMH.
Busisnsemocsi nodibnicme 0o gioomux NP-cknaowux 3adau, ujo CNOHYKAE 00 SUKOPUCMAHHS ICHYIOUUX NIOX00i6 00
piuwenns. Ceped HUX 06pano HcadiOHULL aneopumm 3a NPOCMOmy 1020 NPpoSpaAmMHoi peanizayii. 36'a30k misxc 3a0ayero ma
CXeMOMEXHIKOI0 NOCIADNIOEMbCA NICA 86€0eHHA CNeYialbHUX OYIHOYHUX (DYHKYIU, AKI Npayoioms i3 MHOMCUHAMU.
Omorce, 3a0aua 3600umvCs 00 KibKOX MAMEMAMUYHUX NPABUTL, AKI NOMIM BUKOPUCTNOBYIOMbCA AK 8I0N0GIOHI YacCTMUHU
arcadibnozo aneopummy. Ha yvomy 3aeepuieno popmyniosanns sHanb, He0OXIOHUX O CINBOPEHHS YilbOBOI NPOSPAMUL.

Pesynomamu. Llinbosa npoepama ycniwno peanizogana, 3 neio modxcna osnaiiomumucs na https://github.com/Gleb-
05/MakeFuncForDC. Ilposedeno mecmu na 1000 nabopax 3 vomupbox nces008UNAOKOBUX YHKYIL HA GICIM elleMeHmis.
Iliopaxosano, wo peaniszayii, 3anponoHo8awni Yitbo8oio NPocpamoro, umazaioms y cepeonvomy 0,75 6i0 nouamrogoi
kinokocmi JIE. Cepeodnitl uac pobomu cmanosums 2 MiniceKyHOu. B nopisusanHi, nowyk 2py6oio cuioro 0jisi moi dic 3a0ayi
meopemuuno nompedye mucaui poxie.

Iiocymox. Ilpayroioua npoepama, Axa 3Haxooumv Ou3bke 00 ONMUMATLHOZO PIUENHS, YCRIWHO CMEopeHa ma
npomecmosana. IIpooykmuenicms npozpamu podums i nOmMeHyilino KOPUCHOIO y HPOMUCIO8UX MaAcuimabax
supodonuymea cxem. OCKilbKu npozpama, no cymi, NPONOHYE KePYEaHH:A pPoOOUUM HABAHMAICEHHAM, ii MOJICIUGI
3ACMOCYBAHHA BUX00SIMb 30 Medcl Yyu@dpoesoi erekmpoHniku. /o moeo i, nepuie npeOCmMasieHo meopilo onmumizayii
sukopucmanns JIE. Bukiadena meopiss Modice Cy2y8amu OCHOB0I0 Osl NOOANbUUX O0CTIONCEHb, WO CMOCYIOMbCS
peanizayii Kinbkox Oyneeux yyHKyilu Ha oewiugpamopi.

Keywords: digital electronics, combinational circuit, circuit implementation, Boolean algebra, decoder, data
protection, cost minimization, NP-hard problem

KuarouoBi ciaoBa: 1mudpoBa elekTpoHika, KOMOiHaNiliHA cXeMma, peai3allisi MIKpocXeMmu, OyieBa anreoOpa,
neumgpatop, 3axuct iHdopmaii, MiHiMizawis BuTpat, NP-cknanHa 3anaya

INTRODUCTION

Computer circuits form the backbone of modern technology, ensuring correctness of its functioning on the most
fundamental level. With each stroke of a keyboard, each screen touch, each glance on the monitors, we rely on the
accuracy of hardware in a plethora of basic circuits. Investigating ways to enhance these circuits by means different from
purely physical is imperative to the technological progress.

More specifically, we will investigate decoders, which are one of many basic components that are used in
combinational circuits. Some important applications of them are: code conversion, computer memory management, and
data distribution [1]. They are also known for their usage in data protection systems, namely in those related to
transposition ciphers. Decoders allow one output to be activated only on the occurrence of a particular combination of
input signals.

In digital electronics there is a typical task of implementing multiple Boolean functions using decoder. This task is
completed by grouping decoder’s outputs using Logic gatEs (LEs) in accordance with each function. Let’s agree to
address decoder’s outputs as “constituents”. Provided that functions are both numerous and large, arbitrary constituents
will happen to be a part of more than one function. This presents an opportunity to group repeating constituents using LEs
consciously, so that the output of each such LE could be used by more than one function. In return, total number of LEs
needed to make the circuit would drop. This approach is what underlies the optimization being developed. One of the
many practically valuable consequences of such optimization would be the drop in the cost of electronics production on
the industrial scale.

