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Abstract. 'Y The problem of distribution of a set of objects, the state of which is determined by a set of controlled
parameters, into a set of subsets of objects maximally homogeneous in their properties is considered. Relevance of the
problem and important advantage of the clustering procedure: when its implementing it is possible to reduce the initial
difficult problem of high dimensionality objects analysing to the solution of a number of simpler problems of lower
dimensionality. This circumstance acquires additional attractiveness and importance if the initial data of the problem
contain uncertainty, for example, are vaguely defined. Research object is the procedure of partitioning a set of objects
into clusters under conditions of uncertainty. In this regard, the_purpose of the study is to develop a method for solving
the problem of clustering in conditions where the initial data on objects controlled parametersthe values contain
uncertainty. The method of solving the problem is based on clustering procedure mathematical model development,
containing analytical expressions for the criterion of its effectiveness, written in the form of a twice fractionally quadratic
function. The impossibility of mathematical programming problem direct solution initiated the development of a
heuristic algorithm for its solution. As a result, an iterative method was obtained and applied to solve the clustering
problem under conditions of fuzzy initial data. The developed computational procedure is based on a reasonable system
of rules for performing operations on fuzzy numbers. The situations when the belonging functions of problem fuzzy
parameters are defined on infinite or compact media are considered. The developed system of rules allows to correctly
perform operations in the metric of fuzzy defined states between clustering objects. The proposed method is easily
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generalised to the case when the uncertainty of the initial data is hierarchical.

Anomayia. Posenaoaemves 3a60aHHA  PO3NOOINY MHOMCUHU 00'ckmis, cmaun AKUX BUHAYAEMbCA  HADOPOM
KOHMPONbOBANUX NAPAMEMPIB, HA CYKYNHICIb NIOMHOMCUH 00'€KMi6 MAKCUMATLHO OOHOPIOHUX 3a C80IMU BIACTIUBOCTAMU.
Axmyanvricms npobiemu 00yMOBIEHA BANCIUBOIO Nepesazoio npoyedypu Kiacmepuszayii: 3a il peanizayii 3'a61semocs
MOXHCTUBICTG BUXIOHY BAJICKY 3A0aYy AHANI3Y 00'€KMig BUCOKOI PO3MIPHOCTI 36eCmu 00 PO36'A3aHHA HUKU NPOCHMIUUX
3adau menwoi posmipnocmi. L{a obcmasuna Habyeae 000amK080i NpusabIUgoCmi ma 8aAHCIUBOCTI, AKUO BUXIOHI OaHI
3a0aui MicCmams He8UHAYEHICMb, HANPUKIAO, 8usHayeri Hewimko. O0'ekm 00CaiIOHCeHHs - NPOYeOYPa pO3OUMMA MHOHCUHU
00'exmie6 Ha K1acmepu 8 yMo8ax HegusHaweHocmi. ¥ 383Ky 3 yum mema 00CHiONHCeHHs - pO3POOIEHHA MemOoOy PO38'a3aHHs
3adaui Kuacmepusayii 8 yMo8ax, Koau 6UXiOHI OaHi NPO 3HAYEHHS KOHMPOLbLOBAHUX NApAMempis o0b'ekmig micmamo
HesusHaueHicmb. Memod po3e'a3anHa 3a0aui IPYHMYEMbCA HA PO3POONEHHI MamemMamuyHoi Mmodeni npoyeodypu
Kaacmepusayii, wo Micmums aHAIIMUYHi eupasu O01s Kpumepiio il eghexmuerocmi, 3anucanozo y ¢opmi 06iui Opoboso
keadpamuunoi Qynkyii. Hemoociusicmes 6e3nocepedub0o2o po3e'si3anHs 00epicy8anoi npu ybomy 3a0aii MamemamuyHo2o
npopamy6anHts IHiYil06ana po3poOIeHHs e6PUCIMUYHO20 AN2opumMY ii po3e'azants. ¥ pe3ynomami Ompumano imepayitinui
Memoo, 3acmocosanull O po3ga3anHA 3adaui Kiacmepusayii 8 yMoeax Hedimkux euxionux oanux. Pospobnena
004UCTI08ATLHA NPOYEDYPA 3ACHOBAHA HA OOTPYHMOBAHIL cucmeMi NPAsUl BUKOHAHHS ONepayiil Hao HeYiMmKUMU YUCTAMU.
Ipu yvomy poszersinymo cumyayii, Koau QYHKYI HANEHCHOCMI HEUImKO 3a0aHUX NApamMempis 3a0ayi 6U3HAYEHO HA
HeCKIHYeHHUX ab0 KOMNAKmHux Hocifgx. Po3pobnena cucmema npasun oac 3mMo2y KOpeKmMHO GUKOHMysamu onepayii 6
Mempuyi HeuimKo GUIHAYEHUX CIMAHI8 Midc 0b'ekmamu Knacmepusayii. 3anponoHoBaHUI MEMOO 1e2KO Y3d2anbHIOEMbCA HA
BUNAOOK, KOIU HEGUIHAYEHICMb BUXIOHUX OQHUX € IEPAPXTUHOIO.