Preliminary research did not reveal any works utilizing this kind of approach to the optimization of circuit design.
However, in Combinatorics conceptually similar problems already exist. Namely, “search” versions of set cover problem
and set packing problem [2-3]. Both are classified as NP-hard problems, which in practice means that the number of
possible solutions grows exponentially relative to the size of the problem.

Development of a new perspective on a potentially NP-hard problem was deemed valuable, since this class of
problems is known for its theoretical reusability and various practical applications. Existing solutions for similar problems
were found to be unapplicable, which further increases the theoretical novelty of the study.

The purpose of the work is to develop a computer program that, based on provided functions, will find exact groups
of constituents associated with the least amount of LEs used. To gain knowledge necessary for creating such a program,
the theory behind optimizing LE usage for circuits built on decoders is explored.

REVIEW OF THE LITERATURE

Because this study is explorative in nature, excessive amount of information is not necessary. As was already
mentioned, algorithms suitable to fulfill the purpose of this work were not found. This was taken to be an indication of
high specificity of the defined problem. However, while searching for similar problems, it was revealed that this one
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might be of NP-hard type [4]. As was already mentioned, this type of problems is well researched. Making use of already
known solution approaches, like greedy algorithm, exploration in this study was rather guided [5].

Looking forward, LE usage is conceptually tied to the loss function, which is used in both greedy and genetic
algorithms [6]. At the stage of choosing between possible solutions, the greedy algorithm was picked because its software
implementation is the most straightforward, so that purpose of the study is guaranteed to be fulfilled.

OBJECT, SUBJECT, AND METHODS OF THE RESEARCH

The object of this study is the process of implementing multiple Boolean functions using decoder. The subject of the
study is the task of minimizing amount of LEs used in the process. It makes sense to talk about number of LEs as “cost
of implementation”, which presents the subject of the research to be the task of cost minimization.

Let’s formally define the problem statement.

Take normal forms of Boolean functions that are being implemented using decoder to be z;,i = N ... 1. These normal
forms are defined for one type of LE. This type of LE has k inputs such that k > 2. Consider it possible to use less than
all k inputs, but no less than two. Take each function to be comprised of m; constituents.

Define an arbitrary number of constituents to be grouped “automatically” in the following case. Grouping can be
visualized as using parentheses. Starting from the first term, k consecutive terms are grouped with LE once (or twice, if
LE contains negation). Grouping of consecutive terms continues on yet ungrouped terms until their number becomes less
than k. After this, created groups are considered to be ungrouped terms, and the process repeats starting from the first
term. When, or if, the number of terms is less than or equal to k, one final group is formed with exactly one LE, bringing
total number of terms to one, thus terminating the process.

Let “bundle” denote a group of two or more constituents present in two or more normal forms. Note that the bundle
is used in all relevant normal forms without any additional LEs spent beyond those required for the bundle itself.
Additional constraint for bundles to not intersect in the final solution is used. Note that this constraint can be dropped to
achieve generalized version of the problem.

Both bundles and constituents are considered to be “terms” in context of the normal forms in the final solution. Terms
are assumed to be grouped automatically. Bundle constituents are also assumed to be grouped automatically. Note that
using groups of less than k terms during grouping will lead to a much broader version of the problem.

With all the terms properly defined, the problem is as follows. For given functions define normal forms based on the
given logic gates. Based on the found normal forms, define bundles and choose those that are associated with the
implementation that requires the least number of LEs. The number of LEs is comprised of LEs used to form bundles, and
of LEs needed in each normal form to group its not-bundled constituents with the bundles present in it.

Thus, the problem statement is concluded.

To establish a firm understanding of the problem, consider the following example. The task is to build a code converter
using as few LEs as possible. Functions to implement are showed in z columns of Table 1, where N denotes respective
constituents.

Table 1 — Decoder truth table

x4 | x3 | x2 | x1 N 74 | z3 | 2 | z1
0 0 0 0 0 0 0 1 0
0 0 0 1 1 0 1 0 0
0 0 1 0 2 0 1 0 1
0 0 1 1 3 0 1 1 0
0 1 0 0 4 0 1 1 1
0 1 0 1 5 1 0 0 0
0 1 1 0 6 1 0 0 0
0 1 1 1 7 1 0 1 1
1 0 0 0 8 1 0 1 0
1 0 0 1 9 1 1 0 1
1 0 1 0 10 1 1 0 1
1 0 1 1 11 1 1 1 0
1 1 0 0 12 1 1 1 0
1 1 0 1 13 0 0 0 0
1 1 1 0 14 0 0 0 1
1 1 1 1 15 0 0 1 0

For implementation, 3-NAND logic gates and a 4-input decoder with inverse outputs are used. In accordance with the
type of LE, which is NAND, respective normal forms for each function are written.
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Considering number of LE inputs is three, constituents of each function are grouped in some way, which leads to the
“circuit form” of the function. For now, let’s assume that the way of grouping constituents is automatic. See circuit form
of the second function defined automatically:

(e =) ™)

This circuit form makes use of seven LEs, which is evident from the number of parentheses and negations above them.
In case that all circuit forms were defined automatically, total LE cost reaches 26.

However, the way constituents are grouped doesn’t have to be automatic. Consider that fact that fourth and third
function share as much as four constituents, namely (9,10,11,12), to which a bundle given below corresponds.

Acknowledging two more bundles comprised of (7,8) and (3,4), total cost drops to 24 LEs, bearing two spare LEs
compared to an automatic implementation. Notice how this implementation leverages a counterintuitive grouping process
in which less than all of LE’s inputs are used.

The circuit forms for this implementation are given in Table 2 along with the associated cost. There, double negation
is implied when using parentheses unless shown otherwise, and negation of constituents is omitted for convenience.

Table 2 — Implementation example with associated LE cost

Bundles Cost Normal Forms Cost
by =(3-4) 2 z,=((56b;) by) 3
b, = (7-8) 2 2= (12 by) bs) 3
b; =((9-10-11) - 12) 4 Zzz((o.bl.bz).(ll.lz.ls)) 5

z1=((2-4-7)-(9-10-14)) 5
Cost of bundles 8 Cost of normal forms 16
Total cost is 8+16 => 24

Further manual search revealed a solution associated with a cost of only 20 LEs, with bundles defined to be
(3,4),(7,8),(9,10), (11,12). Compared to the automatic implementation, this one has as much as six spare LEs. Meaning,
at the expense of approximately one hundred LEs it is possible to make five circuits instead of four, which is definitely
beneficial on an industrial scale.

With an example that clearly demonstrates the value of making use of repeating constituents of multiple functions,
let’s move on to a more rigorous study of the theory behind optimizing the LE cost.

To demonstrate some of the results of the theoretical work, an updated problem statement is given, and it will be
explained immediately after in parts.

Consider a universe of constituents from 0 to 2™ — 1. On this universe, let N sets, each of length m;, be defined in
accordance with the type of LE. Those sets are denoted as z;,i = N ... 1. Bundles are defined to be subsets of length
greater than one which occur in more than one set. Bundles are still prohibited from overlapping in the final solution.

Additionally, take function LEn, (m) to return number of times a set of length m should be arranged in groups of k
to get a set of length one. This function is based on the automatic grouping process, which is defined in accordance with
the number of LE inputs. Finally, take a function TLEn to return total number of times grouping occurred in a solution,
which accounts for grouping in bundles, as well as for grouping in z sets after bundles were defined. This function is an
auxiliary function that specifies how exactly LEn, should be used for the evaluation of a solution.

Then, the problem is as follows. Define a family of bundles based on the intersections of z sets. Choose a configuration
of bundles which is associated with the smallest value of TLEn.

Thus, the new problem statement is concluded.

Let's start the explanation with the reason for updating the problem statement. The new statement is constructed to
abstract from details of digital electronics. This way, the fact that this problem is similar to the set cover problem becomes
more apparent. Assuming all the bundles are defined, this problem is almost identical to the optimization version of a
weighted set cover problem, where weight would be the number of LEs used. The only difference is that there is N sets
instead of just one, which makes searching for the solution more difficult. Instead of searching for the least costly
configuration of bundles for a single set, each bundle should be chosen with attention to constituents it affects across all
the sets.

The similarity to the NP-hard variation of a set cover problem is taken to be a sufficient proof of NP-hardness of the
problem. It is adequate to make use of common solution methods for this class of problems, including approximation
(greedy algorithm), randomization (genetic algorithm), parametrization, and heuristics. Brute force is another known
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method which will be discussed briefly later on. Greedy algorithm is chosen over the genetic algorithm due to its
deterministic nature and behavior that can be more easily studied.