Key words: clustering problem, uncertainty of initial data, rules of operations execution, step-by-step computational
procedure of solution.

Koarouosi cioBa: 3amada knmactepusanii, HEUITKICTh BUXIIHUX AaHHX, NPABWIA BUKOHAHHS OIEpaliif, TOKPOKOBa
o0uncoBaIbHA IPOLELypa PO3B'I3aHH.

Introduction. Clustering is a multivariate statistical procedure that divides a set of objects into a set of subsets
containing maximally homogeneous groups of similar controlled features (parameters) of objects.

Clustering technology is widely used in economics, medicine, psychology, chemistry, sociology, etc. Its practical
application allows:

- better understand and explain the mechanism of typical features and parameters of objects on the nature of their
functioning;

- improve the quality of objects analysis taking into account their differences in groups;

- to perform data compression by selecting the most typical representatives of objects and to divide them into subsets
according to the type (nature) of their state, to select atypical objects that cannot be attached to any of the groups.

The clustering procedure can be hierarchical, when subsets of objects included in each cluster are again subjected to
clustering.

Analysis of clustering problem publications, formulation and solution. Formal formulation of the clustering
problem has the following form [1.2]. Set of objects is given whose position in the phase space of the controlled
parameters and the state of these objects is determined by a set of coordinates. The task is to distribute a set of objects
into a number of compact subsets in accordance with some selected criterion.

We obtain an analytical relation for the quality criterion of the clustering procedure. Let 's introduce:

N={2,.., j,..., N} set of objects to be grouped;

S={12,.,s,..,S}— multiple clusters;

L={2,..,1,.,L} —set of controlled parameters of clustering objects;

x;— value of the I —th coordinate of the j—th object corresponding to the e —th value of the controlled parameter of
thisobject, leL, jeN;

L 2
M, = [Z(xIjl —X,jz)z} — is the Euclidean distance between points in the parameter space corresponding to objects
1=1

jand j,,j,eN, j,eN;

V|, — value of the | —th coordinate of the center of the grouping of the s -th cluster,seS;
1

. 1
=0 Vi - lez)z)_ distance between the j —th object and the s -th grouping center,
1=1

js

0, otherwise.
Let some distribution of objects by clusters be obtained. Then

B {1, if j-it object belongs to the s- th cluster,}

n n
R, = ZZ r.. u..u.  —the sum of the distances between the objects in s -th cluster.

b £ Jilo T hS T 1S
h=1j=1
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Z Z U, .U, . — the number of pairs of objects in s -th cluster.

h=lj=1

R, = z z ZZ r..u.. u. . —sum of the distances between objects in different clusters.