The following structure of the greedy algorithm is devised, based on the key components: sampling, feature, choice,
iteration and termination.

e  Sampling. Raw data should be processed to get information suitable for the algorithm.

e  Feature. The available information must be organized in some way, most often ordered by some quantitative
characteristic, so that it is possible to make a choice.

e  Choice. Based on the feature, there must be a selection rule, according to which only one choice is made. Usually,
it is a choice of extremes — the largest or the smallest.

e lteration and termination. Because a greedy algorithm is iterative in nature, there must be a rule by which
information changes between iterations and a rule by which the algorithm terminates.

For now, let’s assume a complete family of bundles has been obtained and is now used as information for the greedy
algorithm. The next step is to define a feature by which those bundles will be compared, and the most obvious choice is
to define a function that tells how many LEs is needed to cover all the terms in the bundle. This is exactly the LEn, (m)
function. On a circuit level it assumes automatic grouping and is associated with a deterministic number of LEs needed
for any given expression.

For the time being, let’s get back to circuits and assume LE does not have negation (LE might be AND or OR). Let’s
analyze the effect of grouping k terms with one LE in an expression with an arbitrary number of terms. Obviously, total
number of terms is reduced by k due to those grouped using LE, while simultaneously it’s increased by one due to the
fact that the group becomes a term itself. Thus, each use of one LE brings total number of terms in the expression down
by k — 1. Total number of times LE should be used is reasonably expected to resemble a quotient of expression’s length
divided by k — 1. By definition, each normal form is effectively represented with a single output on a circuit. Similarly,
each bundle should be represented with one output. This means that any expression that is being grouped using LEs should
end up with a total number of terms equal to one. To better understand special edge cases, Table 3 is constructed, where
‘0’ denotes a term, content of which does not matter.

Table 3 — LE usage for different number of terms with corresponding LE number

Terms Usage fork = 2 LEn Usage fork = 3 LEn
1 (o) 1 (0) 1
2 (00) 1 (00) 1
3 ((0o0)0) 2 (000) 1
4 ((o0) (00)) 3 ((oo0)0) 2
5 (((00) (00)) 0) 4 ((oo0)oo) 2
6 (((00) (00)) (00)) 5 ((c00)(000)) 3
7 (((00) (0 0)) ((00)0)) 6 ((c00)(000)0) 3
8 (((0.0) (00)) ((00) (00))) 7 ((((000)(000)0)0) 4
Based on Table 3, a formula (1) is derived:
m—2
LEnk(m) = m] +1 (1)

where LEn; (m) is the number of Logic gatEs with k inputs needed to cover an expression with m terms; k, m are
positive integers. Division is meant to be integer division, but on positive integer arguments floor division can be used.

This formula leads to many useful properties and intuitions, not presented in this work for the sake of brevity.
However, note one of them that explains why updated problem statement disregards the type of LE in some sense. Reason
for that is, number of negated Logic gatEs (abbreviated as nLEn), like NOR or NAND, can be easily derived from the
formula (1) in the following way:

nLEn,(m) = 2 - LEn,(m) — 1

On a circuit level, to preserve truth table of any expression, LEs are used twice, which is a common way to cancel out
negations. Based on function specifications similar to those in table 1, any expression should use twice the LEs required
for its not negated LE counterpart, except for the outer LE which is always used once. Exactly that is reflected in the
formula above. Very important consequence for the new problem statement is that the number of used LEs can be
evaluated without paying attention to its type, since the number always can be converted afterward.

Another application of formula (1) is an auxiliary function that allows to evaluate any solution. See Table 2 —
Implementation example with associated LE cost to refresh the general understanding of how a particular solution can
be evaluated. Formalization of this understanding results in the following formula:

1
TLEn = Z LEn,(b;) + Z LEn, (u; + m})
j=1 i=N

22


http://www.atbp.ontu.edu.ua/

u ABTOMATH3ALIs TEXHOJOTIYHKX 1 Gi3Hec-mpoueciB Volume 16, Issue 3 / 2024 u
http://www.atbp.ontu.edu.ua/

where “Total LE number”, abbreviated as TLEn, makes use of: N —number z sets, b; — number of terms in bundle j,
u; — number of constituents unique to z;, uncommon across sets, occurring exactly once, m; — number of terms that are
not unique across sets, counted for z; after bundles are formed.