Rz s 2%
s=1s,#8 j1=1J,=1

Z > ZZUH s, — humber of pairs of objects.

si=ls;#8 j1=1],=1
It is clear that the result of clustering is naturally considered to be of higher quality, the further apart the objects that
fall into different clusters are, and the closer they are to each other if they belong to the same cluster. In accordance with
these, we introduce

R . . . .
U—S— the average distance between pairs of objects caught in s -th cluster.

S

R . . . . .
U—Z— the average distance between pairs of objects belonging to different clusters.
X

Now the clustering quality criterion can be calculated by the formula

1

3 )

max —*

s S

The meaning of criterion (1) is clear: its value is higher the greater the average distance between objects from different

clusters and, at the same time, the smaller the average distance between objects for the most "loose" (least compact)

cluster.

Thus, the clustering problem can be formulated as follows: find a set {U js} that maximizes

S n

S n
Z Z Z Z rjljzuj151uj252

5=1878 1=1]p=1

R S S n n
= zzzzuh%uizsz

U 15,25 j1 ;-1
r= ER — S 2 ?Jl J2 (2)
max —-
sa U] erhlz 115 J2s
s max L= 112*
s

3 Su,u,.
h=1j=1

and satisfying natural constraints

S
dug=1 j=12..n,
snl (3)
ZuJS >2, s=12..5s
=1
The resulting task (2), (3) is a fractional-quadratic programming problem. Let's consider possible methods for solving
such tasks. The fractional-polynomial structure of the criterion function (3) leads to a significant complication of the
analytical description of the derivatives of this function. Therefore, the use of optimization methods of the first and second
order is not feasible in this case. The possibility of using universal zero-order methods here is limited by the high
dimension of practical clustering problems.
We set the task of developing a special method for solving the fractional-quadratic optimization problem. Let's
consider the simplest example of such a task. We introduce the criterion function

Foo=2t “)

and restriction
Z x, =C. (5)

We set the task of finding a set x;, j=1,2,...,n, maximizing (4) and satisfying (5). Let's introduce a variable
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1
yO2 = n :
2
D%
j=1
From here
=zxj2=2(yoxj)2 =1 (6)
j=1 j=1
Now let's introduce new variables
Y, =YX, 1=12,...n @)
Then
Yi .
X, ==, j=12,.,n (8)
Yo

Transform (4) and (5) considering (8). At the same time

| ﬁj = Yays ©)

from where
z Yi = ¥,C. (10)
j=1

Now the original problem (5), (6) is transformed to the form: find a set {y}, j=1,2,..,n,maximizing (10) and

satisfying (10). Let's solve this problem by the method of indefinite Lagrange multipliers.
Let 's introduce

p(y) = Zaj Yi _/I(Z Yi— yoc]-
i=1 j=1
Further
GO0 _gay-a=0, y, =S =12, (1)
ay; a;
We will 2 find an indefinite multiplier using (10). At the same time

I JEES R

o m2a; 2974,
From here
A y.C
Z - _Jor 12
2 o1 (12)
=1 9
At the same time, substituting (11) into (12), we get
C .
y =2 L 12 (13)
v 1 3
=1 4

The solution has been received. Note, however, that the technique used in this problem, which transformed the
fractional—quadratic problem (5), (6) into an ordinary mathematical programming problem with a quadratic objective
function, cannot be used to solve the problem (2)-(4). The fact is that the structure of the objective function (2) is doubly
fractional—quadratic, that is, the components of the fractional-quadratic function themselves are fractional-quadratic. In
this regard, to solve the problem (2)-(3), we use one of the well-known approximate clustering methods [3,4], for
example, the following.
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Let be given a set of n objects to be clustered, whose position in the L -dimensional space of controlled parameters

is determined by sets of coordinates {(X,;, X,;,-+ X(1) + (Xios Xogsees X o )sees (X s Xon s X )} @S Well as coordinates of m -

n''"
cluster grouping centers {(x11 VX e xu), (x11 VX xu),.., (le Xomen X )}
For each of the clustering objects j, j=1,2,..,n, the distance to each of the grouping centers is calculated