Thus, the justification for restating the problem is concluded, with valuable theoretical insights as a byproduct. The
problem was compared to an existing NP-hard problem, greedy algorithm was chosen as a solution approach, and
operating with digital circuits was changed to operating with sets.

Before moving forward in the development of the greedy algorithm, let’s define the “sampling” part and specify how
family of bundles is created. Sets (i.e., functions) and their constituents are not suitable for the algorithm by themselves.
Consider an alternative form of writing down problem’s conditions as seen in Table 4, where information is taken from
Table 1, ¢ marks constituents, and z marks sets.

Table 4 — Constituents and the associated lists of sets where they are present

c 2 3 4 7 8 9 10 11 12
31 32 321 421 42 431 431 432 432

Notice that not all constituents are present in Table 4. This is due to the definition of the bundle. If a constituent is
single among sets, it cannot be a part of the bundle, and thus omitted. Conversely, if set is of length one, it will also be
omitted. It is now natural to derive the following table by iterating over values of z. This way intersections of sets and the
constituents associated with them are obtained.

Nz 432 431 43 42 41 32 31 21
c 1112 910 9101112 781112 7910 341112 24910 47

Notice that some of the possible bundles are intentionally omitted. There is a possibility that a singled-out bundle, for
example (9 10 11), could be a part of the best solution, as opposed to (9 10 11 12) or (9 10) that are most probably
approximate to the best solution. However, family of bundles is intentionally being limited to what’s possible to derive
from table similar to the Table 4. This way, one-to-one relationship between set intersections and bundles is maintained,
making it easier to implement the algorithm.

Proceeding with the greedy algorithm, consider the fact that choosing one bundle over another cannot come down to
a comparison of their LE costs alone. It is obvious that algorithm’s performance would suffer from predisposition to
choose shorter bundles. Along with an intuition that more repetitions of a bundle correlate with its value to the solution,
this fact motivates an update for the “feature” part of the algorithm. Formalization of this understanding leads to the
formula (2):
count(bundle) - count(z with bundle) @

LEn (count(bundle))

where z with bundle denotes all sets where the specified bundle occurs, count(.) determines the number of elements
in some enumeration, LEn,, is formula (1). Density function reflects how beneficial a bundle would be to the solution

Having formula (2), it makes sense to move on to the “choice” part of the algorithm, as can be seen in Table 5. There,
information is based on Table 4, and k is assumed to be 3.

p:

Table 5 — Intersections of sets, constituents and density associated with them

nz 432 431 43 42 41 32 31 21
c 1112 910 9101112 781112 7910 341112 24910 47
2-3/1 | 2-3/1 4.2/2 4.2/2 3.2/1 4.2/2 4.2/2 | 2.2/1

Finally, there is a reliable way to choose a bundle — one of the bundles with the highest density should be chosen.

As for the “iteration and exit”. Guided by the definition of the bundle and by the fact that intersections are prohibited,
for the bundle that became a part of the solution all its constituents are excluded from the sets. Then, table similar to table
5 is constructed and the next bundle is chosen. Process continues until it is impossible to find at least two sets with at least
two shared constituents.

Thus, all the necessary theory is laid out, and definition of the greedy algorithm is concluded.

RESULTS

Based on the theoretical work carried out, a computer program is created in the Python programming language that
allows to quickly find bundles that should be used to minimize LE usage. Full implementation of the program is available
at the https://github.com/Gleb-05/MakeFuncForDC. Example of using this program with data from Table 1 can be seen
in Figure 1 below. There, notice how bundles of the programmatically found solution differ from those in the manually
found ones. Yet the final LE cost, if converted, is still 12.

To check the effectiveness of the developed program, a test was conducted. The algorithm was used 1000 times with
pseudo-randomly created sets of four eight-term functions. Final distribution for the number of LEs used can be seen on
Figure 2. It should be compared to the default number of LEs needed for the set of four eight-term functions, which is
16. Using the diagram in Figure 2, an “expected gain” can be calculated as follows:
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1
1000(3 74+19-6+4+175-5+579 -4+ 224-3)

For this particular test, expected gain turned out to be 3.998. Which means that the coefficient of expected
improvement is (16 — 3.998) /16 = 0.75. Practical significance lies in the fact that, using this algorithm, arbitrary sets
of four functions are expected to be implemented with just 0.75 of the initial LE cost.