L
Ry, :{Z(xes —xej)z}, j=12,..n, s=12,..,m.
e=1

Now, by going through s, the nearest of the grouping centers is determined for each object, and this object is attached
to the corresponding cluster. If the cluster grouping centers are not known, various algorithms for their sequential
determination are used. At the same time, the order of objects joining becomes particularly important. Well-known
methods successfully solve such a clustering problem with a good level of approximation. However, the task becomes
significantly more complicated if objects coordinates are not precisely defined, but are given, for example, in terms of
fuzzy mathematics [5-6].

Clustering Method in the Conditions of Fuzzy Source Data. Let the objects coordinates be fuzzy numbers with a
probability function (L—R) — type [7,8]. In this case, the belonging function is uniquely determined by the set

<m,a, f>, where mis the modal value of the fuzzy number, « and £, respectively, are the left and right fuzzy

coefficients. The analytical relations describing the corresponding belonging functions depend on the selected type of
functions. If, in particular, these are Gaussian functions given on an infinite interval, then the analytical description of the

belonging function has the form:
_ 2
exp{—(m X) } x<m,

2a®

w(x) = (14)

Let, in particular, the belonging functions of fuzzy controlled parameters of objects are given on an infinite carrier
and have the form (14). Then the clustering problem is solved in the simplest way.
Let's introduce

2
(me. —X.
i~ e
exp{——2 E } Xg <My,

€

2
(x —m.
exp{——e’zﬂ > } Xg > M.
]

the function of belonging of the e-th controlled parameter of the j-object, e=12,.,L, j=212,.,n.. Now the
coordinates of the cluster grouping centers (X,) are sequentially substituted into the relations () for each of the

/uej (Xej ) =

clustered objects and the one for which the value min ;(X;), €=12,.., L, is the largest is selected.

Certainly, this method is unacceptable if the belonging functions of object controlled parameters are set on compact
media.
Such typical function has a triangular form, and its description is defined by the relation

0, X<m-g«,
M, Mm-—a <X<m,
ux)=1 (15)
M,m<x<m+ﬂ,
B
0, x>m+p.

In this case, the fuzzy description of the clustering object parameters belonging functions in the form (15) necessitates
the appropriate mathematical support development. During the implementation of the clustering procedure, arithmetic
operations of addition, subtraction, multiplication, as well as square root extraction are performed. Here are the rules for
performing these operations, taking into account the description of the belonging functions of fuzzy parameters in the
form of (L —R)-type functions.

Let the belonging functions of two fuzzy (L — R) —type numbers be given by the values:

X =<m,o,B > X =<ma,pB>. (16)
Let's introduce a binary operation
=X ®X, =M, >.

In accordance with the arithmetic rules of fuzzy numbers of (L—R)-type [9], the formulas for calculating the
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components of the belonging function of a fuzzy calculation result have the following form:
addition

M=m+m,, a=a+a, B=p+p; (7)
subtraction
m=m-m, a=a+p, B=p+a; (18)
multiplication
m=mm,, a=ma, +Ma —aa,, f=mp,+m,pf + S, (19)

The result of performing the operation of extracting the square root from a fuzzy number < me, 3, > has the form:

m=ym, a=Jym-a, m>a p=m+4. (20)

When solving many practical problems, the uncertainty about the values of the controlled parameters of these tasks
has a hierarchical character. In this case, the components <m,«, § > of the belonging function of fuzzy parameters are

themselves fuzzy quantities, that is
m=<m.,a,, B, > a=<m,a,,B, > f=<mya,p,>

Let's write down the rules for performing arithmetic (20) operations on fuzzy numbers defined by (20):
Addition

m=<m,,a,, B, > a=<m,a,pB,> p=<m,a,p,>. (21)
a=aq+a,=<m +m ,a, +a, B, +p5, > (22)
B=P+B=<m; +my a, +a,,B, + B, >. (23)

Subtraction
m-m,=<m, —-m, &, +,Bm,,8 +a, > (24)
o+ pf,=<m, +m, . a, +a,,p, +p5, > (25)
,814r052:<mﬁ1+m0[2,oz[xl aaz,ﬂ/,l+ﬂa2> (26)

We get the rules for performing the multiplication operation. In accordance with (19), the parameters of the fuzzy
number X x, belonging function are calculated by calculating the fuzzy number belonging functions

mm,, Mma,, Mo, .0, MG, M, 5, B3,
The corresponding operations are performed according to the formulas:

mm, =<m, m_;m, o, +M, &, —a, &, M, S +m, S+ B, > 27)

me, =<m, m_;m. e, +m, o, mla,mﬂ+mﬂ+ﬂﬂ > (28)

My =<m, m,;m c, +m o, -, a ;m, +8 +m S +f, (29)
o, :<m%ma2,malaaz+mazaal a,a,;m, B, +m S+, B, > (30)
mp, =<m,m,;m.a, +m, a, —a,a,;m,. B, +m, 5.+, B, > (31)

MG =<m, m;im a, +M;a, —a, a,;m, B, +m, S+ B, > (32)

B, =<mymy My ey +My ay —atga, i My By +My By + By By, > (33)

Now, in accordance with (19), it is required to determine the parameters of the belonging functions of the following
fuzzy numbers:
me, + My —aaa,; B, + M B+ B3,
Acting similarly to the previous one, we get:
ma, + My, —ey, =<m, m, +m,m, —m,m,;
mmlozm2 +m, , O,y +m @, +m, O, — 0, &, — O Ay +
+m,a, +m, a, +a,a,;m, B, +m, B +m. S, + (34)

+malﬁm +ﬂm1ﬂaz +ﬂmzﬂa1 _malﬁa2 _maz o

_ﬂ o ﬂ a, aal aaz >
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mg, +m, B + ff, =< m,m, +m, mg, +m,m,;

mmlaﬂz -i-IT\/}zO!m1 +mm2aﬂl +mﬂ1amz —amlaﬂz

My My —ag oy My By +My B+ B By, + (39)
M, By + My B, + B By + My By, +
+mﬁzﬁﬁ1 +ﬁﬂ1ﬁﬂz >
Thus, the obtained relations (17)-(34) allow us to calculate the parameters values of the belonging functions of fuzzy
and non—fuzzy results of arithmetic operations on fuzzy numbers of (L—R)- type. At the same time, the clustering
problem solution in conditions of uncertainty can be performed using a simple step-by-step algorithm. When
implementing this algorithm, the distances from this object to each of the grouping centers are sequentially calculated for
each clustering object. After that, this object is attached to the cluster specified by the "nearest" grouping center. The
meaning of the term "nearest" should be clarified. When comparing the distances from the clustered object to the two
grouping centers, the second of the obtained fuzzy numbers is subtracted from the first. If the resulting difference R is

positive, then the second distance is smaller than the first and, therefore, the second grouping center is "closer" to the
object than the first. The sign of a fuzzy number R is determined by the formula

T,u(R)aR

—amlaﬂl +

f=t
jﬂ(R)aR

At the same time, if £<0,5, then the number R is negative, if £=0,5, then R is a fuzzy zero, if £>0,5, then R
is positive.

Conclusions. The problem of clustering a set of objects whose position in the phase space is given by their coordinates
is considered. Analytical expression for clustering efficiency criterion in the form of a doubly fractional-quadratic
function is obtained. Step-by-step method for solving the problem is proposed. The resulting method is extended to the
case when the coordinates of objects subject to clustering are given indistinctly by their belonging of (L-R)-type

functions on infinite or compact carriers.
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