Along with the greedy algorithm, a program implementation of brute force has been drafted for comparison. Consider
that for a function with m terms, there is m! permutations if the placement of LEs is ignored. And with N functions it
would be necessary to evaluate approximately (mean(m;)!)" different cases. Even for the example outlined at the
beginning, number of combinations approaches (7!)* ~ 10'*. Assuming that one combination takes 10~¢ seconds to be
processed, which is unlikely fast, entire brute force can be expected to run for over three years. For this reason, current
version of the brute force is considered insufficient.

An average time of work for greedy algorithm turned out to be 0.0024 second. Brute force, on the other hand,
expectedly took around four hours to process just one permutation of functions.

functions z and terms c that define them
4 : ['5', '6', '7"', '8', '9', '1@0', '11', '12']
3 :['1', '2', '3', '4', '9', '10', '11', '12']
2 :['e', '3', 4, '7', '8", '11', '12', '15']
1:['2 4 7 9', '10', '14']

J

' 1
)

terms c and functions z where they are used
2 ['3", "1']

3 :['3", '2']

4 : ['3"', '2', '"1']

7 :['4", '2", "1']

8 : ['4", '"2"]

9 :['4", "3", "1"]

10: ['4', '3', '"1']

11: ['4', '3', '2']

12: ['4', '3', '2']

---one or no z remains, nothing to pair with, exit

> function 4 used bundles: [['7', '9', '1@'], ['8", '11', '12']]
> function 3 used bundles: [['2", '4']]

> function 2 used bundles: [['8', '11', '12']]

> function 1 used bundles: [['7', '9', '10'], ['2"', '4']]

With 3 bundles and 3 logic gates used

-

Total LE solution cost: 12
Original cost: 15

Figure 1 — Example of full output after executing the program

Absence of relevant algorithms prevents more rigorous testing. In particular, it remains unproven whether the solutions
proposed by this implementation of the greedy algorithm are optimal. A speculation can be held about how close those
results come to the truly optimal solution and, if sufficiently so, then how often.

There are more applications for the program beyond the obvious implementation of Boolean functions. It is possible
to represent arbitrary real-life problems as z; sets, the tasks included in them as m; constituents, and maximum number
of tasks possible to accomplish at a time as k. Then, it is possible to use the developed program for task management.
Restriction for groups in the final solution to not intersect proves to be of value. It reflects the reality that some tasks are
too resourceful and should not be repeated. A good example would be matrix multiplication, used to specify some
transformation of space. Suppose there is one transformation represented with a matrix product 1 2 3 4 5, and another
transformation represented with 1 2 3 6 7. Suppose then that the computer processor cannot handle more than three
matrices at the same time.
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Implementation of four eight-term functions

600

500 4
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200 +
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Figure 2 — Results of testing the greedy algorithm 1000 times

Application of the developed program would lead to the conclusion that the product of 1 2 3 can be computed once,
thus saving some computer resources.

CONCLUSIONS

Scientific novelty of the research is as follows. Theory behind LE use optimization in context of circuits is laid out
for the first time. A number of approaches and formulas essential to the solution is proposed. Among them is a function
for calculating quantifiable “density” for any given group of constituents. Based on its value, parts of the solution are
selected in iterations of the greedy algorithm, until the whole solution is obtained.

Practical significance of the study is as follows. Based on the research conducted, a computer program is successfully
developed in the Python programming language. A common configuration of four eight-term functions is analyzed. The
expected coefficient of improvement is 0.75, which means that with the help of the developed program, it is expected to
save a quarter of the initial LE cost. Such savings are very important on an industrial scale, particularly in household
appliances. Expected time of program execution is 0.0024 seconds. In contrast, the brute force search is expected to run
for at least three years. Also, an ability emerges to test the functionality of a circuit more cheaply, which has a positive
effect on experimental circuit development. Moreover, since the program essentially offers workload management, its
possible applications go beyond the domain of digital electronics. Arbitrary problems can be represented as sets, with
tasks comprising them as constituents, where the maximum size for the group of tasks is predefined.

The prospect for further research is developing a program for generalized and broadened versions of the problem,
where restrictions specified in the problem statement do not apply. It would also be valuable to evaluate the complexity
of the solution in terms of big-O notation. Possible route of development is to compare results of using the program with
other similar programs, or develop a sufficient enough brute force algorithm and compare costs of truly optimal and
almost optimal solutions.
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